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1. Introduction

Let X be a nonempty set and Rδ be a set of proximity relations on X. (X,Rδ) is a proximal relator space. Efremovic̆
proximity, descriptive proximity and Lodato proximity are different types of proximity relations [3, 17]. Nonabstract
points have location and features. In proximal relator space, the sets consist of these points.

The aim of this work is to obtain algebraic structures in proximal relator spaces using descriptively upper approxima-
tions of the subsets of X. Between 2017 and 2019, approximately semigroup and approximately ideal, approximately
group, approximately subgroup, approximately ring were introduced by İnan [4–6, 8]. Approximately Γ-semigroup
and approximately near ring were also defined [7, 9]. In these works, some examples of these approximately algebraic
structures in digital images endowed with proximity relations were given as in this work. Approximately algebraic
structures satisfy a framework for further applied areas such as image analysis or classification problems.

In 1983, Pilz introduced the near-ring as a generalization of ring. In near rings, the addition operation does not need
to be commutative as only one distributive law is sufficient [20].

Nobusawa [14] introduced the Γ-ring, as a generalization of ring. Barnes [1] weakened the conditions in the defini-
tion of the Nobusawa Γ-ring. Barnes [1], Kyuno [11] and Luh [12] worked on Γ-rings and obtained some generaliza-
tions of ring theory.

Satyanarayana defined the Γ-near ring as a generalization of near-ring and Γ-ring [21].
Essentially, the aim of this work is to introduce approximately Γ-near ring, approximately Γ-ideal and approximately

Γ-near ring of all descriptive approximately cosets. Furthermore, some properties of approximately Γ-near ring and
approximately Γ-ideal are given.
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2. Preliminaries

Let X be a nonempty set. Family of relations R on X is called a relator. The pair (X,R) (or X(R)) is a relator space
which results from natural generalizations of uniform spaces [22]. If we consider a family of proximity relations on X,
we have a proximal relator space (X,Rδ) (also denoted by X(Rδ)). As in [17], Rδ contains proximity relations, namely,
Efremovic̆ proximity δE [2, 3], Wallman proximity δW , Lodato proximity δL, descriptive proximity δΦ in defining
RδΦ [15, 19].

In this work, we consider the Efremovic̆ proximity δE and the descriptive proximity δΦ in defining a descriptive
proximal relator space (denoted by (X,RδΦ )).

An Efremovic̆ proximity δE is a relation on 2X that satisfies
1o A δE B⇒ B δE A,
2o A δE B⇒ A , ∅ and B , ∅,
3o A ∩ B , ∅⇒ A δE B,
4o A δE (B ∪C)⇔ A δE B or A δE C,
5o {x} δE {y} ⇔ x = y,
6o A δE B⇒ ∃E ⊆ X such that A δE E and Ec δE B EF axiom.

In a discrete space, a nonabstract point has a location and has features that can be measured [10]. Let X be a
nonempty set of nonabstract points in a proximal relator space (X,RδΦ ).

Probe functions φi : X → R represent a feature of a sample point in a picture. Let Φ(x) = (φ1(x), · · · , φn(x)) (n ∈ N)
be an object description, which is a feature vector of x, which provides a description of each x ∈ X. After the choosing
a set of probe functions, one obtain a descriptive proximity relation δΦ.

Definition 2.1 ( [13]). Let X be a nonempty set of nonabstract points, Φ be an object description and A be a subset of
X. Then, the set description of A is defined as

Q(A) = {Φ(a) | a ∈ A}.

Definition 2.2 ( [13, 16]). Let X be a nonempty set of nonabstract points, A and B be two subsets of X. Then, the
descriptive (set) intersection of A and B is defined as

A ∩
Φ

B = {x ∈ A ∪ B | Φ (x) ∈ Q (A) and Φ (x) ∈ Q (B)} .

Definition 2.3 ( [15]). Let X be a nonempty set of nonabstract points, A and B any two subsets of X. IfQ(A)∩Q(B) , ∅,
then A is called descriptively near B and denoted by AδΦB. If Q(A) ∩ Q(B) = ∅, then A δ

Φ
B reads A is descriptively

far from B.

