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DIRECTION CURVES OF GENERALIZED BERTRAND CURVES
AND INVOLUTE-EVOLUTE CURVES IN E*

Mehmet ONDER
Delibekirli Village, Kirikhan, 31440 Hatay, TURKEY

ABSTRACT. In this study, we define (1,3)-Bertrand-direction curve and (1,3)-
Bertrand-donor curve in the 4-dimensional Euclidean space E4. We introduce
necessary and sufficient conditions for a special Frenet curve to have a (1,3)-
Bertrand-direction curve. We introduce the relations between Frenet vectors
and curvatures of these direction curves. Furthermore, we investigate whether
(1,3)-evolute-donor curves in E* exist and show that there is no (1,3)-evolute-
donor curve in E%.

1. INTRODUCTION

Associated curves are the most interesting subject of curve theory. Such curves
have a special property between their Frenet apparatus. Bertrand curves are one of
the most famous type of such curve pairs. These curves were first discovered by J.
Bertrand in 1850 [1]. In the 3-dimensional Euclidean space E3, a curve a(s) is called
Bertrand curve if there exists a curve « different from « with the same principal
normal line as a. Bertrand partner curves are important and fascinating examples
of offset curves used in computer-aided design [13]. The classical characterization
for the Bertrand curve is that a curve a(s) is a Bertrand curve if and only if its
curvature functions x(s), 7(s) satisfy the condition ak(s) + br(s) = 1, where a, b
are real constant numbers. And, the parametric form of the Bertrand mate of
a(s) is defined by v(s) = a(s) + AN(s), where A # 0 is constant and N(s) is unit
principal normal line of a [17]. It is interesting that for n > 4, there exists no
Bertrand curves in this form. This fact was proved by Matsuda and Yorozu [12].
Considering this fact, in the same paper, they have defined a new type of associated
curves called (1,3)-Bertrand curves in E*.

Moreover, another well-known type of associated curve pairs is involute-evolute
curve couple. These curves were first studied by Huygens in his work [8]. Classically,
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an evolute of a given curve is defined as the locus of the centers of curvatures of
the curve, which is the envelope of the normal of reference curve. Fuchs defined
an involute of a given curve as a curve for which all tangents of reference curve
are normal [3]. In the same study, equation of enveloping curve of the family of
normal planes for space curve has been also defined. Gere and Zupnik studied
involute-evolute curves by considering a curve composed of two arcs with common
evolute [6]. Fukunaga and Takahashi defined evolutes and involutes of fronts in
the plane and introduced some properties of these curves [4,5]. Later, Yu, Pei and
Cui considered evolutes of fronts on Euclidean 2-sphere [18]. Ozyilmaz and Yilmaz
studied involute-evolute of W-curves in Euclidean 4-space E* [16]. Li and Sun
studied evolutes of fronts in the Minkowski Plane [9].

Recently, Hanif and Hou have defined generalized involute and evolute curves in
E4[7]. They have obtained necessary and sufficient conditions for a curve to have
a generalized involute or evolute curve. Another study of generalized involute-
evolute curves has been given by Oztiirk, Arslan and Bulca [15]. They have given
characterization of involute curves of order k of a given curve in E™ and also
introduced some results on these type of curves in E and E*.

Furthermore, Choi and Kim have defined a new type of associated curves in E>
called principal normal (binormal) direction-curve and principal normal (binormal)
donor-curve [2]. Similarly, Macit and Dildil have defined W-direction curve and
W-donor curve in E3, where W is unit Darboux vector of the reference curve [10].
Later, the author has defined Bertrand direction curves, Mannheim direction curves
and involute-evolute direction curves in E? and introduced relations between those
curves and some special curves such as helices and slant helices [14].

In this study, first, we define (1,3)-Bertrand-direction curves and introduce the
relations between the Frenet apparatus of these curves. We show that a curve with
non-constant first curvature x does not have (1,3)-Bertrand-direction curve. Later,
we give that no C*-special Frenet curve in E* is an (1,3)-evolute-donor curve.

