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Abstract

Using the estimations of the even-indexed Bernoulli number and Euler number this pa-
per established some new inequalities for the three functions 2 (sinz) /x + (tanz) /z,
(sinz) /z 4+ 2 (tan(x/2)) / (z/2) and 2z/sinz 4+ x/tanz bounded by the powers of tan-
gent function.
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1. Introduction

For 0 < z < 7/2, the Huygens inequality ( see [1], [2] ) is known as follows:

sinx tanx
_|_

2 > 3. (1.1)
x
Neuman established the following inequality chain in [3]:
2Sinl‘ N tan x S sinz N 2tan(ac/Q) .l’ x (1.2)
x x x (z/2) sinz  tanx
Chen and Cheung [4] obtained an improvement of (1.1) without proof.
Theorem 1.1. If 0 < |z| < 7/2, then
3 i t 16
2 tang < 220 4 20T 3 o S tana, (1.3)

20 x x m
Furthermore, 3/20 and 16/7* are the best constants in (1.3).

The first purpose of this paper is to create a new bound for the function 2 (sinx) /= +
(tanz) /x — 3 and obtain the following new inequality.

Theorem 1.2. Let 0 < |z| < 7/2. Then

2sinx n tanz 3 < 3354 (tanx>l5/l47
T T 20

where 3/20 is the best constant in (1.4).

(1.4)
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The second purpose of this paper is to find inequalities similar to (1.3) and (1.4) for
the other two functions (sinx) /z + 2 (tan(x/2)) / (z/2) and 2x/ (sinz) + x/ tan x shown
n (1.2).

Theorem 1.3. Let 0 < = < /2. Then

sinz tan(z/2) 1
— —z°t 1.
. @/2) 3 < 40m anz, (1.5)

where the constant 1/40 in (1.5) is the best possible.

Theorem 1.4. Let 0 < |z| < /2. Then

sin z tan(x/2) 1 4 <tanx)5/28
2 -3< = 1.6
" (x/2) < 10" x ’ (16)
where the constant 1/40 in (1.6) is the best possible.
Theorem 1.5. Let 0 < x < w/2. Then
T x 1
—3< —23¢ 1.7
sinx tanz = 60x e (L7)
where the constant 1/60 in (1.7) is the best possible.
Theorem 1.6. Let 0 < |z| < 7/2. Then
x z 1 tan 2\ %/ 14
5 P 1.8
sinx+tanx 60" ( x > ’ (18)

where the constant 1/60 in (1.8) is the best possible.

2. Lemmas
In order to prove the main conclusions of this paper, we need the following lemmas.
Lemma 2.1. ([5],[6]) Let 0 < |x| < w. Then
1 1 2(22»~1 - 1)|B
:5+n§::1 ( e J1Bon on-1, (2.1)
Here, we give a new proof of Lemma 2.1.

Proof. In [6] or [7] we can find that

sinx

— 22n 2n—1
cotr = — — Z |B2n|az (2.2)
n= 1
holds for all z € (—7,0) U (0, 7). Via
x
= cot = — 2.
- cot 5 cot x (2.3)
we can arrive (2.1). O

Remark 2.2. When considering the function

N CL)

sinz tan (z/2)

to subdivide (1.2) one can find such an interesting fact
x (x/2) | = x
sinz tan (z/2) “sinz  tanz

due to (2.3).
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Lemma 2.3. Let By, be the even-indexed Bernoulli numbers, we have the following power
series expansions

0 22n (22n _ 1)

_ 2n—1
tanz = ;7(271)! | Boy | ,
2 22— 1) (20— 1)
tan2z — By, |22"2,
an“x 712::2 2n)! | Bay|x
o0 22n 22n_1 -9 22n 22n_1
tand ¢ — ( )2(<2n) 1) (2n )‘B%’xzn 3 Z ( >]B2n]a:2” L
n=2 n=1
22122 — 1) (2n — 1) (2n — 2) (2n — 3)
4, _ 2n—4
tan®x = nz:; 6 2n)) | Boy, |
_ = 2772 (22n —1)(2n-1) 2n—2
Z ] ’BQTL‘x )
= 3(2n)!
2220220 — 1) (2n — 1) (2n — 2
secztanz = ( ) 2n—1) (2n )|B2n|x2"73,
— 2 (2n)!
n=2
2 2 o 2°7(2°" — 1) (2n — 1) (2n — 2) (2n — 3) 2n—4
sec” xtan“x = Z | Boy |2" ™
= 6(2n)!
_ Z 22" (22" —1)(2n - |B Iz 2n=2
2n)!
2%22”—1 2n—1)(2n—2)(2n —3) (2n — 4 _
o = | Z (2 — 1) )6((271)! )20 =3)(n=4) p s
n—=
1 & 222 (220 — 1) (2n — 1) (2n — 2)
— B 2n—3
47;2 3 (2n)! [Banle

hold for all x € (—7/2,7/2).

Proof. The power series expansion of tan x can be found in [6] or [7]. Based on this basic
power series expansion, we can draw some series of conclusions. Via the relation

1 !
tan®tl 2 = z [(tank :z:) — ktan®! x} , E>1,

we get
o0 22n 22n -1
taan — ( )'( )‘B n‘x2n 2
= 2n)!
222722 — 1) (2n —1) (2n — 2) 22n (22" —1)
3 _ 2n—3 2n—1
tan°x = P B (2n) ‘BQn’x n— zz: ’B2n|x n )
222722 — 1) (2n — 1) (2n — 2) (2n — 3)
4 _ 2n—4
tan~z = nz::z 6 (2n)! ’B2n\$
X, 222 (220 — 1) (2n — 1 -
_ ( )( )’an|x2n 2’
o 3(2n)!

1 /
tan® x = 1 (tan4 CL’) —tan®z
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1 i 220(220 — 1) (2n — 1) (2n — 2) (2n — 3) (2n — 4) | By 2205

4= 6 (2n)!
LS P -)@=) ps
4 3(2n)! n
n=2
22n(22% — 1) (2n — 1) (2n — 2) 5 22n (227 — 1)
_ B n—3 = B 2n—1.
Z 2 (2n)! [Bznle +Z o (Pl
Since
sec? ztan® z = b d tan® Tz k£ —1
k+1dx ’ ’
we can get the desired power series expansions of these three functions sec? z tan z, sec? x
tan? z, and sec? z tan> x. ]

Lemma 2.4. Let E5, be the even-indexed Euler numbers, we have the following power
series expansions

_ |E27l| 220
T s Z '
n=
2n|E
secxtanx:% = Z n| 2"|x2n—1’
cos“xr (2n)!
! 1|~ @n—=1) | Eo 2, | Ean|
3= = — A S eAn] 2n—2 nl on
BT [Z—: @n-1r " ty @)’ |
n=1 n—0
1 [ (2n—1) |Ea| X | Eay|
2p=2 En =1 B2l on-2 § [F20] on
sec x tan r=3 Lz:l Gn 1) x Z (2n)!x ’

.- 2n—1) (2 En 2 En
sec z tan® z=— [Z(n ()251711).” 2 23 52 n| 2| 20— 1]7

6 n=2

5 sinz 1 [x (2n—1)(2n—2) Bl 9,3 21| Ean| o1
T ety 76 [Z L T Z T )
n=1
sec x tan? [E— E2n| 2 |E2”| 22— 2 Z ‘E2n| 22
—  (2n—1)!
n= O _1
Z —1)(2n—2)(2n - 3) |E2n|x2n—4 n Z 2n (2n —1) ‘EQn’xQn_2
n=1 (2n — 1! — (2n)!

+§
8

(2n — 1) [Eon| o959 - |Eon| on
n; Gt © 2

n=0
hold for all x € (—m/2,7/2).