Definition 2.4 ( [18]). Let X be a descriptive proximal relator space and A ⊆ X. Let (A, ◦) and (Q (A) , ·) be groupoids.
Lets consider the object description Φ by means of a function

Φ : A ⊆ X −→ Q(A) ⊂ Rn, x 7→ Φ (x), x ∈ A.
The object description Φ of A into Q(A) is an object descriptive homomorphism if Φ (x ◦ y) = Φ (x) · Φ (y) for all

x, y ∈ A.

Definition 2.5 ( [4]). Let X be a descriptive proximal relator space and A ⊆ X. A descriptively upper approximation
of A is defined as

Φ∗A = {x ∈ X | xδΦA}.

Obviously, A ⊆ Φ∗A for all A ⊂ X.

Definition 2.6 ( [4]). Let
(
X,RδΦ

)
be a descriptive proximal relator space and let “·” be a binary operation on X. G ⊆ X

is called an approximately groupoid in descriptive proximal relator space if x · y ∈ Φ∗G for all x, y ∈ G.

Definition 2.7 ( [6]). Let X be a descriptive proximal relator space and let “+” be a binary operation on X. G ⊆ X is
called an approximately group in descriptive proximal relator space or shortly approximately group if the followings
are true:
(AG1) For all x, y ∈ G, x + y ∈ Φ∗G,
(AG2) For all x, y, z ∈ G, (x + y) + z = x + (y + z) property holds in Φ∗G,
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(AG3) There exists e ∈ Φ∗G such that x + e = e + x = x for all x ∈ G (e is called the approximately identity element
of G),

(AG4) There exists y ∈ G such that x + y = y + x = e for all x ∈ G (y is called the inverse of x in G and denoted as
−x).

A subset G of the set of X is called an approximately semigroup in descriptive proximal relator space if (AG1−AG2)
properties are satisfied.

Theorem 2.8 ( [6]). Let G be an approximately group, H be a nonempty subset of G and Φ∗H be a groupoid. H is an
approximately subgroup of G iff −x ∈ H for all x ∈ H.

Theorem 2.9 ( [6]). Let
(
X,RδΦ

)
be a descriptive proximal relator space and G ⊆ X be an approximately group. Then,

(i) There is one and only one approximately identity element in G.
(ii) There is one and only one y ∈ G such that x + y = e and y + x = e for all x ∈ G; we denote it by −x.

Suppose that G is an approximately groupoid with the binary operation “·” in
(
X,RδΦ

)
, g ∈ G and A, B ⊆ G. The

subsets g · A, A · g, A · B ⊆ Φ∗G ⊆ X are defined as follows:
g · A = gA = {ga | a ∈ A},
A · g = Ag = {ag | a ∈ A},

A · B = AB = {ab | a ∈ A, b ∈ B}.

Theorem 2.10 ( [5]). Let G be an additive approximately group, H be an approximately subgroup of G and G/ρl be a
set of all approximately left cosets of G by H. If (Φ∗G) /ρl ⊆ Φ

∗
(
G/ρl

)
, then G/ρl is an approximately group under the

operation given by xH ⊕ yH = (x + y) H for all x, y ∈ G.

Definition 2.11 ( [8]). Let
(
X,RδΦ

)
be a descriptive proximal relator space and “+” , “·” be binary operations defined

on X. A R ⊆ X is called an approximately ring in descriptive proximal relator space if the following properties are
satisfied:
(AR1) R is an abelian approximately group with the binary operation “+”,
(AR2) R is an approximately semigroup with the binary operation “·”,
(AR3) For all x, y, z ∈ R,

x · (y + z) = (x · y) + (x · z), (x + y) · z = (x · z) + (y · z)
properties hold in Φ∗R.

In addition,
(AR4) R is said to be a commutative approximately ring if x · y = y · x for all x, y ∈ R,
(AR5) R is said to be an approximately ring with identity if Φ∗R contains an element 1R such that 1R · x = x · 1R = x

for all x ∈ R.