2. PRELIMINARIES

Let o : I — E* be a regular curve, i.e., ||[o/(t)|| # 0, where I is subset of real
numbers set R and ||o/(t)|| denotes the norm of tangent vector ¢'(t) in the Eu-
clidean 4-space E*. This norm is defined by ||z|| = \/{z,z) = \/2? + 23 + 22 + 23
where (z, z) is the Euclidean inner(dot) product and z = (x1, x2, x3,x4) is a vector
in E4. The curve a(t) is called unit speed if ||/(¢)|| = 1. The parameter of a unit
speed curve is represented by s and called arc-length parameter. The curve a(s) is
called special Frenet curve if there exist differentiable functions x(s), 7(s) and o(s)
on I and differentiable orthonormal frame field {T', N, By, Bo} along «(s) such that:

i) Following Frenet formulas hold
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T = kN,

N' = —kT + 7B4, (1)
B} = —7N + 0Bs,

Bé = —JBl.

ii) The orthonormal frame field {T', N, By, B2} has positive orientation.

iii) The functions k(s), 7(s) are positive and the function o(s) does not vanish.
The unit vector fields T, N, Bj and Bs are called tangent, principal normal, first
binormal and second binormal of a(s) and the functions k(s), 7(s) and o(s) are
called first, second and third curvatures of a(s), respectively [11].

If we take T' = ny, N = no, By = ng, By = n4, the term “special” means that
the vector field n;y1, (1 <4 < 3) is inductively defined by the vector fields n; and
n;—1 and the positive functions k and 7 [12]. For this, the Frenet apparatus of a
special Frenet curve have been determined by the following steps:

(1) o'(s) =T(s)

(2) £(s) = IT"(s) > 0, N(s) = 755T(s)-
(3) 7(s) = [IN"(s) + K(s)T(s)]| > 0, Bu(s) = 55 (N'(s) + ()T (s))
(4) Ba(s) = Em (Bl/(s) + T(S)N(S)), where ¢ = £1 is chosen as

the frame {T, N, By, B>} has positive orientation and o(s) = (B} (s), Ba(s))
does not vanish.

All these 4 steps should be checked that the curve «(s) is a special Frenet curve
[11].

The plane spanned by the vectors T, Bj is called the Frenet (0,2)-plane and
the plane spanned by the vectors N, Bj is called the Frenet (1,3)-normal plane of
al7,12]

Definition 1. ([12/) A C*-special Frenet curve o : I — E* is called a (1,3)-
Bertrand curve if there exits another C™-special Frenet curve 8 : J — E* and a
C™-mapping ¢ : I — J such that the Frenet (1,3)-normal planes of a and § at the
corresponding points coincide. The parametric representation of B is [ (¢(s)) =
a(s) + zN(s) + tBa(s), where z, t are constant real numbers.

Theorem 1. ([12]) If n > 4, then no C*-special Frenet curve in E™ is a Bertrand
curve.

Definition 2. (/7]) Let a(s) and y(3) be two regular curves in E* such that s = f(s)
is the arc-length parameter of v(3). If the Frenet (0,2)-plane of o and Frenet (1,3)-
plane of v at the corresponding points coincide, then « is called (1,3)-evolute curve
of v and v is called (0,2)-involute curve of a. The (0,2)-involute curve v has the
parametric form y(s) = a(s) + (¢ — s)T(s) + kB1(s), where ¢, k are real constants.
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Let I C R be an open interval. For a unit speed special Frenet curve o : I — E4,
let define a vector valued function X (s) as follows

X(s) =p(s)T(s) + U(s)N(s) + r(s)Bi(s) + n(s)Ba(s), (2)
where p,l,r and n are differentiable scalar functions of s. Let X (s) be unit, i.e.,
PP(s) +12(s) +7%(s) +n*(s) = 1, (3)

holds. Then the definitions of X-donor curve and X-direction curve in E* are given
as follows.

Definition 3. Let a be a special Frenet curve in E* and X (s) be a unit vector
valued function as given in . The integral curve v : I — E* of X (s) is called an
X-direction curve of a. The curve a having v as an X -direction curve is called the
X -donor curve of v in E*.

3. (1,3)-BERTRAND-DIRECTION CURVES IN E*

In this section, we define (1,3)-Bertrand-direction curves and (1,3)-Bertrand-
donor curves for special Frenet curves and introduce necessary and sufficient con-
ditions for these curve pairs.

Definition 4. Let a = «a(s) be a special Frenet curve in E* with arc-length pa-
rameter s and X (s) be a unit vector field as given in . Let special Frenet curve
B(8) : I — E* be an X -direction curve of . The Frenet frames and curvatures of o
and B be denoted by {T, N, By, B2}, Kk, T, 0 and {T,N,Bl,BQ}, R, T, 0, respec-
tively, and let any Frenet vector of a does not coincide with any Frenet vector of 5.
If B is a (1,3)-Bertrand partner curve of o, then B is called (1,3)-Bertrand-direction
curve of a and « is said to be (1,3)-Bertrand-donor curve of (.