Proof. The power series expansion of tan x can be found in [6] or [7]. Based on this basic
power series expansion, we can draw some series of conclusions.

secrtanx = Smf :( ) :Z n| 2”’3321171’
Ccos* x Ccos T = (2n)!

3 1 1 {( sinx >/+ 1 ]
sec°r = = —
cosdz 2 |\cos?z coS T

_ (2n = 1) |Eon| 9,9 | <= |E2n| o,
- lz T (@2l " +n;0(2n)!x ’
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3 sin x 1 1 !
tanxsec’x = — =3 3
cos* x 3 \cos’x

U [& 2= 1) 20— 2) [Banl ony & 20|Baul g
- ﬁlz PR D D o7 1]’

n=2 n=1

1| (2n—1)|E E
secxtan’z = sec?’x—secmzlz —( n—1) [Bon| on—s Z’ 2n] 2"]

2 |~ (2n-1)
1 /
secrtan®xy = §<sec3 a:) — (secz)’
_ Z (2n —1) (2n —2) |E2n|x2n—3_5§:2”|E2n|x2n—1
= (2n —1)! — (2n)! ’
and
11 [1 1 )”+ 3 ]
cos®z 4|3 \cosdzx cosd x
_ 1 [i (2n = 1) (2 = 2) (20 = 8) Bl on-g | 55 2020 = 1) |E2nrx2n2]
24 | (2n —1)! = (2n)!
3 | o (2n — 1) | Eay| 222 4 ’E2n| 220
3 Z (2n —1)! Z
n=1
then
4 1 sintz 1 2 1
secx tan™ x= = —
coszcostxr cosx cosdx  cosPx
|B2nl on — (20— 1) [Ean| 9,9 | <= [E2n| oy
Z 2n)!” n; @n—11 " +;(2n)!x
1 [ & 2n—1)2n—2)(2n—3) |Fan| 9p-4 . <= 2n(2n—1)|Ewm| 9, 9
o [Z 2n—1)! v ﬂ; ot "
3 > ’E27L| 2n 2 ‘EQn’ 277,
*3 nzl (2n —1)! Z

0

Lemma 2.5. ([6],[8],[9]) For all integers n > 1, let Bs, be the even-indexed Bernoulli
numbers. Then the double inequality

2(2n)!  2%n 2(2n)! 22t

—_— B 2.4
(27T)2” 22n _ 1 < ‘ 2"| (2 )Qn 22n—1 _ 1 ( )

holds.

Lemma 2.6. ([6]) For all integers n > 1, let Es, be the even-indexed Euler numbers.
Then the double inequality

22(n+1) 32n+1 |E2 ‘ 22 (n+1)

r2ntl 320t 1] T (2p)1  p2etl (2.5)

holds.

3. Proofs of main results

Now let us prove some results about the refinements and sharpness of the Huygens-type
inequalities.
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3.1. Proof of Theorem 1.1.

Let .
9sinx + tanz T
Fi(z) = mx%arfx , 0<m<§.
Then
sinx
Fl(@) = o fi(),
where
sin x sin
fl(x):3a:2 - — Stanx — 2z tan?z — 4 12 + 322 12 + 9x secx.
sinx cos cos

By substituting the expansions of power series of corresponding functions in Lemmas 2.1,
2.2 and 2.3 into the above formula, we can get

1 X222

fi(z) = 327 <$+Z::1(2n_)! | Bap |27~ 1) —82

22n
22n|B n|$2n 1

>, 22n(220 — 1) (2n — 1) & | Ban|
_2 B 2n—2 4 n Qn—l
xﬂ; (2n)] [Bonle Z 2n—1)!
= |E2n‘

+322

2n—1 + 92 i |E2n‘$2n
= (2n)!

22n _

= 3:10—1—32 |B |zt — 82

22n|B n‘xQn 1

2% 22n —1)(2n —1) 2| By
—9 B 2n—1 n 2n71
Z (2n)! [Banle Z 2n—1)!

- |E2n| 2n+1 ’ 2n| 2n+1
+32 Z

_ 3i2Qn72|B |:L,2n+1 i 2n 22n|B |x2n 1
— (2’0)' 2n 2n
n=3 =
22 ( 22”—1 2n — = |E
fQZ ) (2n )|BQH|$2n 1 42 | 2n | p2n—1

2n—1

2n)!

+3§: ‘E%’ 2n+1 Z ’E%’ 2n+1

22n

- 32 |B n|$2n+1+3272”‘ 2n+1+92‘ Ean| L2n+1
(2n)!
n=

1! 2n)!
3 2% — 122n‘B | -1 _ o9 22n 22" — 1) (2” - )]B | 2n—1
- E T E T
= " (2n)! n (2n)! n

o0
|E2n’ 2 -1
—4 n
Z 2n7 1

> 2% ) 2. 3| Eay| 2. 9| By
_ B 2n+1 n 2n+1 ni _2n+1
Z |Banle +Z en—1)1" ZZS 2n) *

- 2.227(22n — 1) (2n — 1
— Z 22n|B2n|$2n—1 _ Z ( ) ( n )‘B2n|x2n_1
(2n)! = (2n)!
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i 4|E2n|

= 4 2n— 1

o 3 (2*" - 2) 2n+1 (61 +9) | Eay| 20t
7|B n‘x n-+ + AT P g an | 2n4

= (2n)! 7;3 (2n)!

_ i | B2n[2%"(2*" — 1) (4n + 6) 21 _ i 4| Egn| 21
(2n)! < (2n —1)!

o (61 + 3) | Ezp— 2‘x2n 1
(2n — 2)!

Z | B2n|2%7(2%" — 1) (4n + 6)x2n—1 _ i 4| Eay | 21
(2n)! < (2n —1)!

= Z anx® L,
n=4

where

ap =

3(22"72 —2) |Bop—2|  (6n+3)|Eap_a| 22"(2%" — 1) (4n + 6) | Bay| B

877,|E2n|

(2n —2)! (2n—2)! (2n)!
By Lemmas 2.4 and 2.5 we have
3(2272 —2)2(2n —2)! 2202 (6n + 3)22n 32—l

Qan

221(22n — 1) (4n + 6) 2(2n)! 227 8n - 22(n+1)
(2n)! (2m)2n 220 — 2 m2ntl
6 (222 - 2) (6n +3)22n  32n-1
7I'2”_2 (22n—2 _ 1) + 71'2”_1 1+ 32n—1
2.227(22" — 1) (4n +6)  8n - 22(n+1)
72 (220 — 2) T p2ntl

h1 (n)
m2n+l (22n _ 2) (22n _ 4) (32n + 3)’

where
h _ [( 2 99 2 2n
in) = (67" —32—87)n+3r° — 127 | 24
) _<187r2 — 207 — 96) n+ 972 — 373 — SOW] 1927
—12[(8 + 27) n + 37 8%"
14 '(1279 — 64— 87r) n+ 672 — 1575 — 127@ 62"

+6 |(96 + 20m) n + 37> + 30m] 42"

+967° - 32" — 12 (64 + 87) n + 157° + 127 | 22" + 2887

= 6>"p(n) + q(n)
with
p(n) = [(67* =32~ 87)n+ 3x2 — 127 4"

—92 [(187r2 — 207 — 96) n+9n2 — 33 — 307@ 92n

(2n —2)!  (2m)2n—2 2202 ] men=l o 32n-1 4]

(2n)! -



New inequalities of Huygens-type involving tangent and sine functions 43

_12[(8 + 27) n + 3] (g) "

+4 [(1%2 64— 87r) n+ 612 — 1575 — 127@ :

g(n) = 6 |(96 + 20m) n + 37° 4 30| 42"
+967° - 32" — 12 (64 + 87) n + 157° + 127| 22" + 2887,

