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Abstract

In this paper, we study the initial boundary value problem for time-fractional Oldroyd-B fluid equation. Our
model contains two Riemann-Liouville fractional derivatives which have many applications, for example, in
viscoelastic flows. For the linear case, we obtain regularity results under some different assumptions of the
initial data and the source function. For the non-linear case, we obtain the existence of a unique solution
using Banach’s fixed point theorem.
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1. Introduction

In recent years, fractional calculus has been widely applied in many different fields science and tech-
nology. The generalized fractional Oldroyd-B fluid model is a special case of non-Newtonian fluids that is
of paramount importance in a large number of industries and applied sciences. Therefore, the number of
publications on this topic is very abundant with many different detailed research directions. There are cur-
rently several definitions for fraction derivatives and fraction integrals, such as Riemann-Liouville, Caputo,
Hadamard, Riesz, etc. We can refer the reader to some papers [2-4, [I7H25]. The study of the exact analytical
solutions have been found in some papers [6-8), 11}, [12]. Numerical solutions for time fractional Oldroyd-B
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model are studied in [5, @, [10]. Let D C RY be a bounded domain with sufficiently smooth boundary 9D.
We investigate the following initial problem for the time-fractional Oldroyd-B fluid equation

(1+ ad®)uy(w,t) = p(1 + b)) Au(z, t) + F(z, t,u(z,t)), z€D, 0<t<T,
u=0, (z,t) € 9D x (0,T), (1.1)
u(z,0) = uo(x), I' “uy(x,0) =0, z € D.

where 05 is the Riemann-Liouville fractional derivative [13]

ool = / ot = s2)ds, pale) 1= s (8> 0), (1.2)

Here uyg is called the initial data and F' is the source functions which are defined later. Noting that if a =0
and b > 0 then describes a Rayleigh-Stokes problem for a generalized fractional second-grade fluid. The
problem with b = 0 and a > 0 express in general fractional Maxwell model [I4HI6] and if a = b = 0, we get
immediately that classical Newtonian fluids.

The problem (1.1)) was first mentioned by two authors E. Bazhlekova and I. Bazhlekov [I]. However,
the properties and existence of solutions were not investigated carefully in this paper. Continuation of work
[211, 26H30], in recent paper [5], M. Al-Maskari and S. Karaa considered the regularity result for homogeneous
linear case, i.e, F' = 0. So far, there has not been any work related to the qualitative solution of the problem
for both cases F' = F(z,t) and F = F(z,t,u). Motivated by this reason, we try to solve the above
problem to consider the well-posedness of this problem. The two main results detailed in the paper are given
below

e The first major result concerns the mild solution of the problem in the linear case. We investigate the
regularity of the solution with two different cases of of the smoothness of input data.

e The second major result proves the global existence of a mild solution of the problem (1.1)) in the
nonlinear case. Using Banach’s fixed point theorem, we have proved the problem has only one solution.
The difficulty that we face is choosing some suitable solution spaces.

2. Preliminaries

We recall the Hilbert scale space, which is given as follows
H (D) = f€LX(D), Y Nifrej)fap) <0 ¢,

for any s > 0. Here the symbol (-, ) 72(p) denotes the inner product in L*(D ) It is well-known that H"(D)

is a Hilbert space corresponding to the norm || fl|ysmpy = \/zjool AS(f ej) L2 (D)’ f € H*(D). In view of

HY(Q) = D((—L)") is a Hilbert space. Then D((—L) ) is a Hilbert space with the norm

2

lollpsyry = | S lwenPa |
j=1

where (-,-) in the latter equality denotes the duality between D((—L)™") and D((—L)").

Lemma 2.1. The following inclusions hold true:

N 2N
p < o f - = < >
LP(QY) — D(A?), of 4<0_O, P2
N ON (23)
D(A%) < LP(Q), i < - <
(A7) ), if 0<o<—, Py
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3. Linear inhomogeneous source

In this section, we consider the (|1.1]) problem in the linear case, that is, the source function has the simple
form F = F(x,t). Applying eigenfunction decomposition, the solution u of Problem ({1.1)) has the form of
Fourier series u(z,t) = > 22, uj(t)ej(z). Let us denote by u;(t) = (u(z,t),e;). Then we get the following
equation

(1 +a0p) P — (1 bDP) s (8) + F 1), 05(0) = (). ). (3.4)

Our next step is to solving this equation. By applying the Laplace transform, we obtain the formal eigen
expansion of solution u;(t) as follows

(1) = K (t) (o, ¢5) + /0 G;(t — ) (F(r),ej) dr. (3.5)

which allows us to get that the explicit formula of the solution u

[e.9]

u(e,t) =Y K;(t) (uo, ;) ej(x) + > (/0 G;(t—1)(F(7),€5) dT) ej(). (3.6)
Jj=1 J

=1
Here two functions K; and G; have the following Laplace transform

14+ as® 1
- L L(G)(s) = .
S0t as) 1o Aoy 8D = Sy o @ o)

L(K;)(s) (3.7)

Thanks for the results from the work of E. Bazhlekova and I. Bazhlekov [I], we have the following lemma
right away

Lemma 3.1. Two expressions K; and G; have the following properties

K;(0) = 1, Gj(0) = 0, [K;(t)| < Cy, £>0 (3.8)

Co (971 + atP~1) Cs

K50 < Aj [ 1esmr < (3.9

where the constants C1,Csy, Cy are independent of n and t.

