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Abstract

Stochastic Differential Equations (SDEs) are extensively utilized to model numerous physical quantities from
different fields. In particular, linear SDEs are used in epidemic modeling. It is crucial to ensure the positivity
of several quantities in an epidemic model. Numerous articles on this topic proves the positivity of SDEs
solutions using probabilistic tools, such as in Theorem 3.1 of [I0]. In this work, we suggest an alternative
way to show the positivity of the solutions. The proposed approach is based on finding solutions to linear
SDEs using Itd formula. We comment on several examples of stochastic epidemic models existing in the
literature.
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1. Introduction

Nowadays, we have many types of interesting differential equations utilized for modelling problems arising
from different fields of science. For instance, one can find works on fractional differential equations such as
in [6], [3], [2], and/or their applications to study the speed of cancer see for example [4] or to investigate the
effect of quarantine or vaccination during pandemic situations as in [13]. Stochastic differential equations
constitute since decades a very active trend of research when modeling real life problems such as in [§] for
COVID-19 or modelling SARS-COV?2 as in [7].

In this paper, the interest is on Stochastic epidemic models that utilize a system of linear SDEs. There
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are plenty of papers on stochastic epidemic models. Yet, as far as we could tell, these papers usually discuss
the existence of a global positive solution, but they do not investigate finding a solution of the SDE. In this
work, we propose an alternate method to demonstrate the positivity of the solutions of linear SDEs of the
form:

dX(t) = [a(t) + BOX (@)]dt + [y(2) + 0(8) X ()]dB(?),

where B is a standard Brownian motion. The processes a(t), B(t), v(t), 0(t) are all square integrable adapted
processes not dependent on X. The reader can find a solution to the above SDE in the book of [9]. In this
short communication, we provide also detailed solutions of a system of linear SDEs using Itd formula. More-
over, we use the solution to show when it is positive, and we apply all this to a variety of existing stochastic
epidemic models. This can be seen as a direct alternative to what is existing in the literature, where research
articles on this topic do not solve the SDEs but prove the existence and positivity of the solution in a rela-
tively long proof.

This paper is structured as follows: Theoretical solutions of linear SDEs is presented in Section 2. Section 3
offers applications to a variety of stochastic epidemic models. Finally, concluding remarks are discussed in
Section 4.

2. SDEs with linear coeflicients

Let (Q, Fr, (Ft)iepo,r), P) be a filtered probability space and let W := (W (t));e[o,r) be a m-dimensional
Brownian motion. We assume that the filtration (F}).c[o,7) is the natural filtration generated by the Brownian
motion W. Consider the n-dimensional stochastic process X := (X (t))e[o, 7] which satisfies the below system
of Stochastic Differential Equations (SDEs)

dXi(t) = [oa(t) + Au(t) dt+2m )+ 015() X1 ()] p15dW; ()
dXi(t) = [ok(t) + Be(t) Xe(t)]dt + Z Yij (1) + Ok () Xk () g dW; (1) (1)
dXn(t) = [an(t) + Bn(t) Xn(t)]dt + Z Y (8) + O (1) X (8)] projd W (1),

where X (0) = (X1(0),...,X,(0)) is a given positive real vector and ¢ € [0,T]. We assume that ay(t) :=

a(t,X‘k(t)),_ﬁk(t) = B(t, XE@)), y(t) := y(t, X*(t)), and O4(t) := 0(t, X *(t)) where

X_k(t> = (Xl(t)v ce vXk—l(t)vXk+1(t)v s aXn(t))

is the n — 1-dimension vector obtained from X (¢) by removing the ith component for any k=1,...,n. In

other words, for each SDE of the above system, the coefficients are linear.

To achieve this objective, we need to employ the It6 formula provided in the next lemma.

Lemma 2.1. Consider a process Y = (Y1,...,Yy,), where for k € {1,...,n}, Yy is driven by the stochastic
differential equation

AYi(t) = up(t)dt + Y v (HdW;(t),  Yi(0) € Ry,
7=1
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where vy; = (V1j,...,0n5), 7 = 1,...,m, as well u = (uy,...,uy) denotes n-dimensional square-integrable
adapted processes. Given a function g(y) twice continuously differentiable from R™ to R, then we have

Z )dYa(t) + Zn: L 29 i)y (vige). vit 2
8yk ! k(1) Yi(2)) , (2)

foyl
k=1 20y"y

where d (Wii(t), Wi(t)) = Sadt and d (t, Wi (1)) = d (Wi(t),) = d (t,1) = 0.

Note that if is a function f twice continuously differentiable from R to R, then the formula can be reduced
to

PORD) = | F OO + 2 (V) S o3, ()| at

+f (Y1) D vy (£)dW (1) (3)

J=1

We also need the processes (Cx(t))icpo,7); k € {1,...,n} defined by the SDE

dC(t) = ar(t)Ce(t)dt + Y b (O)C(t)dW(t),  G(0) =1, (4)

i=1

where (ay(t))iejo,r] and (br;(t))iecp,r] are two stochastic processes that do not depend on (;. The solution
of can be obtained by applying It6 formula to In i (t); i.e. one obtains

= eX t aplu —lm 2*U u Y t i\u i\u
Glt)=exp | [ | antw) s 200 | ¢ +j§::1/obka( JaW;(w) | @

where ¢ € [0,T]. Now, we can provide the main result of this paper.