From Definition 4, it is clear that at the corresponding points of the curves, the
planes spanned by {N, B2} and {N , Bg} coincide. Then, we have,

sp{NaBZ}:Sp{NaBQ}v sp{T7Bl}:3p{Tvél}7 (4)
Moreover, since f is an integral curve of X(s), we have % = X (s). Also, since

X (s) is unit, the arc-length parameter § of § is obtained as

5:/08 dp dS:/OSdSZS (5)

ds
i.e., arc-length parameters of (1,3)-Bertrand-direction curves o and 8 are same.
Thus, hereafter we will use prime for both curves to show the derivative with
respect to s.

Theorem 2. The special Frenet curve o : I — E* is a (1,3)-Bertrand-donor curve
if and only if there exist non-zero constants r, w, A\, p such that

pPPAri=1, M 4+pi=1, (6)
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pK —TT = ;ra, (7)

(p? = Nk —pr7 #0. (8)
Proof. Let X(s) = p(s)T(s) + 1(s)N(s) + r(s)B1(s) + n(s)Ba(s) be a unit vector
valued function and the special Frenet curve 3 : I — E* be integral curve of X (s)
and also be a (1,3)-Bertrand-direction curve of a, where p(s), I(s), r(s) and n(s)
are smooth scalar functions of arc-length parameter s. Then, we have
T(s) = p(s)T(s) + U(s)N(s) +7(s) B1(s) + n(s)Ba(s). 9)
From , it follows T Lsp {N, By}. Then, multiplying @D with N and Bs, we have
I(s) =0, n(s) =0, respectively, and (9 becomes
T(s) = p(s)T(s) + r(s)Bi(s), (10)
and from (10)), it follows p?(s) +r?(s) = 1, since T is unit. Differentiating with
respect to s and using Frenet formulas (1)), we get
EN =p'T + (pk —r7)N +1'By + roBs. (11)

Multiplying with 7' and By and considering (), we get p’ = 0, v’ = 0,
respectively, i.e., p and r are constants. If p or r is zero, then Frenet vectors of «
and [ coincide. It follows that p and r are non-zero constants. Then, from ,
we get p? 4+ 12 = 1 and we have first equality in @

Now, becomes

RN = (pk — r7)N + roBo, (12)
which gives
R = \/(pn —7r7)2 4+ (ro)?. (13)
Let define
5= pK —TT 7 _ ro . (14)

\/(pfi —7r7)2+ (ro)? H \/(p/@ —7r7)2+ (ro)?
Then, becomes
N = AN +uBy, N +u®=1. (15)
By Definition 4, any Frenet vector of a does not coincide with any Frenet vector of
(. Thus, we have that A # 0, u # 0. Differentiating the first equation in with
respect to s and considering Frenet formulas , it follows
—RT +7B; = AT + NN + (A7 — po) By + i/ Bo. (16)

Multiplying with N and By, we get A’ =0, u/ = 0, respectively, i.e., A\, p are
real non-zero constants. So, we have \?> + 2 = 1, which is the second equality in

Moreover, from and , we have

;@:y:%’. (17)
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Then, gives us px — 77 = 270 and we obtain (7).
n
Now, writing and in , it follows
N By = ((p* — M)k — prr) T + (pre + A\ =) — o) By. (18)
From (7)), we have

> M (19)
r
Writing in and using @7 equality becomes
B _a(r P
7B, = A (T TBl) , (20)

where A = w. Since By # 0, we get A # 0, i.e., (p?> — ANk — prr # 0.
Then we have .

