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Abstract

In the present investigation, we introduce and study a certain subclasses /%5, (11,7,4,8,7, ¢, v;a) and 75 (n,7,A,6,7,¢,0; B) of analytic

and m-fold symmetric bi-univalent functions involving ¢-pseudo-starlike functions associated with Mittag-Leffler Function. We establish
upper bounds for the second and third Taylor-Maclaurin coefficients for functions in each of these subclasses. Furthermore, we indicate
several certain special cases for our results.
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1. Introduction and Definitions
Let o/ = {f:U—C: fisanalyticin U= {z € C:|z] < 1}, £(0) = 0= f (0) — 1} be the class of functions of the form

f@) =2+ Y a (1.1)
k=2

and . be the subclass of &7 consisting of all functions f univalentin U= {ze€ C: |z| < 1}.

The Koebe on-quarter Theorem (see [8]) state that the image of U under every function f(z) € .# contains a disk of radius 1/4. Therefore,

all function f(z) € . has an inverse f~!(z) which satisfies £~ (f(z)) =z and f(f~'(w)) = w (jw| < ro(f), ro(f) > 1), where

glw) = ffl(w) =w—aw?+ (Za% —a3)w3 - (Sa% —5Sara3 +a4)w4+--- . (1.2)

A function is said to be bi-univalent in U if both £~!(z) and f(z) are univalent in U= {z € C: |z| < 1} (see for more details [2, 17, 7, 25, 10,
20, 44, 41, 43, 46, 28, 32, 33, 34, 48, 49, 50, 51, 35, 38, 23, 37, 16, 39, 21, 42]).

For each function f € .7, the function h(z) = (f(z"))}/™, (z € U, m € N) is univalent and maps the unit disk U into a region with m-fold
symmetry. A function is said to be m-fold symmetric (see [15] and [22]) if it has the following normalized form:

f@) =2+ Y a1 ?™™ (zeUmeN). (1.3)
k=1

We denote by .7, the class of m-fold symmetric univalent function in U, which are normalized by the series expansion (1.3). Also, the

functions in the class .7 are one-fold symmetric.

Analogous to the concept of m-fold symmetric univalent function, the concept of m-fold symmetric bi-univalent functions has be introduced.

From (1.3), Srivastava et al. [24] obtained the series expansion for f ~1 as follows:

_ 1
gw)=f I(W):W*amﬂmeJr[(m+1)“,2nfl*azmﬂ]wzmﬂf §(m+1)(3m+2)a§n+1*(3m+2)am+1a2m+1+a3m+1 wIm
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(1.4)

We denote by X, the class of m-fold symmetric bi-univalent function in U. We can note that for m = 1, the formula (1.4) coincides with the
formula (1.2) of the class X.

Recently, different researches related to this field investigated bounds for various subclasses of m-fold bi-univalent function (see [3, 4, 9, 26,
27,24, 40, 31, 45, 29, 14, 36]).

In 1903, Mittag-Leffler [18, 19] introduced the function called Mittag-Leffler function &), which can be defined as

oo Zk

& =Y mr
AT A T(Ak+1)

(A €C,R(A)>0),

for more details see [11].
Also, in 2009, Srivastava and Tomovski [30] introduced the function

7 - 8) ket
é”f_’,, (z) :k;%, (A €C, R(A)>0),

where 1,7,6 € C, R(1) > max{0,R(7) — 1}, R(r) > 0 and (x)y, is the Pochhammer symbol defined by

I'(x+k) for k = 0;

17
() = ') :{x(x+1)"'(x+”—])7 forke 4.

(1.5)

Recently, Attiya [5] introduced and investigated a linear operator ﬁgg : &/ — o/ by using the Hadamard product (or convolution) and
defined as follows '

Ay =20 f(2), (D),

indicate the Hadamard product of two series and

A . 1
il CHER)]

” "

where

A,1m,6 € C,R(A) > max{0,R(t) — 1}, R(z) >0
By some easy computations, we conclude that

e & T(S+kTT(A+1) k
A5 (@) 7Z+k§’z T(8 + O)T(Ak+m)C(k+1)

It is easily verified that if f € .7, then we have

_ L(8 + (mk+ 1)T)T(A +1) i1
z +Z T(8+ 1)D(A(mk + 1) + )T (mk+2) "1

The class £4(¢) of ¢-pseudo- starlike functions of order ¢(0 < ¢ < 1) were studied by Babalola [6] whose geometric conditions satisfy

1
He discover that every pseudo-starlike functions are Bazilevi¢ of type <1 — %) order ¢ ¢ and univalent in U.

Lemma 1.1. [8] Suppose [(z) € P, the class of functions which are holomorphic in U with R(l(z)) > 0, (z € U) and have the form
1(z) =1+lz+ b2 +1B2+---, (z€U); then |l,| < 2 for each n € N.