Definition 2.12 ( [1]). A Γ-ring (in the sense of Barnes) is a pair (M,Γ), where M and Γ are (additive) abelian groups
for which exists a M × Γ × M → M, the image of (a, α, b) being denoted by aαb for a, b ∈ M and α ∈ Γ, satisfying for
all a, b, c ∈ M and all α, β ∈ Γ:

• (a + b)αc = aαc + bαc, • a(α + β)b = aαb + aβb,
• aα(b + c) = aαb + aαc, • (aαb)βc = aα(bβc).

Definition 2.13 ( [1]). Let M be a Γ-ring. A left (right) ideal of M is an additive subgroup U of M such that MΓU ⊆ U
(UΓM ⊆ U). If U is both a left and a right ideal, then we say that U is an ideal of M.

Definition 2.14 ( [23]). Let
(
X,RδΦ

)
be a descriptive proximal relator space and M,Γ ⊆ X be additive abelian approxi-

mately groups in
(
X,RδΦ

)
. If for all a, b, c ∈ M and α, β ∈ Γ the conditions

(AΓ1) aαb ∈ Φ∗M,
(AΓ2) (a + b)αc = aαc + bαc, a(α + β)b = aαb + aβb, aα(b + c) = aαb + aαc properties verify on Φ∗M,
(AΓ3) (aαb) βc = aα (bβc) property verify on Φ∗M

are satisfied, then M is called an approximately Γ-ring in descriptive proximal relator space or shortly approximately
Γ-ring.

In addition, if aαb = bαa for all a, b ∈ M and α ∈ Γ, then M is called a commutative approximately Γ-ring.
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3. An Example of Approximately Γ-Ring

In [23], Example 1 is not an approximately Γ-ring due to some typos. Therefore, another example of approximately
Γ-ring is given in Example 3.1.

Example 3.1. Let X be a digital image endowed with descriptive proximity relation δΦ and consists of 25 pixels as in
Figure 1.

Figure 1. Digital image X and subimage M

A pixel xi j is an element at position (i, j) (row and column) in digital image X. Let φ be a probe function that
represent RGB colour of each pixel are given in Table 1.

x00 x01 x02 x03 x04 x10 x11 x12 x13 x14 x20 x21

Red 255 255 204 245 215 251 251 245 217 192 217 245
Green 218 230 186 177 215 235 235 177 144 117 144 177
Blue 102 153 14 131 215 115 115 131 121 104 121 131

x22 x23 x24 x30 x31 x32 x33 x34 x40 x41 x42 x43 x44

Red 217 234 215 192 217 192 234 192 234 245 234 215 204
Green 144 221 215 117 144 117 221 117 221 177 221 215 186
Blue 121 212 215 104 121 104 212 104 212 131 212 215 14

Table 1. RGB colour of each pixel

Let

+1 :
X × X −→ X(
xi j, xmn

)
7−→ xi j +1 xmn

,

xi j +1 xmn = xpr, i + m ≡ p (mod 2) and j + n ≡ r (mod 2)

be a binary operation (first addition) on X. Let M = {x00, x01, x10} be a subimage (subset) of X.
We can compute the descriptively upper approximation of M, that is, Φ∗M = {xi j ∈ X | xi jδΦM} by using the

Definition 2.5. Then, Q
(
{xi j}
)
∩ Q (M) , ∅ such that xi j ∈ X, where Q(M) = {φ(xi j) | xi j ∈ M}. From Table 1, we

obtain
Q(M) = {φ (x00) , φ (x01) , φ (x10)}

= {(255, 218, 102) , (255, 230, 153) , (251, 235, 115)} .
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Hence, we get Φ∗M = {x00, x01, x10, x11}. Consequently, M is an additive abelian approximately group in
(
X,RδΦ

)
from

Definition 2.7. Furthermore, let

+2 :
X × X −→ X(
xi j, xmn

)
7−→ xi j +2 xmn

,

xi j +2 xmn = xst, i + m ≡ s (mod 4) and j + n ≡ t (mod 4)

be a binary operation (second addition) on X. Let Γ = {x00, x02} be a subimage (subset) of X.
We can calculate the descriptively upper approximation of Γ, that is, Φ∗Γ = {xi j ∈ X | xi jδΦΓ} by using the

Definition 2.5. Then, Q
(
{xi j}
)
∩ Q (Γ) , ∅ such that xi j ∈ X, where Q(Γ) = {φ(xi j) | xi j ∈ Γ}. From Table 1, we have

Q(Γ) = {φ (x00) , φ (x02)}
= {(255, 218, 102) , (204, 186, 14)} .

