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Abstract

The main purpose of this paper is to characterize the compact, invertible, Fredholm and closed range
multiplication operators on second Cesaro-Orlicz sequence spaces.
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1. Preliminaries, background and notation

Over years, the interest on properties of multipliers between functional Banach spaces have increased. Let X
and Y be Banach spaces consisting of sequences with real or complex terms. A numeric sequence v = (uy,,) such
that uf = (unfn) € Y for all f € X is called a multiplier for X and Y. Each multiplier v = (u,,) induces a linear
operator M, : X — Y by M, (f) = uf. If M, is continuous, it is called the multiplication operator with symbol w.

Several studies on multiplication operators have been carried out. Mostly, multipliers of spaces of measurable
functions have been thoroughly examined. In Halmos’s monograph [1], one can find important knowledge about
multiplication operators on the Hilbert space of square integrable measurable functions with respect to a given
measure. In [2, 3], Singh and Kumar present good works on properties of multiplication operators on spaces of
measurable functions and they study compactness and closedness of the range of multiplication operators on certain
Hilbert spaces. Mursaleen et al. [4], Ilkhan et al. [5] have studied multiplication operators on Cesaro function
spaces. Further, Castillo et al. [6-8], obtained significant results and modified the techniques used by the others to
study multiplication operators on Orlicz-Lorentz spaces, weak L,, spaces and variable Lebesgue spaces.

The Cesaro sequence space Ces, was firstly introduced by Shiue [9] as the set of all real sequences z = ()
satisfying

e 1 n p\ 1/p
fellee, = (3 (230 0ml) ) <o

n=1 k=1
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where 1 < p < oo. Some topological and geometrical properties of Cesaro spaces were studied by Shiue [9],
Leibowitz [10], Jagers [11], Cui and Pluciennik [12], Cui and Hudzik [13], Altay and Kama [14], Kama [15].

A continuous, non-decreasing and convex function ¢ : [0, 00) — [0, 00) is called an Orlicz function if it satisfies
the following conditions:

* ¢(0)=0,
e o(x)>0forz >0,
e p(r) > c0asx — 0.

Additionally, if there exists K > 0 such that o(Lz) < K Ly(x) for all z > 0 and for L > 1, then we say that Orlicz
function satisfies the 6, —condition. We write e = (ex) and e” = (e}}) for the sequences with e;, = 1 for all &, and
ey =1land e} =0fork #n.

Lindenstrauss and Tzafriri [16] define the Orlicz sequence space

([ |zl
l, = {a:: (xk) Ew Zgo()\ < 00, for some A > 0

k=1

using the idea of Orlicz function. Here and what follows, the space of all complex sequences is denoted by w. The

Orlicz space £, with the norm
' [e’e) |1‘k‘
= inf : =<1
lz]| = in {)\>0 kzz:1<p< L

is a Banach space.
The space

o0

Ces,(N) = {:17 — () ew: Y ¢<;é |m|> < oo}

m=1

is called the Cesaro-Orlicz sequence space which is a Banach space with the norm

=i . S % Dk k]
”xHCes@—lnf A>0: Z(p f <1
m=1

(see [17]). If p(z) = |z|” (p > 1), then the Cesaro-Orlicz sequence space Ces,,(N) reduces to the Cesaro sequence
space Cles,,.

After Lim and Lee [18] found the dual spaces of Cesaro-Orlicz sequence spaces Ces,,(N), Cui et al. [19] and
Damian [20] investigated some properties of these spaces. Later, the authors in [21] studied the multiplication
operators on Cesaro-Orlicz sequence spaces.

In 2016, N. Braha [22] defined the second-order Cesaro sequence space as

Ces(p) = {x — (o) Ew: i (W k}:(w - k)|xk>p < oo}

for 1 < p < oo and he examined some topological and geometrical properties of the space Ces?(p).
Now, we define the second-order Cesaro-Orlicz sequence space by

Ces? (N) = {1‘ — (2x) € w: i <p<(m+1)1(m+2) i(m+1 —k)|>\xk|) < oo}.

m=1 k=0

It is clear that the sequence space Ces? (N) is a Banach space with the norm

ey Lkeo(m + 1= E)|a]
[2]lcesz = inf {)\ >0: Z <p( (m+1)(m+2) k=0 ) < 1}.

A

m=1

In this paper, we give the characterization of the boundedness, compactness, closed range and Fredholmness for
the multiplication operators M, : CesZ (N) — Ces?,(N) defined by M, f = uf for any u € w.



Second Order Cesaro-Orlicz Sequence Spaces 153

2. Boundedness of Multiplication Operators

In this section, we will prove the theorems related to isometry and boundedness of multiplication operators.

Theorem 2.1. 'Given any sequernce u € w, the multiplication operator M, : CesZ (N) — Ces?,(N) is bounded if and only if

the sequence u is bounded.