2. Coefficient estimates for the function class 7%, (n,v,4,6,7,¢,0;0)

Definition 2.1. A function f € ¥, given by (1.3) is said to be in the class
., (N,7,A,6,7,0,0; ) if it satisfies the following conditions:

arg (1 3 [y DAY + B ()Y 27— ID ‘ <3 @D
arg (1 T3 [@r DRI 1 + el g 27 - 1]) ’ <= 22)

where 0 <y<1,meN, ¢ > 1, v €C\{0} and the function g = f~' is given by (1.4).
We have the following remarks:

Remark 2.2. In the case of ¢ = v =1 in Definition 2.1, we can have

K, (N,7,A,8,7,0,0:0) = 55, (n,7,4,8,7,1, 1) = %5, (n,7,A,8,7: ) (2.3)

m m

Studied by Wanas and Tang [47].
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Remark 2.3. Inthe case of y=A =0, 9 =v=1and n =6 = 7 =1 in Definition 2.1, we can have

5, (M, 7,4,8,7,0,0;a) =5, (1,0,0,1,1,1,1; &) = 4~ (2.4)
Studied by Srivastava et al [24].

Remark 2.4. In the case of m=1, y=A =0and v =1 = 6 = 7 = 1 in Definition 2.1, we can have

A5, (0,7,1,6,7,9,0:0) = 7, (1,0,0,1,1,9,1;0) = A4™° 25)
Studied by Girgaonkar et al. [12].

Remark 2.5. Inthe case of m=1,y=A1=0,¢ =v=1and n =6 = 7 =1 in Definition 2.1, we can have

7, (,7,1,8,7,0,0;a) = 54,(1,0,0,1,1,1,1; ) = I8~ (2.6)
Studied by Srivastava et al [25].

We state and prove the following results.

Theorem 2.6. Let f(z) given by (1.3) be in the class 75, (n,7,A,0,7,¢,0;a) (0<a<1,¢>0,0eC\{0},meN,0<y<1). Then

200T(8 + T)T(A(m+1)+n)C(m~+2)/T(A2m+1) + n)T(2(m+1))

1| ooy (7,748, 7.6, v.m) + ol (A (2m+ 1)+ T Q0m+ )27+ 1) @7
¢(¢ - I)M%(nv Y72’58a T, ¢,‘U,m) - (a - I)F(A(2m+ 1) + Tl)
T(2(m+1))M3(n,7,4,8,7,9,0,m)
and
| < 20202 (m+ D2 (S + 1) T2 (A(m+1) + )2 (m+2) 2Vl (6 4+ 1)L(A(2m+1) + )T (2(m+1))
= M3(n.7.2.6.7.0,0,m) T8+ (2m+ D)L+ ) [y(dm(m -+ 9) +29) +2m(y+ 9) + 9]
(2.8)
where
Mi(n,7,2,8,7,9,0,m) = (m+ DI(8 + )T (A(m+1)+1n)
x T2 (m+ 1)0(8 + (2m+1)T)T(A +1)
x [y(d4m(m+9)+2¢) +2m(y+¢) + @] (2.9
Mr(1,7,24,8,7,¢,0,m) =T(8 + (m+ 1)7)T(A +n)(m+1) (2.10)
M3(1,7,4,8,7,¢,0,m) =I'(8 + (m+1)7)I (A +n)
X [y(m® +20m+20) +m(y+¢) + ¢]. (2.11)
Proof. We can write the inequality in (2.1) and (2.2) as
1
L= [@r+ DI T Q)1 + (@2 @) = 27— 1] = 5] 2.12)
and
1
L+ < [@r+ D5 1)1 + 1w(@25 T (w)) = 27— 1] = (W) @.13)
respectively.
Where g(w) = £~! and s(z), t(w) in & have the following series representation:
5(2) = 145" + 52m2™" + 53w + -+ (2.14)
and
(W) = 1+ W™ + W™ + 13, W 4 (2.15)
Clearly,
[s(2)]% =1+ asp™ + (asgm + Ms,zn) 2 (2.16)

and

(W)]% = 1+ ™ + (azz,,, ¥ w@%) W2 g 2.17)
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Also