Hence, we get Φ∗Γ = {x00, x02, x44}. As a result, Γ is an additive abelian approximately group in
(
X,RδΦ

)
from

Definition 2.7.
Also, let

X × Γ × X −→ X(
xi j, xkl, xmn

)
7−→ xi jxklxmn

,

xi jxklxmn = xuv, u = min {i, k,m} and v = min { j, l, n}

be an operation on X. In this case, for all a, b, c ∈ M and α, β ∈ Γ, since
(AΓ1) aαb ∈ Φ∗M,
(AΓ2) (a + b)αc = aαc + bαc, a(α + β)b = aαb + aβb, aα(b + c) = aαb + aαc properties verify on Φ∗M,
(AΓ3) (aαb) βc = aα (bβc) property verify on Φ∗M,

M is an approximately Γ-ring from Definition 2.14.

4. Approximately Γ-Near Rings

Throughout this section,
(
X,RδΦ

)
or shortly X is considered as descriptive proximal relator space, unless otherwise

stated.

Definition 4.1. Let A,Γ ⊆ X be additive approximately groups in
(
X,RδΦ

)
. If for all a, b, c ∈ A and all α, β ∈ Γ the

conditions
(AΓN1) aαb ∈ Φ∗A,
(AΓN2) (a + b)αc = aαc + bαc property provides on Φ∗A,
(AΓN3) (aαb) βc = aα (bβc) property provides on Φ∗A

are satisfied, then A is called an approximately Γ-near ring in descriptive proximal relator space or shortly approxi-
mately Γ-near ring.

In addition, if aαb = bαa for all a, b ∈ A and all α ∈ Γ, then A is called a commutative approximately Γ-near ring.

Example 4.2. Let X be a digital image endowed with descriptive proximity relation δΦ and consists of 25 pixels as in
Figure 1 from Example 3.1.

A pixel xi j is an element at position (i, j) (row and column) in digital image X. Let φ be a probe function that
represent RGB colour of each pixel are given in Table 1 from Example 3.1.

Let

+1 :
X × X −→ X(
xi j, xmn

)
7−→ xi j +1 xmn

,

xi j +1 xmn = xpr, i + m ≡ p (mod 2) and j + n ≡ r (mod 2)

be a binary operation (first addition) on X. Let A = {x00, x01, x10} be a subimage of X.
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We get Φ∗A = {x00, x01, x10, x11}, as in Example 3.1. Consequently, A is an additive approximately group in X from
Definition 2.7. Furthermore, let

+2 :
X × X −→ X(
xi j, xmn

)
7−→ xi j +2 xmn

,

xi j +2 xmn = xst, i + m ≡ s (mod 4) and j + n ≡ t (mod 4)

be a binary operation (second addition) on X. Let Γ = {x00, x02} be a subimage (subset) of X.
We get Φ∗Γ = {x00, x02, x44}, as in Example 3.1. As a result, Γ is an additive abelian approximately group in X from

Definition 2.7.
Also, let

X × Γ × X −→ X(
xi j, xkl, xmn

)
7−→ xi jxklxmn = xi j

,

be an operation on X. In this case, for all a, b, c ∈ A and all α, β ∈ Γ, since

(AΓN1) aαb ∈ Φ∗A,
(AΓN2) (a + b)αc = aαc + bαc property holds on Φ∗A,
(AΓN3) (aαb) βc = aα (bβc) property holds on Φ∗A,

A is an approximately Γ-near ring from Definition 4.1
But since x01x02 (x01 + x01) , x01x02x01 + x01x02x01, so aα(b + c) = aαb + aαc property does not hold in Φ∗A.