Obviously, g(n) > 0 holds for all n > 4. We need to prove that p(n) > 0 holds for all
n > 4. Since for n > 4,

p(n+1) = 16p(n) = 32(37% - 4r — 16) 4>"
+8 (6 (972 — 48 — 10m) m — (97° + TOm — 97% — 96) | 2"
128 4\ 20
128 1300 4 87) n + 11 — 4] (3)
— [240n (7 + 2) (37 — 8) — (9007° + 6887 — 31272 — 256 )]
> 0,

and

6186 494 864 17926 532 096
4) = 172821672 — ————— 147673 — ———— " > 1
p(4) 7282167 oier " + 14767 187 > 18906 > 0,

we obtain p(n) > 0 and hy(n) > 0 holds for all n > 4. So a,, > 0 for n > 4. Then f(z) >0
on (0,7/2). Then F{(z) > 0 on (0,7/2). Therefore the function Fj(z) is increasing on
(0,7/2). At the same time,

ml_i)Igl+ Fi(x) = % and z—>1(i7rn/lz)— Fi(x) = % .
The proof of Theorem 1.1 is completed. O
3.2. Proof of Theorem 1.2.
Let
Fy(z) =In l(;o)M 4 tanl%] ~14ln (281233 + ta;lx _ 3) L0<z< g
Then oS 1
Fy(w) = z (tanx) (2sinz + tanz — 3x) fa(x),
where
fo(z) = B5sec® x — 55secx + 2z tanz — 4522 sec® x

—123zsecx tanx + 110 tan® z + x tan x sec® z + 30z tan® .

By substituting the expansions of power series of corresponding functions in Lemmas 2.2
and 2.3 into the above formula, we obtain that

55 [ (2n — 1) |E E E
fo(z)="2 me% 2 Z! 2n| 2n] _552\ 20 on

2 |&= " (2n-1) < (2n)! Z (2n)!
+2x§:22n 122n|B oz on—1 _ 45 2{ 2”_1 |E2n| 2202 4 C-
= (2 ) ) -
2n 2277,_1 2

= (2n)!
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L1 > —1)(2n—-2)|E = 2n|E
6 [Z 2n 2n ) | 2n|x2n—3+z n| 277«’1,277,—1

= 2n—1) “— (2n)!
2227220 — 1) (2n — 1) (2n — 2 B 92n 2%—1
+30 [Z )2((2n)' )( )’B2n|$2n 3 Z ( )|Bgn|$2n 1
55 o ”_1 ’E2n| 2 2 55 o ‘E2n’ 2 - |E2n‘ 2
?Z:: = 1) R L —Z x”—55z "
>, 220 — 45 X (2n — 1) | Egy| 45 X | Eap|
22nB 2n Y ni, 2n Y nil,.2n+2
g [ Bonl2™ = 5 ;::1 en-1! 2 ;)(Qn)!x
n(22" —1)(2n —1
_1232 2”' 2n+uoz o Bl
1 & n—l) (Qn— )‘E%’ on—2 | 1 2n| Eoy | n
- T - — 7
6; (2n —1)! 6; (2n)!
221220 _ 1) (2n — 1) (2n — 2 2% 22n—1
55 X (2n — 1) | Eay| 22 22n 22”—1)(2n—1) o
= A Jeent 110 B n—2
2 Z_: 2n—1)! + Z (2n)! [Benle
n=1
1 (2n—1)(2n —2) [Ean| 5, o
Y52 -
6n:2 (2n —1)!
22n(22" — 1) (2n — 1) (2n — 2) 9
30 B n—2
+ Z_: 2(2n)! [Banl
n=2
22n

22n‘B nm?n

55 o=~ |E2n| an [ E2n| on
2 S 53 a2 2

2 —~ (2n —1)! ' 6 = ).
o 220 (221 1) 2 IEz | .2
Bn ”_7 n n+2
?,()nz::1 )l | Bop |z Z

227227 — 1) (2n — 1
) ( ) \B2n\$2"72

:§Z (2n — 1) |Egy| 22— 2+1102

2 = (2n-1) (2n)!
1 & (2n—1)(2n —2) | Eay| 202 227227 — 1) (2n — 1) (2n — 2) o
- 30 Ba, |z 2
+62_: (2n — 1) + Z 2 (2n)! [Bznle
n=~6
< |E E 22"
5 Z ‘(22n’ 227 _ 55 Z | 2”‘ 2n+2z 22n|32n|$2n
n=>
45 X (2n 1) | By 20 > |E2n\ o L 2. 2n|Ean| o
— —123 g R "
2 ;5 (2n—1)! Z " 67;] en) *
221 2% - 45 E
_302 )IanI 2n _ * Z | 2n| 222
2n). = 6 (2n)!
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2, 110 (2n — 1) (227 — 1)220

+ | B2
nz:% (2n)! "
o 15 (2n — 1) (2n — 2) (22" — 1)22" o2 2 (22" —1) 22" 2
+> | Bap |2~ +Z—|an|x”
= (2n)! = (2n)!
30 (227 — 1) 220 >\ 45 (2n) (2n — 1) | Egy|
. B 2n nl, 2n
nzs Qo (Pl nz:; 2(2n)! !
123 2” |E2n| 2n C- (2n) |Ean| oy - 55/Fan| o - 55/ Ean| o
— Z —_— T 4 Z —x Z " — Z "
“—= 6(2n)! — 2(2n)! (2n)!
B Z 45|E2n|x2n+2
= 2(2n)!
_i n (2n + 163) (2n —1) |E2n\x2n72
(2n)!
N i 10 x 22" (3n +8) (2n — 1) (2*" — 1) | Ban| 9n-n i 28 x 22 (22" — 1) | Bop| oy
(2n)! v (2n)! v
n=6 n=>5
_ i (540n? +1204n + 165) |E2n‘$2n _ i 45 | Eon| onyo
= 6 (2n)! — 2 (2n)!
= [n(2n4163) (2n — 1) |Egy| N 10 x 227 (3n + 8) (2n — 1) (22" — 1) | Bay| 22
o 3 (2n)! (2n)!
= (2n)! 6 (2n)! " 2 (2n)!
i { (2n + 165) (2n + 1) | Eapt2|
N 3(2n +2)!
+10 22202 (3n + 11) (2n + 1) (22772 — 1) | Baygo| 20
(2n + 2)!
B Z 28 - 227 (22" — 1) | By,| N (54012 + 1204n + 165) | Eay| 2 i 45 Bz 20
(2n)! 6 (2n)! ¢ 2 (2n—2)!
[e.9]
::Z by, z?"
n=>»s
where
. :(n +1)(2n+165) (2n + 1) |E2pyo|
" 3 (2n + 2)!
N 10 - 22772 (3n + 11) (2n + 1) (22772 — 1) | Bap12|
(2n +2)!
_128-2°" (2" — 1) | By N (540n® 4 1204n 4-165) |Ean| | 45 |Ean—2|
(2n)! 6 (2n)! 2 (2n—2)I

From Lemmas 2.4 and 2.5 we have

(n+1) (2n + 165) (2n + 1) 47+2 < 1 )

bn> 3 m2n+3 \ 1 4 3-3-2n
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10 - 22772 (3n + 11) (2n 4+ 1) (22712 — 1) 2(2n + 2)!  227+2

(2n + 2)! (2m)2n+2 2242
C28-2m (22 —1) 2(2n)!  2%7 (540n2 + 1204n + 165) 41
(2n)! (2m)2n 227 — 2 6 mntl
45 4n
9 g2n—1
_(n+1)(2n+165) (2n 4 1) 472 33+
- 3 m2n+3 1 4 33+2n

10 - 22713 (3n + 11) (2n + 1) (22712 — 1)
+ 7r2n+2 (22n+2 _ 1)

28 - 2201 (220 — 1) (540n% 4+ 1204n + 165) 4"*!