Lo L [ers ik s+ @bty 1]

_ D@+ (m+ T +0)[y(m? +20m+29) +m(y+ ) + 9]

T8+ 0)C(A(m+ 1)+ n)L(m+2)v Am+12
N 1“(6+(2m+l)r)r(/l+n)[y(4m(m+¢)+2¢)+2m(y+¢)+¢]a
(8 +T)L(A(2m+1)+n)L(2(m+1)) m
28+ (m+DO2A+m)2y+ 1) (m+1)2¢(¢ — 1) .
2012(8 1+ D)2 (A(m+ 1)+ M2(m+2) “51+1>Z2 oo @18
and
1 2 / A " _ T+ (m+ 1)L +n)[y(m? +2¢m+2¢)+m<v+¢)+¢] m
N [(6+ 2m+1D)T)T(A +n)[y(dm(m+¢) +20) +2m(y+ ¢) + ¢] (m+1)a p
V(8 +1)T(A(2m+ 1) +1n)T(2(m+ 1)) Gmt1 = A2met]
C@+mt DOCA+m)@y+Dm 1?00 =1) > Y om . (59
2002(5 + D)2 (A(m+ 1) + M2 (m+2) Amt1 | '
Now equating the coefficient in (2.12) and (2.13) we get
F(S—i—(m—i—l)r)F(l—H‘[)[Y(mz+2¢m+2¢)+m(7+¢)+¢}a ~us 2.20)
L+ 0T (A(m+1)+m)T(m+2)v ml = o :
F(8+(2m+l)r)l"(/l+n)[y(4m(m+¢)+2¢)+2m(y+¢)+¢]a
V(8 +1)T(A(2m+1)+n)C(2(m+ 1)) mt
F2(6+(m+1)f)F2(l+n)(2y+1)(m+1)2¢>(¢—l)az — s+ 2@ o 221)
2002(8 + D2(A(m+1) + )2 (m+2) me1 = T02m 2 m
D8+ (m+ DT)C(A +1)[y(m® +20m+2¢) +m(y+¢) + ¢] _
B T8+ (A (m+ 1)+ mL(m+2)v 1 = Gl 2:22)
L6+ 2m+1D)T)TA+n)[y(dm(m+¢) +20) +2m(y+ o) + ¢]
(8 +1)T(A(2m+1)+n)T(2(m+1))
28+ (m+ DDA +n)2y+ 1) (m+1)2¢(¢ — 1) B alo—1)
((m+1) m+1a2m+1>+ 225 1 2 A+ 1) L) 12) @iy = Oty + 5 2. (223)
From equation (2.20) and (2.22), we find that
Sm = —tm (2.24)
and
22 (8 + (m+ )T)T2 (A +0)[y(m” +20m +29) +m(y+9) +9I TS 225

28+ t)2(A(m+1)+n)I2(m+2)v? G
Also, from (2.21), (2.23) and (2.25), we have

(m+1DT(8+ 2m+ 1)T)T(A +n)[y(dm(m+ @) +2¢) +2m(y+ ¢) + ¢] 2

(8 +7)[(A(2m+ 1)+ (2(m+1)) mtl
1"2(6+(m+1)1)1“2(/l+n)(2y+1)(m+1)2<1)(¢—1)a2 {52+ 12)
2002(5+ )2 (A(m+ 1)+ n)T2(m+2) m1 = S52m T 2m
ala—1) _ (o — D25+ (m+ DT + 1) [y(m? +20m+29) +m(y+ ) + ¢]?
+ = (tn5) = (s + 1) + 25+ )2 (A(m—+ 1)+ )2 (m+2)v2

