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ABSTRACT. Given a weight function 7, we introduce a new class of Banach function algebras with respect to 7,
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equivalence of the four statements: (i) Co, (X, ) is of BSE, (ii) Co, (X, 7) is of BED, (iii) Co (X, ) is Tauberian and (iv)
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1. INTRODUCTION AND MAIN RESULTS

Let X be a locally compact Hausdorff space and C},(X ) be the Banach algebra of all bounded
complex-valued continuous functions on X with supremum norm ||- || «. Define Cyp(X) = {f €
Cy(X) : f vanishes at infinity}. Let 7 be a positive continuous function on X with inf,ec x 7(z) >
1. Define

Coo(X,7)={f € Co(X) : fr € Co(X)},

Cop(X,7) ={f € Co(X) : fr € Ch(X)},

Cop(X,7)={f € Cp(X) : fr e Cp(X)}
and

[fllo,r = Sup [f(@)lr(@)  (f € Gp(X)).

Then both Cy (X, 7) and Coy(X, 7) are subalgebras of Cy(X), and Cy,(X, 7) is a subalgebra of
Cy(X). Moreover, these algebras become Banach algebras with norm | - ||«,-, and they have
the inclusion relation

Co(X) C Cho(X,T) C Cop(X,7) C Cip(X,7) C Cp(X),

where C,(X) is the set of all complex-valued continuous functions on X with compact sup-
ports.

Remark 1.1. Put Cyo(X,7) = {f € Co(X) : fr € Co(X)}. Then, it follows that Coo(X,7) =
Chro(X, T) holds.
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Note that 7 is a Cy(X)-local function on X, and hence the algebra Cy(X), (1) is defined (see
[5, Definitions 5.1 and 5.3] for definition). Since Co(X),1y = Coo(X,7), it follows from [5,
Theorem 5.4 (ii)] that Cyo(X, 7) is a Segal algebra in Cy(X) with norm || - ||, and hence its
Gelfand space can be identified with X (see [5, Theorem B’]). Moreover, Cyo(X, 7) is always a
BED-algebra of type I, but it is not a BSE-algebra if 7 is unbounded (see [2, Theorem 6.2]). On
the other hand, Cy, (X, 7) is generally not a Segal algebra in Cy(X). However, J. Inoue et al.
have shown that Co, (X, 7) is a Banach algebra of type I but is neither Tauberian nor of BSE nor
of BED if 1/7 vanishes at infinity (see [2, Theorem 7.3]). The aim of this paper is to investigate
this algebra in greater detail. We refer the reader to [4, 5, 6, 9, 10, 11, 13] for more details on
Segal algebras, BSE-algebras, BED-algebras and type I Banach algebras.

We first give a complete solution to the isomorphism problem in Co (X, 7). To state this, let
Y be another locally compact Hausdorff space and ¢ be another positive continuous function
onY with inf,cy o(y) > 1. Then we have:

Theorem 1.1. The following three statements are equivalent:
(i) Coo(X, ) is isomorphic to Coo(Y, o).
(ii) Cop(X, ) is isomorphic to Cop(Y, o).
(iii) There exists a homeomorphism n from'Y onto X such that mo < Ton < Mo for some positive
constants m and M.

Next we have:

Theorem 1.2. The following two statements are equivalent:
(i) Coo(X, ) is isomorphic to Cop(Y, 0).
(ii) Both X andY are homeomorphic and both T and o are bounded.

Moreover, we show that the BSE-extension and the Inoue-Doss ideal associated with Coy, (X, 7)
are equal to Ci, (X, 7) and Cyo(X, 7), respectively. The details will be described in Section 5.

As an application of the above results, we show the following result which is a generalization
of [2, Theorem 7.3].

Theorem 1.3. The following five statements are equivalent:
(i) Con(X,T) is of BSE.
(i) Cop(X,T)is of BED.
(iii) Cop(X,T) is Tauberian.
(iv) Cop(X,T) has a bounded X-weak approximate identity.
(v) 7 is bounded.