T2n (22n _ 2) 6 m2n+1
45 4"
9 g2n—1
1 22" hy(n)
6 r2nt3 (22n _ 2) (32n+3 € 1)’
where
ho(n) = ui(n)62" — vy (n)3%" — wyi(n)2%" 4 61(n)
3 2n
= [ul(n)SQ” —v1(n) <2> —wi(n)| 22" + 61(n)
= 1(n)2%" 4 6,(n)
with
3 2n
1) = w3~ um) (5) - w)

wi(n) = 3456n° — 1296 (4572 — 607 — 224) n? — 432 (30172 — 7507 — 994) n
- (36457r4 190727 — 142560 — 1425607 + 17 8207r2) :

vi(n) = 6912n% — 2592n? (4572 — 607 — 224) — 864n (3017 — 7507 — 994)
— (3564072 + 90727" — 2851207 + 72907" — 285120) ,

wi(n) = 720mn? (37 — 4) + 167n (3017 — 750) + (135" + 3367> + 66072 — 52807

61(n) = 1440mn? (37 — 4) + 3270 (3017 — 750) 4 2707* 4 3367 + 132072 — 10 5607
> 0

for n > 5. Now we will prove

u1(n)3%" — vi(n) (2)% —wi(n) >0, n>5.

Since

(4 1) ) = wa 3+ en(o) () 4 o),

where

us(n) = 93312n% — 69984n (1577 — 207 — 76)
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+ (3615 8401 — 1695 16872 + 6508 512)
> 0,

va(n) = 46656n° — 5832n” (13577 — 1807 — 664) — 5832n (+2117% — 6307 — 538)

41
—Mw‘* — 612367 + 60701472 + 116 6407 — 1329 696

> 0,
da(n) = 5760mn? (3 — 4) + 3270 (10697 — 2820)
+10807* + 268873 — 169672 — 27 3607
> 0
for n > 5. So l(n+ 1) —9l(n) > 0. In consideration of

1747530566925  16037360937025 , 34250862 5137T3

i) = 8 m 128 T 64
109984441275 , | 4704887031075
512 8

~ 2.6482 x 108 > 0,

47

we obtain [(n) > 0 for all n > 5. This leads to he(n) > 0 and b, > 0 for n > 5. So
fa(z) > 0 and Fy(xz) > 0 on (0,7/2). We come to a conclusion that the function Fs(z) is
increasing on (0,7/2). Then Fh(z) > 0 = F5(0™) holds for all z € (0,7/2). At the same

time,
2sinx+tanx_3 3
um, " : x15/14 ~ 20’
—0 4 (tanx
w0t (B0F)

The proof of Theorem 2.1 is completed.

3.3. Proof of Theorem 1.3.

Since
r sing 2 sin? 5 1—coszx
tan — = = oz z = :
2 cosg  2singcosy sin x
we have
1 4 sinz _tan(xz/2) } 1 4 {sinx 4(1 — cosx)
—z°t — 2 —3| = —x"t - -
40" Y x + x/2 40" Y x * rsinw
Let 4 )
1 sin x 1 —cosx s
F3(z) = —ax3 tanz — ~3|,0<z< ~.
3(@) PT [ z + rsinx } ’ T3
Then X
1 cos’zx
Fi(z) = ———
where
f3(z) = 160z sec’ z — 80z sec x — 80z sec® x — 160 sec  tan = + 160 sec? 2 tan = + 40 tan® z

+2°secx tan® x — 40z tan® 2 — 80z sec x tan? x + 3z sec x tan® x + 2° sec x tan® z.

By substituting the expansions of power series of corresponding functions in Lemmas 2.2

and 2.3 into the above formula, we obtain that

o= 160(22" — 1) (2n — 1) 22" Ban| 9n-1 = 80| B2n| o511
fB(CU):Z " —Z ,CU”JF
— (2n)! = (2n)!
= 40 (2n — 1) |Eon| 2,4 = 40| Eap| 2n+1 — 160 (2n) [Ban| 9p—1
;1 Cn_11 ;0 o)l " ; o) "
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N i 80 (2n — 1) (2n — 2) (22" — 1)22"|an\x2n73

o (2n)!
. 40/(2n — 1) (2n — 2) 227(227 — 1) b %40 (227 — 1) 22 -
Bopla?—3 =3 2= g, a2
t2 22n)! Banla™ ™2 =) =gy 1Bl

i (277’ ) |E2n| 2n+3 Z |E2n| 2n+5 _ i 40(22n — 1) (277‘ B 1) 22n ‘B2 Ian—l

— 2(2n-1) o (2n)!
40 n— 1 ‘E2n| 2n—1 4O|E27l‘ 2n+1 S (271 — 1) (2”‘ — 2) |E2n| 2n+1
Z n—11 +§ en)l " +nz::2 2(2n — 1) *
2" |E2n\ 223 o | Bl 2n+5 o~ (20— 1) | By 2n+3 | Eanl p2nt5
Z - ;J COAD Doy Z < (2n)!
Z (2n—1) (20— 2) (20— 3) [ Ban| o011 N i 2n (20 — 1) |Eon| 2013
4(2n —1)! 24 (2n)!
n=1 n=0
_ i 80 (2n — 1) (2n — 2) (2°" — 1)22”|B2n|w2n_3
h — (2n)!
oo
20 (2n — 1) (2n — 2) (22" — 1)22"|Bay,| 5, 5
£ a
|
— (2n)!
20160 (20 — 1) (22" — 1)22%|Bap| 9,1 = 40(2n — 1) |Eon| o, 4
.3 =y B el
| — 1)
— (2n)! — (2n —1)!
=1 2 )| Ean 40 (2n — 1) (227 — 1)22"
72 60 (2n | 2 |l,2n 1 Z 0(2n )2( ' ) | Boy 2271
n=> ( ’I’L)
40(2n — 1) [Ean| 5, o= 40(2°" —1)2%" 2n—1
B Wt G0 e T e S N L A s N Pl
Z Cn_11 ° ;_) G Pl

_ Z 4O|E2n‘ p2ntl Z 80‘E2n|$2n+1 Z 40|E2n| p2ntl

(2n)! (2n)!
(2”—1)( —2)|Ban| oni1 , o= (20— 1) (20 —2) (20— 3) |Ean| 5,14
+nz;1 2(2n — 1) e +7§ 24 (2n —1)! e
(2n — 1) |E2n| 5, 320 = 1) |Bon| 94 <~ 5(20) [Eon| ,,
Z 2(2n — 1) DY 8(2n — 1) DY 2 (2n)! A

n=

2” — 1) [E2nl| onys — 2n (2n — 1) [Eon| onys
Z Ton—1r O T > 75 2n)t "

n=3

+Z3|E2n‘ 2n+5 Z |E2n| 25 Z|E2n| 2n+5 Z |E2n| 25

2,200 x 22" (2n — 1) (n — 1) (22" — 1)