Therefore, we get

s a8+ )2 (A(m+ 1)+ T2 (m+2)L2H(A2m+ 1) + )T (2(m+ 1)) (2 + o)
@1 = avM (.7, 4,8,7,0,0,m) + avL(A(2m+ 1) + )T 2(m+ 1)) (2y+ 1)
9(¢ —M5(n,7,4,8,7,9,0,m) — (o — DI (A(2m+1) +1)
L2(m+1)M3(n,v,A,8,7,¢,0,m)

(2.26)
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where M| (1,7,4,6,7,0,0,m), Ma(n,Y,A,8,7,¢,0,m) and M3(n,v,A,8,7,9,0,m) are given by (2.9), (2.10) and (2.11), respectively.
Now, taking the absolute value of (2.26) and using Lemma 1.1 for the coefficient sy, and #,,,, yields

200T(8 + T)T(A(m+1)+n)C(m+2)/T(A2m+1) + n)T(2(m+1))
avM(n,7,4,6,7,¢,0,m)+ vl (A2m+1)+n)['(2(m+1))(2y+1)
¢(0—1)M3(n,7,24,8,7,9,0,m) — (¢ — DT (A(2m+1)+1)
L2(m+1)M3(n,v,4,8,7.¢,0,m)

lami1] <

For us to get te bound on |ay,, 1|, we subtract (2.23) from (2.21) to have

L8+ @2m+ 1) TTA +n)[y(4m(m+9) +2¢) +2m(y+ ¢) + 9] _ 2\ _ a@—1) >
OD(8 + T)D(A(2m+ 1)+ m)D(2(m+ 1)) 21 = (- Dappy | = &lsam = tm) + ===t = 5n).
(2.27)
It follows from (2.24), (2.25) and (3.25)
o v (m+ D28+ O)I2(A(m+ 1) + )2 (m+2) (2 + 52,) avl(8 +7)0(A(2m+1)+MT(2(m+ 1)) (s2n — t2m)
= 4M3(1,7,A,8,7,9,0,m) 20(8 + (2m+ 1)T)T(A +0)[y(4m(m+ ¢) +2¢) + 2m(y+ ¢) + 9]
(2.28)
Taking the absolute value of (2.28) and using Lemma 1.1 for the coefficient s,,, 2., t,, and t,,,,, we have
| < 20202 (m+ D2 (S + )2 (A(m+1) + )2 (m+2) 2Vl (6 4+ 1)L(A(2m+ 1) + 1) (2(m+1))
am S
o M3(1,7.2,8,7,0,0,m) [(8+@m+ DO)L (A +m)[r(m(m+9)+20) + 2m(y+9) + 9]
which completes the proof of Theorem 2.6. O
Remark 2.7. In Theorem 2.6, if we choose
1. y=12=0,¢ =v=1and N =08 =t =1, then we have results determined by Srivastava et al. [24, Theorem 2].
2. ¢ =v =1, then we have results determined by Wanas and Tang. [47, Theorem 1].
When m = 1 which is the one-fold symmetric bi-univalent functions, Theorem 2.6 gives the following corollary:
Corollary 2.8. Let f(z) given by (1.1) be in the class 75(n,7,4,6,7,¢,0;0) (0< a <1, ¢ >0,v € C\ {0}). Then
amn| < 40vI(8 + 1)L (2A +1)/6I'(3A +1) (2.29)
" oM (0,7,4,8,7,9,0,m) +6avT (3A + n)(2y + 1)$ (¢ — 1) '
M2(n,7,A,8,7,0,0,m)+6(1 — )T (3A +1)M3 (1,7, 4,8,7,¢,0,m)
and
4020’12 (S + 1) (2A +17) 4avl(§ +17)C(31+1)
lazm 1| < —— (2.30)
M;(n,7,4,6,7,¢,0,m)  T(8+30)T(A+n)2y+2y¢ +¢]
where
Mi(1,7,2,8,7,0,0,m) = 24T(§ + T)T* (24 + MT(A + ML (37 + §) 27+ 2y + ¢)]
Mr(n,7,4,6,7,9,0,m) =2I(§ +27)[(A +n) (2.31)
M3(n,7,4,8,7,¢,0,m) =T(8+27)1(A +1)[2y+2¢ +4y9]. (2.32)
Corollary 2.9. Let f(z) given by (1.1) be in the class 75(1,Y,A,6,7,0;¢) (0 < a <1, v € C\ {0}). Then
4ovI'(8 +1)I(2A + 6 (34 +
1] < (6+7)I(2A+n)/6I (34 +1) (233)
avMi(n,7,A,8,7,¢,0,m)+24(1 —a)[(3A +1)T2(8 +21)
XA +m)[3y+1]?
and
402’T?(8 + T)I2 (24 +1) 4avl(§+1)[(3A +7) (2.34)

a2l € B InEG +m)By+12 " T(8+30)T(A +n)[4y+1]
where

Mi(1n,7,A,8,7,0,0,m) = 24T(8 + T)I*(2A +)[(A + )T (314 8)[dy+1].
Remark 2.10. In Corollary 2.8, if we choose