Proof. Let M, be a bounded operator. On the contrary, assume that u is not a bounded sequence. Then, given any
1 1 kn — o +1—k

n €N, t?ere exists some k, € N such that |ug,| > n. Itis clear that [[e™ [[ces2 = >y, D miaae=T - Set

i _ e n

e TP
[len]] Ces?

. Then, we have [[¢*"||c.z = 1. It follows that

||M’U«ekn||Cesi

[l | Ces?

0o (m+1—k)|ug, |
Zm:kn (m+1)(m+2))\;*1 (1)

ER

= |ug,| >n.

HMu/e\anCeSi =

2
Ccsw

This contradicts the fact that )M, is a bounded operator. Hence, we conclude that « is bounded.
Conversely, let u be a bounded sequence. Then, there exists K > 0 such that |u,| < K for all n € N. Given any
z € Ces?(N), we obtain that

= m+1 +2 Zk O(m + 1- k)|(uz)k‘
Marlleer = ¢ ( GG :
_ i (m+1)(m+2) ZZL:O(m +1- k)|uk”xk|
= A
= (7n+1)(7n+2) Z?:O(m +1- k)|xk‘
< K
< Ky ga( :
m=1
= Kllzlces2
which implies that M, is a bounded operator. O

Theorem 2.2. The multiplication operator M, : CesZ,(N) — CesZ (N) is an isometry if and only if |u,,| = 1 for all n. € N.

m+1—k

Proof. On the contrary, assume that [uy,| # 1 for someng € N. Clearly, we have [|e"[|ces2 = >
Let |uy,,| > 1. Then,

m=ng (m+1)(m+2)Ae—1(1)"

oo

o _ (m—|—1 _k)|un0‘
||Mu€ HCesi - ( Z (m + 1)(m + 2))\@—1(1))

m=no

o0

m+1—k
> 2 (m + 1)(m + 2)re-1(1)

m=ng

no
= le™llcesz
Ces?,

holds. Similarly, if [un,| <1, | Mye™||cesz < |le™e [[cesz holds. Thus, we obtain a contradiction. Hence, we conclude
that |u,| =1 foralln € N.
Now, suppose that |u,| = 1 for all n € N. Then, we have

o 1S skl
m m k=0
Marlowy = 3 o TR )
m=1
* T koM + 1= k)]
m=1
= ||‘THCesi~

Therefore, || Myz||cesz = [|z[lcesz forall z € Ces? (N) and hence M, is an isometry. O
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3. Compactness of Multiplication Operators

Before we prove our main result in this section, remember the definition of a compact operator.

Let X be a Banach space and B, be the closed unit ball in X. If the closure of the set T'(B;) is compact, then the
bounded linear operator 7" : X — X is said to be compact.

By B(Ces?(N)) we denote the set of all bounded linear operators from Ces? (N) into itself. Now, we give our
main results about the compactness of the multiplication operator.

Theorem 3.1. A bounded linear multiplication operator M, : Ces? (N) — Ces?(N) is compact if and only if u, — 0 as
n — OQ.

Proof. Firstly, let M, be a compact operator. On the contrary, assume that u,, - 0 as n — co. Then, there exists
g0 > 0 such that the set N, = {k € N : |ug| > ¢} is an infinite set and we can write N, = {p1,p2, ..., Pn, ...} Then,
the set {¢”" : p, € N,,} is bounded in CesZ (N). It follows that

|| M, e’ — M, ep5||CeSz
= <(m+1)(m+2) Yoheo(m + 1 —k)lu(k)er (k) — U(k)eps(k”)

- Y :

m=1

X T T ko (M 1= k) |u(k)[[ePn (k) — P (k)|
Z‘P<( 1) (m+2) 2ok=0 . >

m=1

> Eo||€p" — ePs

2
Ces‘p

for all p,,,ps € N,,. This shows that {M,eP~ : p,, € N.,} cannot have a convergent subsequence. This contradicts
the fact that M, is a compact operator. Thus, u,, — 0 as n — oo holds.

Conversely, let u,, — 0 as n — oo. Then, for every ¢ > 0, the set N, = {n € N : |u,| > ¢} is a finite set. Hence,
the space Ces? (N.) is finite dimensional and so M, |Ces? (N.) is a compact operator. Let u,, € w be defined by

[ ulm) , VméEN.L
un(m) =\ g , Vmé N1

for each n € N. M, is a compact operator since the space Ces? (N1 ) is finite dimensional for each n € N. It follows
that

(M, — )$||c652
R (m+1)(m+2) D heo(m 41— k)|up (k)ay, — u(k)zy]
- 2o A )
_ i ((m+1)<m+2) Dho(m+ 1= k)|uy (k)zy, — U(k)$k>
- meN A

3

((m—i-l)(m-i-Q)Zk olm+1— )Iun(k)kaU(k)wk>
)

K=

Gy koM + 1= k)|u(k)z|
o ; )

>
m¢N,
p

3

1 > (m+1)( m+2) Zk O(m+1_ )|xk‘
< L2 A
NL
< 7”1‘”0952,

n
Hence, we have (M., — My)llcesz < L'and so M, is a compact operator. O
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Theorem 3.2. A bounded linear multiplication operator M, : Ces’(N) — Ces?(N) has closed range if and only if u is
bounded away from zeroon S = {k € N : uy, # 0}.