— Z |B2n|$2n—3
|
— (2n)!
80X 27 (22 1) Bn=2) Ly N 1600 (204 1) [ Baul

9n — 25n2 + 12n3 + 4n* — 480 |Eay| Ry n(2n +29) |Ean| 5,3
* Z 6 (2n)! Z 6 (2n)"

n=4 n=3

_ Z 1 ‘E2n| 2n+5
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>, 200 x 22"+ (2n 4 3 1) (2274 —1
_ Z X (n+ )(n+ )( )|B2n+4|x2n+1
= (2n +4)!
) 80 x 22n+2 (22n+2 _ 1) (3n + 1) _—
+n§::4 (2n +2)! [Bansale
B i 160 (n + 1)2(2n —2|r ?) | Eonto| 22+l i 9n — 2502 + 12n% + 4n* — 480 |§2n'\ p2ntl
— (2n + 2)! — 6 (2n)!
a i (n—-1)2(n—1) +29) |Bn-2| 01 _ i 1 1Ban-al 2ni1
— 6 (2n —2)! £~ 8 (2n —4)!
= icnz%”rl,
n=4
where
200 x 2277 (20 4 3) (n 4 1) (22T — 1) 5 80 x 2272 (22742 1) (3n + 1) 5
o = (2n + 4)! [Banal + (2n +2)! [Bzns2]
160 (n+1) (2n + 3) [Eanyo] n 9n — 2502 + 1202 + 4n* — 480 | Ey,|
(2n + 2)! 6 (2n)!
(=12 —-1)+29) [Ean-a| 1 [Eopy
6 (2n—2)!  8(2n—4)!
From Lemmas 2.4 and 2.5 we have
200 - 22774 (2n + 3) (n + 1) (227F4 — 1) 2(2n + 4)! 222+
@
" (2n +4)! (2m)2nt4 22n+d 1
80 - 222 (2202 — 1) (3n + 1) 2(2n + 2)!  227F2
(2n + 2)! (2m)2n+2 22n+2 _
160 (n+1) (2n+3) 42 9n — 2502 + 12n3 + 4n* — 480 47+! 1
- 1 m2n+3 6 a2+l ] 4 3—-1-2n
(n—1)(2(n—1)+29) 4" 1 471
o 6 m2n—1 & 72n—3
200 - 2275 (2n +3) (n+1) 80 -2%"+3 (3n + 1)
- r2n+4 + 2n+2
160 - 22v2) (n 1 1) (2n +3)  9n — 2512 + 12n3 + 4n* — 480 22(n+1)  gl+2n
N m2n+3 + 6 w2ntl ] 4 3l+2n
(n—1)(2(n—1)+29) 22» 1221
N 6 x2n—1 8§ p2n—3
1 22"h3(n)
T 96 g2nt+4 (32n+1 4 1)
where

ha(n) = u3(n)3*" — v3(n),
ug(n) = 7687°n" + 23047°n® — 96n? (15360m + 507° + x° — 38400)
+48n (~76 8007 + 115207 + 367° — 2577 + 192000)
- (9777 — 12967 + 9216073 — 18432072 + 2211 8407 — 5529 600) ,
vg(n) = 320 (153607 + =° — 38400) — 80n (38400 — 153607 + 230472 — 57°)
— (61 4407 4 43275 — 377 4 1843200 — 737 2807r) :
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By mathematical induction we can prove the inequality

g2n -, Us(n) (3.1)
uz(n)
holds for n > 4. First, The inequality (3.1) is obviously true for n = 4. Let’s assume that
(3.1) holds for n = m, that is,

32(m+1) =9. 32m > 9.

we can complete the proof of (3.1) as long as

us(m) _ wvz(m+1)
ug(m) ” uz(m+1)

In fact,
vz (m)ug(m + 1) — vg(m + 1)ug(m) = Z ri (m —4)",

where

ro = 39757572734976 0007 — 10 615 744 836 403 20072 4 876 832 476 364 800>
+40143091 138 5607* + 1812399 390 7207° — 2527 372 247 04075 + 170 277 765 1207”
+7562013 69675 + 136 028 1607° — 174 238 65670 — 355 392712 — 49 696 965 918 720 000,
1 = 27108424286 208 0007 — 6910 872492 441 60072 4 379 995 173 683 2007°
+71051661 803 5207* — 380094 382 08075 — 1634 567 454 7207° + 87 787929 6007
+10286 349 31278 + 26 542 0807 — 107 286 91271 — 81 216712 — 33885 530 357 760 000,
ry = 6803832176 6400007 — 1633 689 796 608 00072 + 7396 982 784 0007 + 39 078 199 296 0007
—847211 397 1207° — 359 792 640 00075 + 12858 163 200" + 4938 654 7207°
—18947 328719 — 2304712 — 8504 790 220 800 000,
rs = 739271245824 0007 — 164 161 703 116 80072 — 18 830013 235 2007> + 10 141 197 926 4007*
—258861 957 1207° — 30576 476 1607 4 424 673 28077 + 1157 652 48078
—93081671% — 924 089 057 280 000,
rs = 28991029248 0007w — 5798 205 849 60072 — 3508 273 152 00073 + 1403 309 260 8007
—29491 200 0007° — 754 974 7207°® + 142 233 6007° — 61447'° — 36 238 786 560 000,
rs = 101921 5872007* — 254 803 968 0007 — 1132462 0807 + 8601 6007,
re = 3019898 880m* — 7549 747 2007 + 196 6087°.

Since 1; > 0 for i = 0,1,--- ,6, we have (3.2) holds. This means (3.1) holds for n > 4 and
hs(n) > 0 for n > 4. So ¢, > 0 holds for all n > 4 and f3(z) > 0 and Fj(z) > 0 for all
x € (0,7/2). That is, F3(z) is increasing on (0,7/2). So F3(z) > 0 = F3(0") holds for all
z € (0,7/2). At the same time,

sinx tan(x/2

e g gl 3

lim = —.
20+ x3tan 40

The proof of Theorem 1.3 is completed. O
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3.4. Proof of Theorem 1.4.

Since
sin x n 2tan(x/2) 3 < ix‘l (tanx>5/28
x x/2 40 x
sinx+4(1 —‘cosa:) _3 < ix‘l (tanx)5/28
T rsinz 40 x
sinz  4(1—cosz) 28 1 4 (tanz\®
= -3 <
( x + rsinx > 1028° ( x ) ’
we let
B 1 4 sinz  4(1—cosx) T
F4(3:)—1n(4028 )—1-51 n{ + ey -3 0<x<2.
Then
3
cos” T
Fy(z) = : fa(z),
(tanz) (x sin 1:)2 {% + 74(21?21) — 3}
where
w(x) = 132z sec? x tan x — T6x sec x tan z — 1522 sec z tan® z — 540 sec z tan® z
fa(z)

—562 sec® x tan x + 540 sec® z tan® z — 23z tan® z + 135 tan® 2 + 5z tan® x
—1522 sec x tan* z — 3972 sec z tan® x + 20x sec? z tan® .

By substituting the expansions of power series of corresponding functions in Lemmas 2.2
and 2.3 into the above formula, we obtain that

&0 22n(22n _ 1) (2’1’L _

_ 1) (2n —2) 2n—2 2”|E2n‘ 22n
15 <~ (20 = 1) [Ban| 5, 15 | Ean | L2042 _ D) [Ean| on—o
- A Al an n 270 n—
22 (a0l © T 7;)(271 Z T n-1 "

> FBap| o, 28 <= (2n—1)(2n —2)|Ean| 5, o 28 2n|Eon| o
270 n_ = [ — n
+ Z P TR 7;2 2n—1)! v 3 Z Cn)l "

n=1

227(2°" — 1) (2n — 1) (2n — 2) (2n — 3) 2n-—4
+ 540 Z 5 @) | Bap |z

92n (921 _ 1) (2n —1)

—5402 3@n
1

|BZn|w2n—2

22"(22"— )( - 1)(2n —2) 2
—23 Bo, |22" 2
Z 2 (2n)! | Banl
n=2
22" -1
+ 23 E ) |Bgn|l‘2n

922n(22n _ 1) (2n — 1) (2n — 2) (2n — 3) .
+ 1352 6@ | Ban|x

22n+2 (227 1) (2 — 1) -
—135 Z @) | Boy |2

on 2n_ _— n— 2n (92n __
—522 e )<(22n)! DCn =2, o 2+522((2n).1)|32"m2n

n=1
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Z 227(22" — 1) (2n — 1) (2n.— 2) (2n — 3) (2n — 4) | Bop |22

|
1 o 6 (2n)!
§ 22n+2 (22’” — 1) (27L - 1) (2TL ) |B |;L'2n 2 _15 Z ‘E2n| 2n+2
14 5 (2n)! 2n
=2 n= O
|E2n| 22 | 2n| 222 _ 15 (2n — 1) (2n —2) (2n = 3) [Ean| 2p—2
15 n 15 n—+ - n
+ Z + Z 5 Z @) v

15 2n (2n - 1) ‘E2n|x2n 45 Z (2n — 1) | Eay p2n 22 Z ‘E2n| p2n+2

24 (2n)! 8 (2n—1)!

n=1

0TS @ 1) @0 = DB oy ggr 5 5 2B

+397 - —
6 — (2n —1)! 6= (2n)!