1. yY=41=0,¢=v=1andn =06 =1 =1, then we have results determined by Srivastava et al. [25, Theorem 1].
2. y=A=0,v=1andn =38 =t =1, then we have results determined by Girgaonkar et al. [12, Theorem 1].
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3. Coefficient estimates for the function class
A5 (N,7,4,6,7,¢0,0;B)

Definition 3.1. A function f € X,, given by (1.3) is said to be in the class
%”Z*; (n,7,4,06,7,0,0;B) if it satisfies the following conditions:

9‘{1+11) |y DI @)1 + vy £~ 27 1] } > B, )

9‘{ I+ % [y DI 1)1 + yw(y T g (w))" 27~ 1] } > B, 32

where 0 <y<1,meN, ¢ > 1, v € C\ {0} and the function g = f~! is given by (1.4).
We have the following remarks:

Remark 3.2. In the case of ¢ = v =1 in Definition 3.1, we can have

35”21(77»771,57774’70;/3) :fﬁiﬂzﬁ:,,(n»')/’l,(s"f’l?l;ﬁ) :%)ém(n777175,7;ﬁ) (33)

Studied by Wanas and Tang [47].

Remark 3.3. Inthe case of y=A =0, ¢ =v =1and n = 6 = 7 =1 in Definition 2.1, we can have
My, (N.7.4,6,7,9,0;B) = 5 (1,0,0,1,1,1,1;B) = 75, (B) B4
Studied by Srivastava et al [24].

Remark 3.4. Inthe case of m=1,y=A =0and v =1 = & = © = 1 in Definition 2.1, we can have

A, (1,7,1,8,7,6,0:B) = 75,(1,0,0,1,1,9,1:B) = 5" (B) (3.5)
Studied by Girgaonkar et al. [12].

Remark 3.5. Inthe case of m=1,y=21 =0, 9 =v=1and n =8 =1 =1 in Definition 2.1, we can have

Az, (.7 4,6,7,0,0: ) = A5, (1,0,0,1, 1,1, 1: ) = #5(B) 3.6)
Studied by Srivastava et al [25].

We state and prove the following results.

Theorem 3.6. Let f(z) given by (1.3) be in the class %fiﬁl(n,%/l,&f,(l),v;ﬁ) (0<B<1,0>0,0eC\{0},meN,0<y<1). Then

2§+ T)I2(A(m+1)+mTR(m+1)T2(m+2)L(A(2m+1)+n)(1-B)

lami1| <2 5 5 (3.7)
(m+ 1L+ )*(A(m+1)+n)T*(m+2)0(8 + (2m+1)T)[ (A +n)
[y(dm(m~+¢)+2¢) +2m(y+ )+ O)T2(5+ (m+1)7) + T2 (A +n)
9(¢ —1)(m+1)*(2y+ LA (2m+1) +n)D(2(m+1))
and
g | < 200 —B)*(m+ IS+ )2 (A(m+1) + )P (m +2)v?
2= D26+ (m+ DO (A4 1) [y(m? +26m+20) +m(y+9) + 0]
20(8 + T)T(A(2m+ 1)+ )T (2(m+1))(1 - B)v 38)
L(8§ + (2m+1)7)T(A +1)[y(dm(m+ ) +20) +2m(y+ ) + ¢] '
Proof. First of all, the argument inequality in (3.1) and (3.2) can be written in their equivalent forms as:
3 [@r DRI + 7R F@)) ~27 1] = B +(1— B)s(a) (3.9)
and
L3 (@ DI 1 + (T8~ 27— 1] = B+ (1= Bi(w). (3.10)
respectively. Where s(z), #(w) € & and have the forms
5(2) = L+ sm2"™ + somz™" + s3> + -+ G.11)