Consequently, A is an right approximately Γ-near ring.

Theorem 4.3. Every Γ-near ring in a proximal relator space is an approximately Γ-near ring.

Proof. Let A ⊆ X be a Γ-near ring. Since A ⊆ Φ∗A, then the properties (AΓN1) − (AΓN3) hold in Φ∗A. Therefore, A
is an approximately Γ-near ring. □

Theorem 4.4. Every approximately Γ-ring is an approximately Γ-near ring.

Proof. Let A ⊆ X be an approximately Γ-ring. From definition of approximately Γ-ring, it is easily shown that A is an
approximately Γ-near ring. □

Lemma 4.5. Let A ⊆ X be an approximately Γ-near ring and 0A ∈ A be an additive approximately identity element of
A. If 0Aγa ∈ A and (−a) γb ∈ A, then

(i) 0Aγa = 0A,
(ii) (−a) γb = − (aγb)

for all a, b ∈ A and all γ ∈ Γ.

Proof. (i) For all a ∈ A and all γ ∈ Γ, from Definition 4.1 (AΓN2)

0Aγa = (0A + 0A) γa = 0Aγa + 0Aγa.

From Theorem 2.9 (i), since the approximately identity element is unique, 0Aγa = 0A.
(ii) From (i), 0Aγb = 0A for all b ∈ A and all γ ∈ Γ. Then,

0A = 0Aγb = ((−a) + a) γb = (−a) γb + aγb.

From Theorem 2.9 (ii), since the inverse element is unique, (−a) γb = − (aγb). □

Definition 4.6. Let A,Γ ⊆ X, A be an approximately Γ-near ring and K ⊆ A. If K is an additive approximately group
and satisfy the conditions (AΓN1 −AΓN3), K is called an approximately Γ-subnear ring of A.

Theorem 4.7. Let A,Γ ⊆ X, A be an approximately Γ-near ring, K ⊆ A and Φ∗K be an additive groupoid and a
Γ-groupoid. Then, K is an approximately Γ-subnear ring of A iff −k ∈ K for all k ∈ K.

Proof. It obvious from Theorem 2.8. □
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Definition 4.8. Let A be an approximately Γ-near ring and I ⊆ A. I is an approximately Γ-ideal of A if I is an additive
approximately subgroup of A and following properties are satisfied:

(1) IΓA = { xγa| x ∈ I, γ ∈ Γ, a ∈ A} ⊆ Φ∗I,
(2) aγ(b + x) − aγb ∈ Φ∗I

for all a, b ∈ A, all x ∈ I and all γ ∈ Γ.
Furthermore, I is called right approximately Γ-ideal of A if only it satisfies the condition (1). Also, I is called left

approximately Γ-ideal of A if only it satisfies the condition (2).

Example 4.9. From Example 4.2, let we consider approximately Γ-near ring A = {x00, x01, x10} and I = A. Since I is
an additive approximately subgroup of A, IΓA = I by definition of the operation X × Γ × X −→ X from Example 4.2
and I ⊆ Φ∗I, I is a right approximately Γ-ideal of A. Also, since aγ(b + x) − aγb ∈ Φ∗I for all a, b ∈ A, all x ∈ I and
all γ ∈ Γ, I is a left approximately Γ-ideal of A. Hence, I is an approximately Γ-ideal of A.

Remark 4.10. Every approximately Γ-ideal of A is also an approximately Γ-subnear ring of A in (X, δΦ).

Let I and J be both left approximately Γ-ideals of A. Then,

I + J = { x + y| x ∈ I, y ∈ J}

is called the sum of I and J.
The following results are obvious for the approximately Γ-near ring as well as for the approximately Γ-ring [23].

Lemma 4.11. Let A ⊆ X be an approximately Γ-near ring and K, L ⊆ A. If Φ is an object descriptive homomorphism,
then

(1) clΦ (k) + clΦ (l) = clΦ (k + l) for all k ∈ K and all l ∈ L,
(2) Q (K + L) = Q (K) + Q (L).