> 92n(22n — 1) (2n — 1) (2n — 2) (2n — 3) (2n — 4
6 (2n)!

> 92nt2 (927 1) (21 — 1) (20 — 2)
—20) ( 3)(2n)!

) |BZn|x2n74

|an|x2n—2

n=2
5 2271,(2271 —1) (Qn — 1) (2n —2) (2n — 3) (271 — 4) —
:1 z; |an|$2 1—4

6 (2n)!

> 92n(220 _ 1) (2n — 1) (2n — 2) (2n — 3) .

2% 220 _ 1) (2n — 1) (2n — 2) (2n — 3) .
+ 1352 6 @n) | Ban|x

s Z 22n 2>" —1)(2n—1) (2n —2) (2n — 3) (2n — 4) | Bon|a?" 4

6 (2n)!
22n 22“ - 1) (2n —1) — 227220 — 1) (2n — 1) (2n — 2) P
_5402 ) | Bon |2 _23; 2 @) | Bon |2
1 2n—1)(2n —2) (2n — 3) |E 2202 (22n — 1) (2n — 1
_j (2n )(n ) (2n — 3) | Eay| 2202 1352 ( ) (2n )|Bgn|x2n_2
24 &~ (2n —1)! 3(2n)!
22n(22n — 1) (2n — 1) (2n — 2)
_ 5 B 2n—2
Z 2 (2n)' [Banle
5= 22712 (227 — 1) (2n — -2) By
3 (2n)! 2n |
n=6
o~ 227 (22 —1) (20— 1) (20— 2) 1) | Ean|
+66) | Ba,, |22 27027:52" 2
| _
= (2n)! 1)!
_ @ = (2n B 1) (27’l — 2) |E27l|$2n—2 _ y Z (27’l — 1) (277‘ — 2) |E2Tb|x2n—2
3~ (2n —1)! 6 ~— (2n —1)!
2,222 (220 — 1) (2n — 1) (2n — 2) 2n|E2 |
-20)° | Bop|22"~2 — 76 Z n x2”
— 3 (2n)!
15 o~ (20 — 1) | Eay| 22 IEan g 28 2n|E2n| 2n
2 (2n —1)! 702 RX;; en)l "
.- -1 22" (22" 1) ) [ Ean|
2n 2n| _2n
+23Z | Ban |z +5n257)\32n|x +15271)x
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15 o= 2n (2n — 1) | Eay| Lon 45 = (2n — 1) | By 2 5 o= 2n|Ean| o
- n__ - A ARl een 397 — n
24 £~ (2n)! 8 2 2n—1)! z_: @)l *
15 & |E2n| 2n+2 - |E2n| 2n+2 — |E2n| 2n+2 45 |E2n| 2n+2
3 ;(zn)!‘” 5;(271)196 - 5;(271)!”5 8 ;(Qn)!x
2. 25(n—1) (n+52) (2n — 1) (2n — 3) (22" — 1) 22" _—
=2 [Bon|"
6 (2n)!
X 2(2n — 1) (T1n — 611) (22" — 1) 227
B 2n—2
+Z 3 (2n)! | Bonl
72 (2n — 1) (579n + 10n? 4 491) | Ey,,| 22
— 2 (2n)!
>, 28 - 2%2n (220 — 1) (977n + 10n? + 540) | Eay|
B n 2n 2n
+n§::5 o (Pl +Z 2 (2n)]
— 15 |E2n| 2n+2
DI
— 8 (2n)!
= 250 (n+53) (2n+ 1) (2n — 1) (22712 — 1) 22"+2|B 222
Z 6(2n+2)! 2n+21
2L 2(2n — 1) (7T1n — 611) (22" — 1) 22" —_—
> 3 (2n)! |Bznle
n=6
_Z n(2n — 1) (579n 4 10n? + 491) | Ey,| on2
2 (2n)!
28 . 22n 2 (22n72 _ 1)
B e 2n—2
+HZ::6 (2n —2)! | Ban—sfe
0o _ _ 2
o [977 (n—1)+10(n — 1) +540} |E2n,2\x2n_2
—~ 2 (2n — 2)!
15 |Eap—4]
+ o
7;3 8 (2n —4)!
::Z dnx2n727
n=6
where
25 22"%2 (n) (n 4 53) (2n + 1) (2n — 1) (2272 — 1)
d, = — | Bast2]
6 (2n +2)!
+2 227 (2n — 1) (T1n — 611) (22" — 1) B n(2n — 1) (579n 4 10n? + 491) |Ey,,|
3 (2n)! an 2 (2n)!
28 x 2272 (22772 — 1) 1 5 | B2y
Bop_o|+ = (977 (n — 1) +10(n —1)° + 540 ) ——_
(2n — 2)! B2 2”2( (n=1)+10(n—1)"+ )(an2)!
+E | Eop 4
8 (2n —4)!"

By Lemmas 2.4 and 2.5 we have

252272 (n) (n +53) (2n + 1) (2n — 1) (2272 — 1) 2(2n + 2)! 227 +2

dn, —
6 (2n + 2)! (2m)2n+2 22n+2 _ ]
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222" (2n — 1) (7T1n — 611) (22" — 1) 2(2n)! 22"

3 (2n)! (2m)2n 220 — 1
n(2n — 1) (579n 4 10n? + 491) 47!
2 2n+1
28 x 22772 (2272 _ 1) 2(2n — 2)! 22772
(2n — 2)! (2m)2n—2 22n-2 _ |
(977 (n = 1) +10 (n — 1)* + 540) 4" 1
+ 2m2n—1 (1 + 31_2”>

15 |Egp_g| 4771 ( 1 )
8 (2n —4)! w2n—3 \ 1 4 33-2n

252*3n (n + 53) (2n + 1) 2n — 1) N 222+ (2 — 1) (7T1n — 611)

6 r2n+2 3 T2n
n(2n — 1) (579n + 10n? + 491) 2201 28 x 22n~1

B 2 il T 2
(977(n = 1) +10 (n — 1)* + 540) 22* /3201

* o2n—1 1+ 32n—1

15 922(n—1) 32n—3

+ 8 7r2n73 1+32n73

1 22" by (n)
96 w2n+2 (320 4-27) (32" + 3)”

where
ha(n) = ug(n) 92 + vy(n) 3% + 64(n)
with
ug(n) = 1280n* (10 — 37) — 256 x 92"n? (8617 — 2650) — 32n7 (24187 — 5687> — 157° + 100)
—16n (103447 — 58927 — 28717° + 10600) + 72 (—20 4967 + 13447w> + 457° + 78 208)
vy(n) = 38400n* (10 — 37) — 7680n® (8617 — 2650) — 480n° (4836m — 113672 — 277 + 200)
—48n (+103 4407* — 58 9207 — 258397 + 106 000)
+31? (45m° — 1844647 + 134407 + 782 080)

and

64(n) = 103680n* (10 — 37) — 20 736n° (8617 — 2650) — 5184n2 (12097r — 28472 + 50)
—5184n (—14737r + 258672 + 2650) + 6334 84872 + 108 8647,