and

t(w) =1+ t,w" + LW + W (3.12)
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Clearly,
B+(1—PB)s(z) =14 (1= B)smz"™ + (1 — B)somz™™ + - (3.13)
and
B+(1—PB)t(w) =1+ (1—B)tyw” + (1= B)iayw?" +--- . (3.14)
Also
L3 [ DGR @) + (@ 1) ~27-1]
it L8+ (m+ DT)D(A +1)[y(m? +20m+2¢) + m(y+ ¢) + ¢] 4 .
- (8 +T)D(A(m+ 1)+ m)L(m+2)v i
N L6+ (2m+ 1)) L(A+n)[y(dm(m+¢)+2¢)+2m(y+ ¢)+¢]a
vL(8 +7)L(A(2m+ 1) +n)C(2(m+ 1)) amt
28+ (m+ DDA +1)2y+1)(m+1)*¢ (9 — 1)a2 My (315
20T2(8 + )2 (A(m+ 1)+ 2 (m+2) m '
and
L3 [@r DT80 1 + (R T g()” ~ 271
_ D@+(m+ DOT(A +0)[y(m* +2¢m+2¢) +m(y+ )+l m
[(6+7)T(A(m+1)+n)T(m+2)v m
N [(8+ 2m+1)T)T(A+n)[y(dm(m+¢) +20) +2m(y+¢) + ¢]
oIS +1)L(A(2m+1)+m)C(2(m+1))
28+ (m+ DDA+ QRy+ 1) (m+1)2¢(¢ — 1) "
<(m+ s _az’"“) T R O+ ) F )T 2) a,an)zz Tee
Now equating the coefficient in (3.9) and (3.10), we get
L8+ (m+ DT)C(A +1)[y(m? +20m+2¢) +m(y+¢) + ¢] _
T8+ 0T (A(m+ 1)+ n)C(m+2)v amit = (1=B)sm, 3.17)
T(§ + 2m+ 1)T)T(A +1)[y(dm(m -+ ) +2¢) +2m(y+ ) + @] u
VI(8 + T)[(A(2m+1)+m)C(2(m+ 1)) 2m
26+ (m+ DO2A+n)Qy+ D(m+1)%¢(9—1) 5 (1-p) 3.18)
223+ O (A(m+ 1)+ 2 (m+2) T S 15
L8+ (m+ DT)C(A +1)[y(m® +20m+2¢) +m(y+¢) + ¢] _
- T(6+ OL(A(m+ 1)+ m)L(m+2)v amit = (1= B)tm, (319
L(8+ 2m+ DT)T(A +n)[y(4m(m+ ) +2¢) +2m(y + ¢) + ¢
vI(§+1)L(A(2m+1) +nC(2(m+1))
2(8 4+ (m 2() m 2 -
(1) O O
From (3.17) and (3.19), we get
S = —t (3.21)
and
(S + (m+ )T (A +n0)[y(m® +20m+2¢) +m(y+ )+ 9> , (1= BR(sE +12). (3.22)

T2(8+ )2 (A (m+ 1)+ n)2(m+2)v? Imt1 =
Also, adding (3.18) and (3.20), we have
(m+ DL+ 2m+ D)T)T(A +1)[y(4m(m+ ) +2¢) +2m(y+ )+ ¢]
V(8 + o) T(A(2m+ 1)+ )T (2(m+1)) Im+1

28+ m+DT)R2A+n)Ry+1)(m+1)2¢(p—1) ,
VIZ(6+ 1) [2(A(m+1)+n)[2(m+2)

@y = (1= B)(s2m +tom)
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Therefore, we get

2§+ )2 (A(m+1)+1n)T2>m+ 1)) (m+2)T(A(2m+1)+1)
2 < (1=B)(s2m +tom) (3.23)
ml = (m+ DL+ 0)I2A(m+ 1)+ (m+2)0(8 + (2m+1)T)T(A +1) '
[y(dm(m+¢)+20) +2m(y+ ) + TS+ (m+1)7) + T2 (A +n)
(0 —1)(m+1)22y+ DOA2m+1) +1n)[(2(m+1))
Applying Lemma 1.1 for the coefficient s,,, and t,,,, we obtain