Conversely, assume that relations @, and hold for some non-zero con-
stants 7, p, A, p and « be a special Frenet curve with Frenet frame {T, N, By, Bz}
and curvatures k, 7, 0. Let define a vector valued function

X(s) =pT(s) +rBi(s), (21)

and let 3 : I — E* be an integral curve of X(s). We will show that 3 is a (1,3)-
Bertrand-direction curve of «. Differentiating with respect to s gives

KN = (pk — r7)N + 10 Bs. (22)
Writing in , it follows
EN =ro <2N + Bz> . (23)
From , it follows, o
k=g " (24)
where e; = £1 such that £ > 0. Writing in gives
N =¢; (AN + uBy). (25)
Differentiating with respect to s gives
N'=¢e1 (=M&T + (\7 — po) By) . (26)
Using , and , we have
N' +&T = % ((pro — M\uw)T + (r’c + A\ur — p?o)By) . (27)

Writing in and using (@, becomes
(p* = Ak —prr

NI+FLT:€1 \

From and , we have

= | N4 AT =

(T - §B1> . (28)

2 )\2 o
, (p )k — prt ”
AT

0, (29)
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where €5 = +1 such that 7 > 0. Then,
_ 1, - _
By == (N'+/I) = ? (rT — pBy) . (30)
2

Considering , and , we can define the unit vector By as

_ 1

BQ (/LN - )\BQ) y

e
that is
B, = !
e2v/(pk — r7)2 + (ro)
and we have det(T, N, By, By) = 1. Using and (31)), it follows
o = (B}, By) =¢e1 (u(rs + p1) + pAo). (32)

If we assume that ¢ = 0, then we have u(rx + pr) = —pAo. Multiplying that
with r, we get p(r?k +prr) = —prAo. Since r?2 = 1 — p?, the last equality becomes
w(=p(pk —r7) + k) = —prXo. Using @, it follows pk = 0, which is a contradiction
since 4 # 0 and « is a special Frenet curve. Then, ¢ # 0, i.e., § is a special
Frenet curve. Moreover, since r, u, A, p are non-zero constants, from the equalities
(1), ([@5), and (31)), it follows that no Frenet vectors of o and /3 coincide.
Furthermore, since we obtain sp{N, B2} = sp {N,Bg}, we have that g is (1,3)-
Bertrand-direction curve of a.

= (roN — (pk — r7)Bs), (31)

O

Moreover, since « is a (1,3)-Bertrand curve, by Definition 1, its (1,3)-Bertrand
partner curve [ has the parametric form 3(s) = a(s) + zN(s) + tBa(s) where z, t
are constant real numbers. Differentiating that with respect to s and using the
equality T' = pT + r By, we have pT + 7By = (1 — zk)T + (27 — to) By which gives
that kz = 1 —p. If z = 0, we get p = 1. But this is a contradiction since p? +7r2 =1
and 7 # 0. Then, k = (1 — p)/z is a non-zero positive constant and we have the
followings.

Corollary 1. No C*-special Frenet curve in E* with non-constant first curvature
K is a (1,3)-Bertrand-donor curve.

Corollary 2. If the special Frenet curve o : I — E* is a (1,3)-Bertrand-donor
curve, then there exists a linear relation c1T + coo0 = k where c1, co, k # 0 are
constants and Kk, 7,0 are Frenet curvatures of a.

Corollary 3. Let 8 be (1,3)-Bertrand-direction curve of a. Then the relations
between Frenet apparatus are given as follows

_ _ _ € _ 1
T=pT +7rBy, N=e; (AN + puBs), By = E—l(rT—pBl), By = 5f(,u\r—ABQ),
2 2
(33)
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2 2
ro — X))k —prr
l%:<517>07 7,_:52(1) )\)T P

>0, 7=c(ure+pr)+pro), (34)
where r, @, A\, p are non-zero real constants and e1 = £1, e = +1.
Since we have p2 +r2 =1, A2 + 42 =1, from we also have,

T = pTJrz—;rBl, N = e AN +e9uBo, By = rT — z—;pBl, By = e1uN —e3\By. (35)

Example 1. Let consider unit speed special Frenet curve a(s) given by

1 . 1 1 . 1
a(s) = 7 §Sln2s7 —3 cos 2s, gsis, ~3 cos3s| . (36)

The Frenet vectors of a(s) are obtained as

1
T(s) = — (cos2s, sin2s, cos3s, sin3s), (37)

V2

1
N(s) = 75 (—2sin2s, 2cos2s, —3sin3s, 3cos3s), (38)
1 . .
Bi(s) = 7 (cos2s, sin2s, —cos3s, —sin3s), (39)
1 . .
Bsy(s) = Wi (—3sin2s, 3cos2s, 2sin3s, —2cos3s), (40)

respectively. Then the curvatures are

V26 5v/26 6126
, T= , 0= . (41)
2 26 13

For real constants

1 2v2 262 12

3 \/(5+26\/§)2+144’ V(5+26v2)" + 144

the conditions (6)), (7) and hold. Then «a(s) is a (1,3)-Bertrand-donor curve.
From (33), (1,3)-Bertrand-direction curve 3 of o(s) is obtained as