Theorem 3.1. Let the source function F € L>=(0,T;H%(D)).
a) If ug € H*(D)) then

S 2C1Hu0||g-LS(D) + 26162(8, 9,N)C§HFH200( (3.10)

2
H“HLOO (0,T;H5(D)) 0,77H%(D))"

Here s,0 satisfies the condition 4 + 40 — 4s > N.
b) If up € H¥~X(D)) then we get

)]

5 (D) < 209 (tﬁ_l + atﬁ—a—l) ||UOH?—Ls—1(p) + \/26162(5,,8, N)Cg’HFHLOO(O,T;H@(D))‘ (3,11)

Remark 3.1. From part 2 of the above theorem, we notice that if ug € H* (D)) then tVHU(.,t)’
belongs to the space L*>°(0,T;H*(D)) with v > 1+ a — 0.

H*(D)

Remark 3.2. Let us assume that ug € LP(D) for 1 < p < 2. Then using Lemma (2.1), we find that
up € HO(D) for & < o < (p;ﬁ. Let us choose o = % then if F € L>(0,T;H’(D)) for 6 >

P
(p—2)N

i (N — % — 3) from Theorem (3.1)), we can deduce that u € L>° (O,T;H 4p (D))
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Proof. Using Parseval’s equality, we find that the following estimate

Hu(.i)’ ’2}-15(17)
< K0 oy, )+ ( [aii-n <>ej>df>ej<x>\is(p)

00 2
<2 NFIK; ()] (uo, e5) +2Z)\23</0 Gt —7)(F(r )7e])d> = J1 + . (3.12)
j=1

7j=1

For the term Jo, we first give the following bound by using Holder inequality

t 2 . .
28 (t—T T),e;)dT 2s (t — Pt P e dr
Aj (/O Gj(t —7) (F(7), g>d> <N </0 Gj(t —7)d ></0 Gt —7) (F(7), ;) d)

< Cpa ! (/Ot G;(t—7) <F(T),ej>2d7>. (3.13)
It is not difficult to realize that
A2l ( /0 Gt (F(T),ej>2d7‘) - A?s—Q—%( /0 NGt — TN (F(T),ej>2d7'>. (3.14)
By the definition of the function F on the space L°°(0,T;H*~ (D)), we find that
1z oirauson = 208, IE Oy 2 A P (7)) (315)

which allows us to obtain that

(/0 )\jGj(t—T))\]2.0<F(T),ej>2d) HFHL“’OT?{Q /)\G t—T dT)

< Cs (3.16)

2
HFHLOO(O,T;HG(D))'

Combining (3.13]), (3.14)), and (3.16]), we obtain that

o < 203 rincon 2 @317
j=1

It is well-known that to recall \; < Cj 2/N for N is the dimensional number of the domain D. Therefore, we
4s—4—

arrive at the following estimate ZOO )\25_2_29 < C’Z] 1J~ N . Since the condition 4 446 — 4s > N, we
know that the 1nﬁn1te series ) 7° 45 ﬁ; Y s convergent. Let us assume that 3 72, j45 = = Cy(s,0,N)
then we follows from that
J2 <2C1Cs(s,0,N) C3HFHL°°(OTH9( DY)’ (3.18)
For considering the first term J;, we divide two cases.
Case 1. Let us assume that ug € H*(D). Under this case, we can bound the quantity J; as follows
[e.e] oo
B =2> NPIK; (1) (uo,e5)® < 2C1 Y A (ug, ) = 2C1|[uol3s ) (3.19)

=1 =1
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Combining (3.18]) and ( , we arrive at
2
Hu<-’t>H

H*(D)

< 31 + 32 < QClHUOH’iﬁ(D) + 26162(S> Ba N)C??HFHiOO(O,T,’HG(D)) (320)

The right hand side of the above expression is independent of ¢, so we can deduce that u € L*>(0,T; H*(D)).
We also give the following regularity result

< 1 + 32 < 2C1 |luo|f34s () + 2C1Ca(s, B, N)C5| (3.21)

HUHLOO(O,T;Hs(D)) - ‘FHL“(QT;HG(’D))'

Case 2. Let us assume that ug € H*~!(D). Under this case, we give the following estimation for J; in the
following

o0
31 =23 APK; (1) (w0, e;)* < 2C3 (tﬁ—l n atﬂ—a—1> ZVS 2 (ug, e;)?
j=1 =1

— 202 (t/H n atﬁfa*) 12— (- (3.22)
Combining (3.18) and (| , wWe arrive at
) < \/271+ Vs
<20, <t’3_1 + atﬁ_o‘_1> luollses-1(p) + /2C1Ca(5, 0, NIC3||F s o rigio oy (3:23)

H“('vt)‘ H

4. Nonlinear time-fractional Oldroyd-B fluid equation

In this section, we consider the following nonlinear problem
(1+ ad®)uy(z,t) = p(1 + b)) Au(z, t) + F(u(z,t)), €D, 0<t<T,
u=0, (z,t) € 0D x (0,7), (4.24)
u(z,0) = up(x), I' “uy(x,0) =0, z € D.