Lemma 4.12. Let A ⊆ X be an approximately Γ-near ring and K, L ⊆ A. If Φ is an object descriptive monomorphism,
then Φ∗K + Φ∗L = Φ∗ (K + L).

Theorem 4.13. Let A ⊆ X be an approximately Γ-near ring and K, L ⊆ A. IfΦ is an object descriptive homomorphism,
then

(1) Φ∗K + Φ∗L ⊆ Φ∗ (K + L),
(2) Φ∗K + Φ∗L ⊆ Φ∗ (K + L).

Theorem 4.14. Let A ⊆ X be an approximately Γ-near ring, I, J ⊆ A and Φ∗I, Φ∗J be additive groupoids and Γ-
groupoids. If I, J are both right approximately Γ-ideals of A and Φ is an object descriptive homomorphism, then I + J
is also a right approximately Γ-ideal of A.

Proof. Since I and J are both right approximately Γ-ideals of A, IΓA ⊆ Φ∗I and JΓA ⊆ Φ∗J. Then, from Theorem 4.13
(2),

(I + J)ΓA = { (x + y) γa| a ∈ A, γ ∈ Γ, x ∈ I, y ∈ J}

= { xγa + yγa| a ∈ A, γ ∈ Γ, x ∈ I, y ∈ J}

= { xγa| a ∈ A, γ ∈ Γ, x ∈ I} + {yγa| a ∈ A, γ ∈ Γ, y ∈ J}

= IΓA + JΓA

⊆ Φ∗I + Φ∗J

⊆ Φ∗ (I + J) .
Therefore, (I + J)ΓA ⊆ Φ∗ (I + J), that is, I + J is a right approximately Γ-ideal of A. □

Corollary 4.15. Let A ⊆ X be an approximately Γ-near ring and Ii ⊆ A (1 ≤ i ≤ n, n ⩾ 2). If Ii are right approximately
Γ-ideals of A, Φ is an object descriptive homomorphism and Φ∗Ii are additive groupoids and Φ∗Ii are Γ-groupoids,
then
∑

1≤i≤n Ii is also a right approximately Γ-ideal of A.

Theorem 4.16. Let A ⊆ X be an approximately Γ-near ring, I, J ⊆ A and Φ∗I, Φ∗J be additive groupoids and Γ-
groupoids. If I, J are both right approximately Γ-ideals of A and Φ∗I ∩ Φ∗J = Φ∗ (I ∩ J), then I ∩ J is also a right
approximately Γ-ideal of A.
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Proof. Since I and J are both right approximately Γ-ideals of A, IΓA ⊆ Φ∗I and JΓA ⊆ Φ∗J,
(I ∩ J)ΓA = { xγa| a ∈ A, γ ∈ Γ, x ∈ I ∩ J}

= { xγa| a ∈ A, γ ∈ Γ, x ∈ I and x ∈ J}

= { xγa| a ∈ A, γ ∈ Γ, x ∈ I} ∩ {xγa|a ∈ A, γ ∈ Γ, x ∈ J}

= IΓA ∩ JΓA

⊆ Φ∗I ∩ Φ∗J

= Φ∗ (I ∩ J) .

Therefore, (I ∩ J)ΓA ⊆ Φ∗ (I ∩ J), that is, I ∩ J is a right approximately Γ-ideal of A. □

Corollary 4.17. Let A ⊆ X be an approximately Γ-near ring, Ii ⊆ A (1 ≤ i ≤ n, n ⩾ 2) and Φ∗Ii be additive groupoids
and Γ-groupoids. If Ii are right approximately Γ-ideals of A and

⋂
1≤i≤nΦ

∗Ii = Φ
∗
(⋂

1≤i≤n Ii
)
, then

⋂
1≤i≤n Ii is also a

right approximately Γ-ideal of A.

Definition 4.18. Let K be an approximately Γ-subnear ring of approximately Γ-near ring A. The relation “cr” defined
as

acrb :⇔ a + (−b) ∈ K ∪ {0A} ,

where a, b ∈ A.