B(s) = L (M §in2s + ¢y, —2Y24L 00695 4 0y
WA : (43)

+2\/?:$ sin 3s + c3, —2‘/271 cos 3s + 04)

where ¢;; (1 < i < 4) are integration constants.
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4. GENERALIZED INVOLUTE-EVOLUTE-DIRECTION CURVES IN E*4

In this section, we will consider a new type of curve pairs. In ref. [7], the authors
defined (1,3)-evolute curve and (0,2)-involute curve in E* as given in Definition
2. Now, we will show that similar definitions for (1,3)-evolute curve and (0,2)-
involute curve in E* as direction curves don’t exist, i.e., there are no (0,2)-involute-
direction curves and (1,3)-evolute-donor curves. For this purpose, let assume the
converse, i.e., suppose that (0,2)-involute-direction curves and (1,3)-evolute-donor
curves exist. Let a = a(s) be a special Frenet curve in E* with arc-length parameter
s and X (s) be a unit vector field in the form Eq. . Let the special Frenet curve
v(3) : I — E* be an X-direction curve of a. The Frenet vectors and curvatures
of a and v be denoted by {T, N, By, B2}, &, 7, 0 and {T,N, By, By}, &, 7, &,
respectively and let any Frenet vector of o does not coincide with any Frenet vector
of 7. By the assumption, let v be a (0,2)-involute curve of «. Since also 7y is
direction curve of « let we call v as (0,2)-involute-direction curve of a and « as
(1,3)-evolute-donor curve of 4. Then, the Frenet planes spanned by {T, B;} and
{]\7 , BQ} coincide and we have,

sp{T,Bl}:sp{]\_f,Bg}, sp{N,Bg}:sp{T,Bl}. (44)
Similar to the (1,3)-Bertrand-direction curves, since « is an integral curve of X(s)
and X (s) is unit, for the arc-length parameter 5 of v we have § = f; % ds =

fos ds = s. Then, hereafter the prime will show the derivative with respect to s.
Theorem 3. No C*°-special Frenet curve in E* is a (1,3)-evolute-donor curve.

Proof. First, we will show that if such curves exist, then the special Frenet curve « :
I — E* is a (1,3)-evolute-donor curve if and only if there exist non-zero constants
b, d, x1, x5 such that

V4+d*=1, 21 +235=1, (45)
do — br = . (46)

Z1
(d* — 22)k — 1297 # 0. (47)

For this purpose, let define a unit vector valued function X(s) as X(s) =
a(8)T(s) + b(s)N(s) + c(s)B1(s) + d(s)Ba(s) where a(s), b(s), c(s) and d(s) are
differentiable scalar functions of arc-length parameter s. Let the special Frenet
curve v : I — E* be integral curve of X (s) and also be (0,2)-involute-direction
curve of a(s). Then, we have

T(s) = a(s)T(s) + b(s)N(s) + c(s)B1(s) + d(s)Ba(s). (48)

By assumption, T Lsp {T, By }. Then, taking the inner product of with T" and
Bi, we have a(s) = 0, c(s) = 0, respectively, and becomes

T(s) = b(s)N +d(s) Bz, b*(s) +d*(s) = 1. (49)
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Now, differentiating the first equation in with respect to s, it follows
EN = —bkT + V' N + (br — do)By + d' Bs. (50)

Taking the inner product of with N and Bs and considering , we get b =
0, d’' =0, respectively, i.e., b, d are non-zero constants. Also, we have b? +d? =1,
the first equality in .

Now, becomes

KN = —bkT + (b7 — do)B;. (51)

From , it follows
R =/(bk)2+ (br — do)2. (52)

Let define
- —br R br —do . (53)
V (bk)2 + (br — do)? V/ (bk)2 + (br — do)?

Then, becomes

N =o1T+ 2By, 2% +ai=1. (54)

Since, any Frenet vector of a does not coincide with any Frenet vector of 7y, we have
x1 # 0, xo # 0. Differentiating the first equation in with respect to s, we get
— KT + 7By = 2)T + (v1k — 227)N + 25 B; + 120 Bs. (55)

Taking the inner product of with T and By, we get 27 = 0, z}, = 0, respec-
tively, i.e., x1, 2 are non-zero real constants. Then, from , we have the second
equality in (45)).