By using a similar explanation as in previous section, we derive that

[e.e]

o0 t
uz,t) =y K;(t) (uo,e5) ej(z) + ) (/0 Gj(t —7) (F(u(r)), ¢)) dT) ej(@)- (4.25)
j=1 j=1
Theorem 4.1. Let the initial datum ug € H*(D)). Let F satisfies that F(0) =0 and

|F(wn) = Fw)| (4.26)

-

15 (D) Hs(D)’

for Ky is a positive constant. Then if Ky enough small then problem (4.24]) has a unique solution u €
L>(0,T;H*(D)).

Remark 4.1. In the above theorem, we need to assume the condition of the function F with a sufficiently
small Lipschitz coefficient Ky. We dont have much information about G; so unbinding Ky is a thorny and
challenging issue. There is only one information about G; then the best method in this case is Banach fized
point theorem applied to the solution space L*(0,T;H?(D)). We will try to investigate it in another future
article.
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Proof. Set the following function

Qu(t) = K;(t) (uo, e5) e5(x) + > (/0 G;(t —7) (F(w(7)), €;) dT) ej(). (4.27)
i=1 i=1

If w = 0 then since the condition F'(0) = 0, we know that Qu(t) = 3772, K;(t) (uo, e;) ej(x). Since the
fact that |K;(¢)] < Cy as in Lemma (3.1 and the initial datum ug € H*(D)), we can easily to obtain that
Quw € L*>(0,T;H*(D)). Take any functions wy,ws € L*(0,T;H*(D)). It follows from (4.27)) that

Qun (t) — Qua(t) = Z (/0 Gj(t—71)(F(wi(r)) — F(wa(7)), €5) d7-> ej(x). (4.28)
j=1

By looking closely at the above expression and using Parseval’s equality and Hélder inequality, we get the
following result by some calculations

| 2w — us (1) ’

H*(D)

00 t 2
= Z/\§S</O Gj(t —7) (F(wi(7)) —F(wz(T))aeﬁdT)

j=1
= g)\?s (/ot ‘Gj(t B T)‘dT> </0t ‘Gj(t - T)‘ (F(wi(1)) — F(wa(7)), €;)? d7->
SO </ot G5t = )] (Flan(r) - F<w2<f>>,ej>””>' (4.2
j=1

It is easy to see that

ngl(t) - ng(t)His(D) < O3y NPT < /0 NGt = TN (F(wi (7)) — F(wa(7)), €5)° dT>. (4.30)
j=1

Let us continue to deal with the integral term on the right hand side of the above expression. By looking at
the globally Lipschitz condition of F' as in (4.26]), we infer that
2
N (F(wi(r) — F(ws(7)), )% < | Flwn (7)) — Flwa()| s o

< KleUl(T) — wg(T)H;B(D) < Ky OquT le(T) — 'UJQ(T)‘

2
H*(D)
< Kwal - U}Q“QLoo(O’T;Hs(D))' (4.31)

By combining the two evaluations (4.30) and (4.31]), we have immediately the result of the upper bound of
the integral on the right hand side of (4.30))

t t
/[; )\jGj(t — 7’)/\]2.6 <F(w1(7')) — F(wg(’]'))jej>2d7' < Kwal — wQHi‘”(O,T;’H%D))(/O /\jGj(t — T)d’l’).

(4.32)
Hence, from some above observations, we can derive that
2 2 — \25-2-28( [" ~
Hle(t) . Qw2(t)HHS(D) < Ky Cy|wn = wa| 3 g e o ; A2 ( | AiGilt - T)dT)

< Kng,le - U)QHiOO(O,T;?-LS(D)) Z >‘32'872725
j=1

< KyCyljwr — wQHiOO(O,T;HS(D)) (4.33)
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where we note that the infinite series E;L )\35_2_20 is convergent. This latter inequality leads to
|2 - 2us| peoraemy = VGl = w2l o ) (4:34)

With the help of Banach Fixed Point Theorem and noting that K;Cy < 1, if Ky is small enough, we
immediately conclude that Q has a fixed point u € L*>(0,T; H*(D)).
O

5. Conclusion

In this work, we focus on the time-fractional Oldroyd-B fluid equation with the initial boundary value
problem. Here, the Riemann-Liouville fractional derivatives have many applications where we consider two
cases. Firstly, we obtain regularity results under some different assumptions of the initial data and the source
function for the linear problem. Secondly, for the non-linear problem, we obtain the existence of a unique
solution using Banach’s fixed point theorem.
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