Proof. If the range of M, is closed, then M, is bounded away from zero on (kerM,,)* = Ces2(S). This means that
there exists ¢ > 0 such that
||Mux||Cesi > EHxHCesi (3.1)

forallz € Ces?(S). Set H = {k € S: |u| < §}. If H # (), then for ny € H, we have

oo 1 \xm _ no k)|
n _ (m4+1)(m+2) k= O(m +1 )‘u(k)e (
||Mue UHC@S?P = mz_l<,0< \

m+ 1 — k)|u(ng)|
,(m+1 (m+2)Ae~1(1)

(
( )
(m+1-k)
ZO (m+1)(m+2)Ap~1(1)

m=n
9

= 5He HCesi~

That s, || Mye™|[cesz < [|€"]|ces2 which contradicts (3.1). Hence, H = () so that |ug| > e forall k € S.

For the converse, let u be bounded away from zero on S. Then, there exists ¢ > 0 such that |u,,| > ¢ foralln € S.
Choose a limit point z in range of M,,. Then there exists a sequence (1, 2™) which converges to z. Clearly, the
sequence {M,2"} is a Cauchy sequence. We obtain that

o0 1 m n m
_ Do) 2keo(m + 1 = k)ugay — wpay|
HMul’n _ MumeCeSi = mzl‘P< X
o ng:g(mﬂq—k)mllxﬁ—%m\
I €

m

> ( (m+1)1(m+2) Zk o(m +1—Fk)|zy — wi”)

EZ(p b\

o (m+1)(m+2) m+2) Zk O(m+1 )|xz_x;fn
_ gz ( :

v

= EHx" - meCSSiv
where

;ﬁ_ xf , keS
ETL 0, k¢S

Hence, {x,} is a Cauchy sequence in Ces? (N). Since Ces? (N) is a complete space, the sequence {z,,} converges
to a point x € Ces? ( ). By continuity of Mu, M,z,, — M,z. Also, we have M, 2" = M,z,, — z and so M,z = z.
Hence, z € ranhM, which means that the range of M, is closed. O

4. Invertible and Fredholm Multiplication Operators

Before we prove our main results in this section, remember the definition of the Fredholm operator.
If T has closed range, dim(kerT’) and co- dim(ranT) are finite, then the bounded linear operator 7' : X — X is
said to be a Fredholm operator.

Theorem 4.1. Given any sequence u € w, the multiplication operator M, : Ces? (N) — CesZ (N) is invertible if and only if
there exist K1 > 0 and Ky > 0 such that K1 < u, < Ks foralln € N.

Proof. Let M,, be an invertible operator. Then, the range of M,, is CesZ (N) and so it is closed. From Theorem 3.2,
there exists ¢ > 0 such that |u,| > ¢ for alln € S. If uy = 0, for some k € N, we have e* € kerM, which is a
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contradiction, since kerM,, is trivial. Hence, we have |u,| > ¢ for all n € N. By boundedness of M, and Theorem
2.1, there exists K > 0 such that |u,| < K for all n € N. Thus, we conclude that ¢ < |u,| < K foralln € N.

For the converse, define a sequence v € w as v, = -—. Theorem 2.1 implies that M,, and M, are bounded linear
operators. Also M, - My = M, - M, = I which means Mu is invertible and M, is its inverse. O

Theorem 4.2. A bounded multiplication operator M, : Ces? (N) — Ces?(N) is a Fredholm operator if and only if
(i) the set {k € N : uy, = 0} is finite,

(ii) |un| > €, foralln € S.

Proof. Let M, be a Fredholm operator. If the set {k € N : u, = 0} is infinite, then M,e™ = (0,0, ...,0,...) for all
n € N with u,, = 0. Since ¢"’s are linearly independent, the space {z € Cesi(N) : My,x = (0,0,...,0,...)} is infinite
dimensional. This is a contradiction. Thus, we conclude that (i) holds. Also, from Theorem 3.2, (ii) holds.
Conversely, let the conditions (i) and (ii) hold. By Theorem 3.2 and the condition (ii), we obtain that the range of
M, is closed. The condition (i) implies that ker M, and ker M are finite dimensional. Hence, we conclude that M,,
is Fredholm. O
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