Theorem 4.19. Let A be an approximately Γ-near ring. The relation “cr” is a right compatible relation on A.

Proof. Since (A,+) is an approximately group, −a ∈ A for all a ∈ A. Due to a + (−a) = 0A ∈ K ∪ {0A}, acra. Let acrb
for all a, b ∈ A. Then, a + (−b) ∈ K ∪ {0A}, that is, a + (−b) ∈ K or a + (−b) ∈ {0A}. If a + (−b) ∈ K, since (K,+) is
an approximately group, then − (a + (−b)) = b + (−a) ∈ K. Hence, bcra. Also if a + (−b) ∈ {0A}, then a + (−b) = 0A.
Therefore, b+ (−a) = − (a + (−b)) = −0A = 0A and so bcra. Consequently, “cr” is a right compatible relation on A. □

A class that contains the element a ∈ A, determined by relation “cr” is

ãr = {k + a | k ∈ K, a ∈ A, k + a ∈ A} ∪ {a} .

Definition 4.20. Let A be an approximately Γ-near ring. A weak class determined by right compatible relation “cr” is
called near right weak coset.

Definition 4.21. Let K be an approximately Γ-subnear ring of approximately Γ-near ring A. The relation “cℓ” defined
as

acℓb :⇔ (−a) + b ∈ K ∪ {0A} ,

where a, b ∈ A.

The proof of Theorem 4.22 is similar to proof of Theorem 4.19.

Theorem 4.22. Let A be an approximately Γ-near ring. The relation “cℓ” is a left compatible relation on A.

A class that contains the element a ∈ A, determined by relation “cℓ” is

ãℓ = {a + k | k ∈ K, a ∈ A, a + k ∈ A} ∪ {a} .

Definition 4.23. Let A be an approximately Γ-near ring. A class determined by left compatible relation “cℓ” is called
near left weak coset.

We can easily show that ãr = K + a and ãℓ = a+ K. Approximately group (M,+) may not always abelian. If (M,+)
is an abelian approximately group, ãr = ãℓ. Otherwise ãr , ãℓ.

Let A be an approximately Γ-near ring and K be an approximately Γ-subnear ring of A. Then,

A/c
ℓ
= {a + K | a ∈ A}

is a set of all near left weak cosets of A determined by K. If we consider Φ∗A instead of approximately Γ-near ring A

(Φ∗A) /c
ℓ
= {a + K | a ∈ Φ∗A} .

Hence,
a + K = {a + k | k ∈ K, a ∈ Φ∗A, a + k ∈ A} ∪ {a} .
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Definition 4.24. Let A ⊆ X be an approximately Γ-near ring and K be an approximately Γ-subnear ring of A. For
a, b ∈ A, let a + K and b + K be two near left weak cosets that determined by the elements a and b, respectively. Then,
sum of two near left weak cosets that determined by a + b ∈ Φ∗A can be defined as

(a + b) + K = {(a + b) + k | k ∈ K, a + b ∈ Φ∗A, (a + b) + k ∈ A} ∪ {a + b}

and denoted by
(a + K) ⊕ (b + K) = (a + b) + K.

Definition 4.25. Let A ⊆ X be an approximately Γ-near ring and K be an approximately Γ-subnear ring of A. For
a, b ∈ A, let a + K and b + K be two near left weak cosets that determined by the elements a and b, respectively. Then,
product of two near left weak cosets that determined by aγb ∈ Φ∗A can be defined as

(aγb) + K = {(aγb) + k | k ∈ K, aγb ∈ Φ∗A, (aγb) + k ∈ A} ∪ {aγb}

and denoted by
(a + K) γ (b + K) = (aγb) + K,

where γ ∈ Γ.

Definition 4.26. Let A/cℓ be a set of all near left weak cosets of A determined by K and ξΦ (S ) be a descriptive
approximately collection of S ∈ P (X). Then,

Φ∗
(
A/cℓ
)
=

⋃
ξΦ(S ) ∩

Φ
A/cℓ,∅

ξΦ (S )

is called upper approximation of A/cℓ .