V2§ +T)I2Z(A(m+ 1) +MTRm+1)T2(m+2)I(A2m+1)+1n)(1 - B)
(m+ DO+ )2 A(m+ 1) +mI2(m+2)T(8 + (2m+1)T)T(A +1)
[y(dm(m~+¢)+2¢)+2m(y+ )+ TS+ (m+1)7) +T2(A +1)
o(0 —1)(m+1)22y+ DO(A2m+1)+1n)02(m+1))
This gives the desired estimate for |a,, | as asserted in (3.7). Next, in order to find the bound on |ay,,+1|, by subtracting (3.20) from (3.18),
we have

1] <2 (3.24)

[(6+ 2m+1)T)T(A +n)[y(dm(m+¢) +2¢) +2m(y+ ¢) + ¢]
(8 +7)T(A(2m+ 1) +mT(2(m+1))

<2a2m+] —(m+ 1)a§+1> = (1—B)(tam — s2m)-  (3.25)

or equivalently

o ML AT OIACHE ) MR+ D)1 =)t —s2m) 55
2t = T S T OR(§ o 2m+ 1)) L(A +0)[y(4m(m+ ) +20) +2m(y+9) +9]
By substituting the value of arzn 1 from (3.22), we have
(1= B)*(m+ 18 + )2 (A(m+1) +n)I>(m+2)0* (17, +57,)
@m+1 =
2T AR (§ o+ (m+ DDA+ 1) [y(m? +29m+20) + m(y+ 9) + 9]2
n L6+ 1) L(A2m~+1)+n)T2(m+1))(1—B)v(t2m — S2m) 3.27)
(8 + 2m+ D)T)C(A +n)[y(dm(m+¢)+29) +2m(y+9) +¢]
Applying Lemma 1.1 once again for coefficients s,,, $2,,, tm and fp,,,, we have
] < 2(1 =B (m+ DS+ )2 (A(m+1)+1n)2(m+2)v?
TS TS+ (ot DO (A [y +29m +20) +m(y+9) + 9]
(6 + 1) L(A2m+1)+ )L (2(m+1))(1-B)v (3.28)
L6+ (2m+D)T)T(A+n)[y(4m(m+¢) +2¢) +2m(y+¢)+¢]
which completes the proof of Theorem 3.6. O
Remark 3.7. In Theorem 3.6, if we choose
1. yY=1=0,¢=v=1andn =06 =1 =1, then we have results determined by Srivastava et al. [24, Theorem 3].
2. ¢ =V =1, then we have results determined by Wanas and Tang [47, Theorem 2].
When m = 1 which is the one-fold symmetric bi-univalent functions, Theorem 3.6 gives the following corollary:
Corollary 3.8. Let f(z) given by (1.1) be in the class #5°(1,7,A,8,7,¢,0;:8) (0< B <1, ¢ > 0,0 € C\{0}). Then
_ 2 2
as] <2 24(12 B)vI?(6+ 1) I?2A+n)T(BA+1n) (3.29)
2406+ 1)L (2A + M)A+ )T (3T + 8) 2y + 279 + ¢]
+24T2(2T4+ 52 (A +m)CBA+1)2y+1)9 (9 — 1)
and
as] < 402(1 = B)T2(S + 1)I2(2A +1) 4(1 = B)oT (8 +T)T(3A +1) (3.30)
NP2 RA )y +9+219P T8 +30T(A+1)2y+279+9)] '
Corollary 3.9. Let f(z) given by (1.1) be in the class 75°(1,7,A,8,7,0;B) (0< B <1, v € C\{0}). Then
(1-=B)vI(6+7)L'(3A+7)
<2 3.31
laz] < \/ T +1)TGt+8)dy+ 1] (3:31)
and
201 _ p\2T2 2 _
la] < 40°(1-B)T*(6+)I=22+1n)  4(1-B)vI(6+1)[(3L+n) (3.32)

G+ 202+ n)Br+ 12 T +30T(A+m)Er+1]
Remark 3.10. In Corollary 3.8, if we choose

1. yY=41=0,¢=v=1andn =06 =1 =1, then we have results determined by Srivastava et al. [25, Theorem 2].
2. y=A=0,v=1andn =38 =t =1, then we have results determined by Girgaonkar et al. [12, Theorem 2].
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