Moreover, from and , it follows

1R = —bk, X9k = b1 — do, (56)
which gives us do — br = 72bk, we get (46]).
Now, writing (49)) and (56| in (55 gives

= (d? — 23)k — w1227 —bdk + x1290

7B, = . N + o Bs. (57)
From , we get
ox1d = x1b7 + T2bkK. (58)
Writing in and using , we have,
7B, = ¢ (N - ZBQ> , (59)

where
(d? — 23)k — 21227

¢= - (60)

Since B; # 0, it should be (d? — 22)k — x1297 # 0. Then we have ([47).
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Conversely, assume that relations (45)), and hold for some non-zero con-
stants b, d, 1, x2 and « be a special Frenet curve with Frenet frame {T, N, By, B2}
and curvatures k, 7, o. Let define a vector valued function

X(s) =bN(s) + dBs(s), (61)

and let v : I — E* be an integral curve of X(s). We will show that + is a (0,2)-
involute-direction curve of a. Since T'(s) = X (s), differentiating with respect
to s gives

KN = —bkT + (b7 — do)B;. (62)
Writing in , we have
RN = —bk (T + x231> . (63)
T
From , it follows
B bk
K= 5177 (64>
x1
where £; = £1 such that £ > 0. Writing in gives
N = —-& (;C1T + x2B1). (65)
By differentiating with respect to s, we get
N, = —51 ((l’lli—il'QT)N—‘rl'QO'BQ). (66)
Using , and , we have
N'+&T = =L ((v1227 + (25 — d*)k)N + (bdk — z1220)Bs) . (67)
T
Writing in and using , becomes
_ _ 2 d? b
N 4 iT = ¢, T2 = d)n & maaar (N - d32> . (68)
Z1

From and , we have

(22 — d®)k + 21227

7= ||V T = & p #0, (69)
where £, = £1 such that 7 > 0. Then, we get
B = % (N + &T) = % (dN — bBy). (70)
Considering , and , we can define a unit vector
By = — (—2oT + 11By), (71)

1
€2
and the necessary condition det(7T', N, By, By) = 1 for the Frenet frame holds. Using

and , we obtain
& = (B}, By) =&, (dxak + z1(d7 + bo)) . (72)
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If we assume that ¢ = 0, then we have x1(d7 4+ bo) = —dzok. Multiplying that
with b, we get xz1(bdT + b%0) = —bdxok. Since b> = 1 — d?, the last equality
becomes x1 (—d(do — br) + o) = —bdzok. Using (46)), it follows z10 = 0, which is
a contradiction since x1 # 0 and « is a special Frenet curve. Then, ¢ # 0, i.e., yis a
special Frenet curve. Consequently, since b, d, x1, xs are non-zero constants, from
(61), (65), and (71)), we get sp{T, B1} = sp{N, B2} and no Frenet vectors of
« and v coincide. So, we have that ~ is (0,2)-involute-direction curve of «.

Furthermore, from Definition 2, the parametric form of v is v(s) = a(s) + (¢ —
s)T(s) + kBi(s) where ¢, k are real constants. Differentiating that with respect to
s and using the equality T = bN + dBs, we have

bN + dBy = ((¢ — s)k — k1) N + ko Bs

which gives that
k(c—s)=b+kr, ko=d. (73)

From — and , we have that if the special Frenet curve o : I — E* is a
(1,3)-evolute-donor curve then there exists a linear relation

C3k +C4T =0 (74)

where c3, ¢4, 0 are non-zero constants and k, 7, o are Frenet curvatures of c. From
(74), we have that if x (or respectively 7) is constant, then 7 (or respectively
r) must be constant. But considering (73)), it follows if the first curvature s (or
respectively 7) is constant, then 7 (or respectively ) is always non-constant which
is a contradiction and that finishes the proof. O

5. CONCLUSIONS

There is no Bertrand curves in E* given by the classical definition that Bertrand
curves have common principal normal lines. Then, a new type of Bertrand curves
have been introduced in [12] and called (1,3)-Bertrand curves. We considered this
definition with integral curves and define (1,3)-Bertrand-direction curves and (1,3)-
Bertrand-donor curves. Necessary and sufficient conditions for a curve to be a (1,3)-
Bertrand-donor curve have been introduced. Moreover, we investigated whether
(1,3)-evolute-donor curves in E* exist and show that there is no (1,3)-evolute-donor
curve in E*.
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