Theorem 2.2. Let k € {1,2,...,n}. The solution of X}, the i th process of the system 15 given by

Xi(t) = G(t) | Xk(0) + / Zek] w) ks (w) o )G (w)du

S / g (D)prg ¢ (w)dW; () | (6)
=170

where t € [0,T), and (i (t) is as in equation (5)).
Proof. Let k € {1,2,...,n} and assume that the solution of Xj(¢) can be written as
Xi(t) = Zp(t)C(t), te[0,T], with Xi(0) = Z(0), (7)

where Zi(t) is a stochastlc process to be determined. From . we can write Z;(t) = Xp(t)¢"1(t). By Ito
formula and . de t) can be expressed as

¢, ' (t) = (ak(t) + Zb%j(t)) Gt (W)t = " b (1), (H)dW (), (8)
j=1 j=1
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with (,;1(0) = 1. Then, dZy(t) can be calculated using the below integration by parts for stochastic processes

dZg(t) = d(G; ' () Xk (1)) = G (OdXp(t) + Xi(D)dC; (1) + [dG; (1), dXk(1)).
Using and the above expression can be written as

2Ze®) = 0 [ [on) + B Xt + 3 [0y (O X1

Jj=1

5 ()] g dW5(£) + G (£) § X(t) (—ak(t)JFszj(t))dt

72% t)dW;(t ) Zbkﬂ [k (8) + Ok () X ()]ijdt}
= E?m Jori¢! Xﬁm%% by ()21 (2) | W (1)

| Lo (t) =D brg (kg (D) prsl G (8) + [Br(t) — an(?)

=1
+Zbkj ) (b (t) = O (D) prj) | Zi(t) | dt. (9)

Assume that a; and bkj have the values

ak(t) = Br(t), and  by;(t) = Ok (t)prj, for j€{l,....m}. (10)
Then dZ(t) reduces to

dZy(t) = Zek] )Y (D) pRs1C ()t + > ki (B prg ¢ (1) AW (L),
Jj=1 j=1
and thus
Zlt) = Zu(0)+ /‘ zy@ () () P2, ()

* ]; /0 Vij (1) pri ¢ (w) AW (u).

Using the above equation and , we obtain the theoretical solution of X (t) as expressed in @ which ends
the proof. O

The next proposition provides an important particular case of the Theorem. which can be applied to
epidemic stochastic models.

Proposition 2.3. Consider the system and let yj(t) = 0 for any k € {1,...,n}, j € {1,...,m}, and
t € [0,T). Then the solution (6]) is given by

t
M@=@@Qﬁ@+/ammgwm) (1)
0
Moreover if X;(0) > 0 and ak(t) >0 then Xi(t) > 0.
Proof. To obtain the solution it is sufficient to vamsh the terms 7y (¢ . The positivity of Xg(t) is

guaranteed when X3(0) > 0 and ock( ) > 0 since by (5) ¢;'(t) > 0 for any t e [0, T} O
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3. Application to the solution of SDEs of stochastic epidemic models

In this section, we provide solutions to a variety of stochastic epidemic models and show that the solutions
are positive using Proposition. [2.3] We first consider the below SIRI stochastic model discussed in [10]

dS(t) = [a — AS()I(t) — BS(D)]dt + o1 S(E) AW (t)
dI(t) = NSH)I(E) — (v + B)I(E) + nR(1)]dt + ool (£)dWa(?) (12)
dR(t) = [VI(t) — (n + B)R(t)]dt + o3 R(t)dWs(t).

To solve , we apply Proposition. with £ = 3, m = 3, prj = 0ij, and y; = 0 (for k,j = 1,2,3). In
addition, we apply the following assumptions
X1=8 ar=a, a=p5=-AN+p8), bj=0;;=01 j=12,3
Xo =1, 042:77R, a2:52=)\5—(/\+5), b2j=(92j:0'2 j=12,3 (13)
Xs=R, az=7I, a3=p3=—-(n+p), byj=03 =03 j=12,3.

Using equations , , and , one may explicitly express (x(t), k = 1,2,3. Consequently, with the
implementation of , we obtain the following exact solutions for the SIRI model :

5 = SO0 +a [ Gt
10 = 100600 +1 | Rl - (14
RO = RO)G(0) + [ 106~ i
It is a trivial task to show that S, I, and R given in are positive and unique. This is a clear proof of the
importance of Proposition which provides a simple and straightforward alternative to the long discussion

in section 3 of [I0]. It should be mentioned herein that authors in [10] proved the uniqueness and positivity
of the solutions of the SDEs of the STRI model by using a totally different theory.

Tables (1| and [2| show the implementation of our present strategy -using Equations and — to han-
dle several stochastic epidemic models already published in the literature; [12], [I], [14], [5], [11].