Since ugq(n) > 0, vg(n) > 0, and d4(n) > 0 for n > 6, we have hy(n) > 0 and d,, > 0
for n > 6. This means fq(x) > 0 and Fj(x) > 0 on (0,7/2). So Fy(x) is increasing on
(0,7/2). Then Fy(x) > 0= F4(0") holds for all z € (0,7/2). At the same time,
a0t 4 (taﬂ)‘:’/QS 40
x

The proof of Theorem 1.4 is completed. O

3.5. Proof of Theorem 1.5.
Let

1 T T T
Fs(z) = —23t — (2 —-3),0<z< =.
5(@) 60" T < sinx + tan > ’ TSy



New inequalities of Huygens-type involving tangent and sine functions 55

Then
1

60 tan

Fy(w) = o5 e fo(2),
where
f5(x) = 60z — 60 tan z + 60z tan? z + 327 tan® 2 4 2 tan* x — 120 sec 2 tan 2 + 120z sec x + 2 tan? z.

By substituting the expansions of power series of corresponding functions in Lemmas
2.2 and 2.3 into the above formula, we obtain that

n n— 22n(2" —1) (2n — 1) n—
22 | Bau|a?™ ™ + 60z Z i | Bana®"

22n _

fs(x) = 60z — GOZ

n=1 n=2

22n(22n _ 1) (2TL _ 1) (2?1 _ 2) . 0 22n 2271 -1 .
+3a2 Z 2 @) | B8 =Y ((271),)|an|:52 L
o ! !

n=1

227(22" — 1) (2n — 1) (2n — 2) (2n — 3)
3 2n—4
e Z 6 (2n)! | Banl2™

2202 (227 — 1) (2n — 1) |Ba|
3 2n—2 2n 2n—1
— E B —12 E
. 3 (2n)! [Bznle 0 2n —1)!

n=2

. 92n (920 f1 m
+120 Z | 2 | 2'n d Z ) ( ) |B2n|l’2n72

22n - 22n(22n ~1)(@2n-1)

_ 2n 2n—1 2n—1
= 602 L B 4 602 i | Bl
n=4
22"(22" —1)(2n—1)(2n —2)(2n —3) on—1 [Bonl  2n—1
+n§::4 6 (2n)! |Banle 1202 2n—1)!
o 2%7(2%" — 1) (2n — 1) (2n — 2) 2%n 2% - 1)
+3) | Bypla®" 32 | By
— 2 (2n)!
>N 227220 — 1) (2n — 1) 22n+2 (22" — 1) (2n 1)
B 2n+1 _ B ! 2n-+1
+n23 @2n)! [Bznle nz::s 3(2n)! [Bznle
n= 3
2 2(220 —1) 2% (n — 1) (5n + 2n% + 177) -
— Z = ‘B2n|x2’n—1 —120 Z 7”3;277.—1
=3 (2n)! — (2n—1)!
o 2 (n +4) 220 (27 — 1) 2n+1 — | Fan| 2n+1
_;g 2n)! |Bznle HQOZ @n)”
_ i g (22n _ 1) 92n (n—1) (5n +2n? + 177) | Bz 2n-1 _ 190 Z |E2n| L1
—3 (2n)! — (2n—1)!
o~ 2(n+3)22n 7% (2272 — 1) o1 |Ezn 2|
—Zg T | Bap_a|z +12OZ 2).95
n=4
= ienajzn_l
n=4
where
_2(2—1)2"" (n— 1) (5n + 2n* 4+ 177) B | 1202n|E2n|
€n = | | 2n’ |
3 (2n)! (2n)!
2 3)222 (222 —1 E

3 (2n — 2)! (2n —2)!'
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By Lemmas 2.4 and 2.5 we have

2n __ 2n _ 2 ! 2n 4n+1
0 > 2(2°"=1)2*" (n— 1) (5n +2n® + 177) 2(2n)! 2" 190911
3 (2n)! (2m)2n 227 — 1 m2ntl
2(n+3)2* 2 (2272 —1)2(2n — 2)! 2072 120 4n 1
3 (2n — 2)! (2m)2n—2 22n-2 _ 2 m2n=11 4 31-2n
22201 (n — 1) (5n + 202 + 177)  240n - 22FD 1 (n 4 3) 22" (2272 — 1)
3 2 T pntl T3 p2n2(22n-2 9

120 - 2213201
m2n—1 (1 + 32n—1)
1 2%"hs(n)
3 m2n+l (22n _ 8) (32n + 3)’

_l’_

where

hs(n) = [87n® +127n% 4 n (6887 — 7 — 2880) + 3607 — 7087 — 37°| 6"
- [647m3 +967n2 — 4n (773 — 13767 + 5760) + (2880772 — 56647 — 12773)] 32n
+ [247m3 +36mn2 — 3n (773 — 6887 + 2880) — 97 — 212477} 92n
~ [1927m3 + 288702 + 12n (13767r - 5760) — 3673 + 16 9927r]

= [U5(n)22" - v5(n)} 3% 4 [ua(n)22" - v6(n)}

with
us(n) = 870° 4 12mn? + n (6887 — ° — 2880) + 36072 — 7087 — 37,
vs(n) = 64mn® + 967n* — dn (7° — 13767 + 5760) + (288072 — 56647 — 127°),
ug(n) = 24mn®+ 367n? — 3n (x* — 6887 + 2880) — 9® — 2124,
ve(n) = 1927n® 4 2887n” + 12n (13767 — 7° — 5760) — 367> + 16992

It can be proved that
92n v5(n) o _ V6(n)
us(n)’ ug(n)
hold for n > 4 by mathematical induction. We only prove the former, that is,

g2n 5, U5() (3.3)
us(n)
holds for all n > 4. First, The inequality (3.3) is obviously true for n = 4. Let’s assume
that (3.3) holds for n = m, that is,

we can complete the proof of (3.3) as long as

4dus(m) _ wvs(m +1)
us(m) - us(m+1)
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In fact,
4vs(m)us(m + 1) — vs(m + 1)us(m)

(4196966472 — 2064 476 1607 + 61 966 0807 + 2269 0567+ — 100 8007 + 67276
N +3981 312000

4 (m—4) 156 119 04072 — 1261 578 2407 + 23 500 80073 — 449 6807* — 12 96075
+1807% + 1791 590 400

—4)? (58 62566472 — 251 873 2807 + 21772807 — 755527 + 1275 + 199065 600)
—4)® (8651 52072 — 21 565 4407 + 138 24073 — 6320#*)

(83673672 — 11059207 — 2887r4)

+ 46 08072 (m — 4)° 4 153672 (m — 4)°
>0

holds for all m > 4 due to the coefficients of (m — 4) power are all greater than 0.

So hs(n) > 0 and e, > 0 for n > 4. This means f5(x) > 0 and FZ(z) > 0 on (0,7/2).
So F5(z) is increasing on (0,7/2). Then F5(x) > 0 = F5(0") holds for all x € (0,7/2). At
the same time,

20—+ ——-3 1

li sinx tan x — .
0+ x3tanx 60
The proof of Theorem 1.5 is completed. O

3.6. Proof of Theorem 1.6.
Let

1 ¢
Fﬁ(x):ln<6014)+561nx+5ln<anx>—14ln<2 P —3>,o<x<”.