Theorem 4.27. Let A be an approximately Γ-near ring, K be an approximately Γ-subnear ring of A and A/cℓ be a set
of all near left weak cosets of A determined by K. If

(Φ∗A) /cℓ ⊆ Φ
∗ (A/cℓ ) ,

then A/cℓ is an approximately Γ-near ring with the operations given by

(a + K) ⊕ (b + K) = (a + b) + K

and
(a + K) γ (b + K) = (aγb) + K

for all a, b ∈ A and all γ ∈ Γ.

Proof. Let (Φ∗A) /cℓ
⊆ Φ∗

(
A/cℓ
)
. Since A is an approximately Γ-near ring and by Theorem 2.10,

(
A/cℓ ,⊕

)
is an

approximately group of all near left weak cosets of A by K. Furthermore,
(AΓN1) Since A is an approximately Γ-near ring, aγb ∈ Φ∗A and then (a + K) γ (b + K) = (aγb) + K ∈ (Φ∗A) /cℓ .

From the hypothesis, (a + K) γ (b + K) ∈ Φ∗
(
A/cℓ
)
.

(AΓN2) Since A is an approximately Γ-near ring, right distributive property holds in Φ∗A for all a, b, c ∈ A and all
γ ∈ Γ. From the Definitions 4.24 and 4.25, for all (a + K) , (b + K) , (c + K) ∈ A/cℓ

((a + K) ⊕ (b + K)) γ (c + K) = ((a + b) + K) γ (c + K)

= ((a + b) γc) + K

and
((a + K) γ (c + K)) ⊕ ((b + K) γ (c + K)) = ((aγc) + K) ⊕ ((bγc) + K)

= ((aγc) + (bγc)) + K

= ((a + b) γc) + K,

where ((a + b) γc) + K ∈ (Φ∗A) /cℓ . From the hypothesis,

((a + K) ⊕ (b + K)) γ (c + K) = ((a + K) γ (c + K)) ⊕ ((b + K) γ (c + K))
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holds in Φ∗
(
A/cℓ

)
.

(AΓN3) Since A is an approximately Γ-near ring, associative property holds inΦ∗A for all a, b, c ∈ A and all β, γ ∈ Γ.
Then,

((a + K) β (b + K)) γ (c + K) = ((aβb) + K) γ (c + K)

= ((aβb) γc) + K
and

(a + K) β ((b + K) γ (c + K)) = (a + K) β ((bγc) + K)

= (aβ (bγc)) + K

= ((aβb) γc) + K,
where ((aβb) γc) + K ∈ (Φ∗A) /c

ℓ
. From the hypothesis,

((a + K) β (b + K)) γ (c + K) = (a + K) β ((b + K) γ (c + K))

holds in Φ∗
(
A/cℓ

)
.

Consequently, A/cℓ is an approximately Γ-near ring. □

Definition 4.28. Let A be an approximately Γ-near ring and K be an approximately Γ-subnear ring of A. The approx-
imately Γ-near ring A/cℓ is called an approximately Γ-near ring of all near left weak cosets of A determined by K and
denoted by A/ωK.
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[10] Kovăr, M., A new causal topology and why the universe is co-compact, arXiv:1112.0817 [math-ph], (2011), 1–15.
[11] Kyuno, S., On prime gamma rings, Pacific J. Math., 75(1)(1978), 185–190.
[12] Luh, J., On the theory of simple Γ-rings, Michigan Math. J., 16(1969), 65–75.
[13] Naimpally, S.A., Peters, J.F., Topology with Applications: Topological Spaces via Near and Far, World Scientific, 2013.
[14] Nobusawa, N., On a generalization of the ring theory, Osaka J. Math., 1(1964), 81–89.
[15] Peters, J.F., Near sets: An introduction, Math. Comput. Sci., 7(1)(2013), 3–9.
[16] Peters, J.F., Naimpally, S.A., Applications of near sets, Notices Amer. Math. Soc., 59(4)(2012), 536–542.
[17] Peters, J.F., Proximal relator spaces, Filomat, 30(2)(2016), 469–472.
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