Ref. | Model and solution by Proposition |§|
dS, = [Fl — uSm — alsmff] dt + USmSmdBSm (t),
de = [Fg—/LSf—GQSfIm]dt—l-USfongf(t),
dl,, = [alSmIf — (,u + ﬁl) I, — blfm] dt + O'[mImdB]m (t),
d[f = [aQSfIm—(,u—{—Bz)If—bQIf] dt—l—U]fIde[f(t),

[12] Parameters’ values for solutions by and , bij=0,i#]
X1 = Spm,ooq=T1, a1 =—(p+aly), bi1 =osg,,,
Xy = 8p ag=T2, a1 = —(p+azly), b =o0s,,
X3 = I, agzalsmff, as = —(M+,51+bl), b33:0[m
X4 = If, a4:a2SfIm, a4:—(,u—|—[5’2—b2), b44:U[f
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i = (MN BIS — (p+w)S — OV)dt + 015dBx,
& = (wS— (u+0)V)dt + 02VdBy,
db = (BIS — (u+6+~)L)dt + 03LdDBs,
d = (yL—(p+a+d)I)+o4ldBy,

[T] Parameters’ values for solutions by and (), by = 0,7 # j
X1 = S, a1 =puN -0V, a; = (BT + p+ w), b1y = o1,
Xy = V, aa =wS, a1 = —(u+ D)V, baa = 02,

X3 = L, a3=pIS, a3 =—(u+35+7), b3z =03

Xy = I, ay=9L, ay=—(p+a+d), by =04

dS(t) = (u—BSHI{E) — (n+ ¢)S(t))dt —oS(t)I(t)dW (t)

dI(t) = (BSHI() +pBV)I(t) — (A + p)I(t))dt + o (S(t)
+pV ()1 (t)dW (1)

av(t) = (S(t) = pBV(0)I(t) = uV (t))dt — paV () I(t)dW (t)

dR(t) = (M(t) — pR(t))dt,

[14] Parameters’ values for solutions by and , bij=0,i#]
X1 = S, an=p, a1 =—(BIE) +p+ ), bu=—0ol(t),
X5 = I, as =0, ag =BS({t) +pBV(t) — (N + p),
bae = o(S(t) + pV (1))
Xz = V, a3 =98(), a3 = —(pBI(t) + p), bsz = —pol(t)
X4 = R, a4:)\I(t), a4 = — W, b44:0

Table 1: Application of Proposition. to some existing stochastic epidemic models.

Ref. | Model and solution by Proposition @l
dS(t) = [A—=BU(t) +ncC(t) +naA(t)) S(t) — pS(¢)] dt
o (1) + neC1) + mad() SWAB(),
dI(t) = [BI(t) +ncC(t) +naA(t)) S{) — &I(t)
+aA(t) + wC(t)] dt
o (I() + neC(1) + naA(t) I(H)dB().
dC(t) = [pI(t) — &C(t)]dt
QA = [pI(t) — AL dt
] Parameters’ values for solutions by and , bij =0,i#j
X1 = S o=A ar=—(BUIE)+ncC) +naAlt) + p),
bir = —o (I(t) + ncC(t) + naA(t))
Xy = 1, as=B(ncC(t) + naA(t)) S(t) + aA(t) + wC(2),
az = BS(t) — &3, baz = o (I(t) + ncC(t) +naA(t))
Xz = C, az=09I(t), a3 =—&, bsz =0
Xy = A ag=plt), ag =&, buu=0

The model considered in our paper is slightly modified from the model treated in [5]. Everything is the same except in the
equation of dI(t), in the coefficient of dB(t), we replace S(t) by I(¢).
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dS = [A=BI +ncC+naA)S — psS|dt
+ (011 + 0125) SdBy (t)

dI = [BU+ncC+n4A4)S — &I +wC + aA]dt
+ (021 + 0221) IdBy(t)

dC = [gb] — fgC] dt + (0'31 + 0'320) Cng(t)

dA = [pI — € A]dt + (041 + 042 A) AdBy(t)

[1T] Parameters’ values for solutions by and , bij=0,i#]

X1 = S, a1 =A, a1 =—(B(I +ncC+nad) + ),
b1y = o011 + 0125,
Xo = I, ag = B(ncC +naA)S + aA+ wC,
az = BS(t) — &3, bag = 091 + 0221,
X3 = C, a3 =9I, az = =&, b3z = 031 + 032C
Xy = A ag=npl, ag=—§1, by =041 + 042 A

Table 2: Solutions of other recent stochastic epidemic models using Proposition.

4. Conclusion

Stochastic Differential Equations are applied in many real-life problems. For example, linear SDEs are
extensively utilized when modeling epidemic situations. Showing existence and the positivity of solutions
is among the important points to investigate while studying such models. The literature contains a huge
number of articles that deal with these issues using probability techniques, but without looking at the
SDEs solutions of the model. This research communication suggests investigating the properties of a given
stochastic epidemic model by solving the SDEs of the model and show for instance the positivity from the
expression of an SDE’s solution. Our approach is applied to several existing stochastic epidemic models.
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