T sinx tanx 2
Then .
Fg(x) = 5 fo(),
x (tan [E) (2siﬁ:p + tanx - 3)
where
3 9 9 9 9 5 1 sinx x?
fo(x) = =15z tan” £+192° tan® 422z tan £+ 192° — 153 tan” 2+ 10z +T4x +28 .
cos3 x cos? x coS T

By substituting the expansions of power series of corresponding functions in Lemmas 2.1,
2.2 and 2.3 into the above formula, we obtain that

o~ 27220 — 1) (20— 1) (20— 2) ooz N 2 (27 —1) 2n—1
= -1 Bop|z?™ 2 — I A 2 S i
fo() o 2(2n)! [Banl Z @y Pl
n=2 n=1
22n 22n _ 2 22n _
+19 QZ ( n — )‘B 2n 2+22xz )|BQn|fE2n 1+19:L'

22” (2" — 1) ( -1 2n—2
~153 Z; @) | Boy |22

92n=1(92n _ 1) (21 — 1) (2n — 2) .
41022 Z 2n) | By |23

2n|Ean| o, 4 2 = |E2n| o
74 " 28 —— "
+ x’; x + 238x ,;0 (2n)!x

(2n)!

22”22”—1 2 22722 — 1) (2n — 1) (2n — 2
: n).:
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2211_ )

~1
) | By |22 4 22 Z | Bap| 2™ 4 1922

227(2°" — 1) (2n — 1) 22
—153 Z )] | Bon |2

b 2n (2 ) |E2n| 2 2 ‘E2’I’L| 2
10 2 - n— n
1027 |5 > == Z

n=1

2n|Eay| p2n—1 2 | 2n| 22
+74xz ) + 28z Z
n=1

,2)

L& (2 — 1) (20— 1) . 92n(92n _ 1) (20 — 1) (2n
H (2n)! [Ban|a™" — 15 Z 2 (2n)!

s 22n 22n s 2271 2271 -1
+15Z((2n) )an|x2”+222(( n)! )
n=1

n=1
— 2 2 —1 Fo,

‘ Ean| +2 = 2n|Eon| |E2n| 2n+2
5 " 74 T428 ) gt
+ ;(Qn)!x + ; o Ut ;)(Qn)!x

n=2
| Bay |2%™ + 1922

22n 22n

|Bgn‘f£2n72

2. 227(220 — 1) (2 22722 — 1) (2n — 1) (2n — 2

— (2n)!

o) s 2n 2271 —1
+15Z )Bgn|x2n+222((2m')|32nlx2"
n=>5 n=>5 ’

2 (2n)!

22n( 22" ~1)(2n—1
_1532 )( n )|B2n|1'2n_2

) |32" ‘x2n72

2n (2n — 1) |Eay, n 2n|Eo,, Eonl o,
+5Z n (2n )|2|2n+5z|2\2n+2+7zn|2\2n+82\2|2+2

(2n)! 2n)!

) |BQn|x2n72

22"22"71 2n —1) (2 2227227 — 1) (2n — 1

(2n)! = (2n)!
2271 22n _ 2 2271 22n -1
+192 (" )|32 \x2”+15z¥|B2n|m2”
—= (2n)!
2n (2n — 1) |Eap 2n|Ean| o,
+22Z )|an|$2n+5z (2n))| on| 2n+74z | )2 |2
—= ! !
|E2n| 2n+42 = |E2n| 2n+2
+5Z—x "Ry gt
| |
— (2n)! — (2n)!
>\ 3 x 22" (5n +46) (2n — 1) (22" — 1) o2
> (2n)! [Benle
n=6

2% 227 (220 _ 1) (19n + 9 > 2n (1 Es,
Z ( ) (19n )Ian|w2"+Z n (10n + 69) | Ey |x2n

(2n)! —= (2n)!

‘E2’ﬂ| 2n+2
+33;L @n®
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3% 222 (5(n+1) 4 46) (2n + 1) (2272 — 1) )
= *Z | Ban 2|z
— (2n + 2)!
2% 227 (22 — 1) (19n + 9) . 2n (100 + 69) |Es,|
B n 2n nl _2n
+nz5 @n)] [ Banl2™ + ; @n)] v
Eon—
+33Z |E 2'
oo
= Z.]nxQH
n=>5
where
. 3 x 2272 (5 (n 4 1) + 46) (2n + 1) (22712 — 1) 2 x 227 (22" — 1) (19n + 9)
In = — |B2n+2| + |B2n|
(2n +2)! (2n)!
(2n)! (2n —2)I"

By Lemmas 2.4 and 2.5 we have
3 x 222 (5 (n + 1) +46) (2n + 1) (2272 — 1) 2(2n + 2)!  227+2

jn>_

(2n + 2)! (27)2n+2 22042 _ 9
2 x 227 (220 — 1) (19n +9) 2(2n)! 22" 2n (10n + 69) 47+ 3i+2n
(2%)' (271')2” 2271 -1 7r2n+1 1+ 31+2n
qn 32n—1
T8 X T T 3o
6 x 2272 (5 (n + 1) +46) (2n + 1) (22772 — 1)  22+2(19n 4 9)
- 2n+2 (22n+2 _ 2) 2n
n (10n 4 69) 4n+1 31+2n 4qn 32n71
+ 33 x
1 7r2”+1 1 + 31+2n 7T2"_1 1 + 32n—1
B 22"hg(n)
- r2n+2 (32n + 3) (32n+1 + 1) (22n+1 _ 1)’
where

ho() = a(m18*" = B9 ()6 — )3 — 02" +p(r)
2n 2n
= Jome = (3) =t a0 (3)” - oo

= 22" 1 u(n)
= 5(n)2%" + u(n)

with
a(n) = 480n% (r — 3) — 24n (642 — 1387 — 197r2) + 19873 + 21672 — 7344,
B(n) = 120n% (2 — 3) + 12n (1387 + 1972 — 321) + (1087> + 997° — 1836) ,
y(n) = 480n (10 — 37) + 16n (3210 — 6217 — 9577 ) + (24480 — 667° — 7207?) ,
n(n) = 240n2 (37 — 5) + 8n (6217r + 9572 — 1605) - (6120 — 3373 — 3607r2) ,
6(n) = 1440n* + 24n (642 — 197 + (7344 — 21672)
p(n) = 360n% +12n (321 — 1972) + 1836 — 1087
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Obviously, u(n) > 0 for n > 5. Next we prove that s(n) > 0 for n > 5. Since

s(n+1) —81s(n) = (77760n (m — 3) + 38 880w — 116 640) 9"
N 7290n? (21 — 3) + 243n (3747 + 5772 — 903) | (9)*"
+243 (—80m + 10872 + 997 — 1716) 2
34560n2 (10 — 37) + 10 944n (330 — 1072 — 63) 42
+1719 360 + 129607 — 51 84072 — 475273
( 18900n2 (37 — 5) + 90n (43117 + 66572 — 11 175) ) <3)2n
+

— (479250 + 16207 — 28 35072 — 1035 73) 2

+115200n2 + (1229 760 — 36 4807r2) n + (586 080 — 17 2807r2)

> 0
and
s(5) = 101972543992 367 1607 + 8911 886 197 652 25672 + 706 952 510 871 45373
—429 827126 609873 520

~ 4.0582 x 10 > 0,

we have hg(n) > 0 for n > 5. Then j, > 0 for n > 5. This means fs(z) > 0 and Fg(z) > 0
on (0,7/2). So Fg(z) is increasing on (0,7/2). Then Fg(z) > 0 = F5(0") holds for all
x € (0,7/2). At the same time,

22+ 2 —-3 1

lim sinx tanx -
5/14 '
=0t g (an) / 60

The proof of Theorem 1.6 is completed. O
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