2. PRELIMINARIES

In what follows, let X be a locally compact Hausdorff space and 7 be a positive continuous
function on X with

inf > 1.
2T 2

Let A be a natural Banach function algebra on X. Then the natural embedding x from X
to the Gelfand space ® 4 of A is surjective, and hence dx is homeomorphic by [12, Theorem
3.2.4]. Thus we may identify ®4 with X if it will cause no confusion. Then the multiplier
algebra M(A) of A is described as {f € Cp(X) : fg € A (g € A)}. We say that A is of type
Iif M(A) = Cy(X). We denote by span(X) the linear span of X in the dual space A* of A.
Therefore, an arbitrary element p in span(X) has the unique expression

p=>_ bz,

zeX
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where p is a complex-valued function on X with finite support. A function f € C,(X) is said
to be a BSE-function associated with A if there exists a constant 5 > 0 such that

> bla)f(x)

zeX

< Blpl

A*

for all p € span(X). The BSE-norm of f, denoted by || f| zsz(a), is the infimum of all such £.
Let Cpsp(a)(X) be the set of all BSE-functions on X associated with A. Then it is a semisim-
ple commutative Banach algebra with the BSE-norm (see [13, Lemma 1]).

Definition 2.1. We refer to Cpsp(a)(X) as the BSE-extension associated with A.

An algebra A is said to be a BSE-algebra if M (A) = Cpspa)(X) (see [13, p.151, Definition]).
If {e,} is a net in A satisfying the condition

11)1\116)\(.%) =1 (zeX),

then we call it a X-weak approximate identity of A. We note that M(A) C Cpgp(a)(X) if and
only if A has a bounded X-weak approximate identity (see [13, Corollary 5]). For the details
on X-weak approximation identity, refer to [3, 8].

Let K£(X) be the directed set consisting of all compact subsets of X with respect to the inclu-
sion order. For f € Cpgp(a)(X) and K € K(X), define

I fllBsE(a),x = sup Z p(x)f(z)| : p € span(X), ||p|lax <1 ;,
zEX\K
and put
Chspa)(X) = {f € Cpspa)(X): Kéilcff(lx) I fllBsEa),x = 0} :
Then C% B(A) (X) is a closed ideal of Cgsp(a)(X) (see [4, Corollary 3.9]). This is an important
ideal in our argument.

Definition 2.2. We refer to C%¢ () (X) as the Inoue-Doss ideal® associated with A.

An algebra A is said to be a BED-algebra if A = C%¢ p(a)(X) (see [4, Definition 4.13]). A
Banach function algebra B on X is called a Banach ideal of Cy(X) if B is an ideal of C(X) and
Ifalle < lflleollgllz holds for all f € Cy(X) and g € B (see [5, Definition 3.1]).

Lemma 2.1. The algebra Co, (X, T) is a dense natural Banach ideal in Cy(X).

Proof. 1t is clear that Cy, (X, 7) is a dense Banach ideal in Cy(X). Hence it suffices to show that
Coy(X, 7) is natural, that is, the natural embedding éx from X to ®¢,, x ) is surjective. To do
this, let ¢ be an arbitrary element of ®¢,, x 7). Take h € Coy(X, 7) with ¢(h) # 0, and define

P(f) = e(fh)/¢(h) (f € Co(X)).
This is well-defined because the right hand side of the above equation is independent of the
choice of h € Cop(X, ) with ¢(h) # 0. By an easy calculation, we see that ¢ € ®¢,(x) with

?leo(x,7) = ¥, and hence there exists 2 € X such that 0x (z) = ¢, namely, dx is surjective, as
required. O

By Lemma 2.1, @, (x,) can be identified with X under the natural embedding.

1 The first author personally learned this important ideal from Professor Jyunji Inoue in the old days. The ideal was
first introduced by him, but the underlying idea behind it had appeared in R. Doss [1].
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Lemma 2.2. The algebra Co, (X, 7) is of type .

Proof. Since ®¢,, (X, 7) can be identified with X, it follows that M (Cy,(X, 7)) C Cy(X). Also,
since Cop(X, 7) is an ideal of Cy,(X), it follows that C,(X) C M (Coy(X,7)). Thus we obtain
M(Cop(X, 7)) = Cp(X), thatis, Cop(X, 7) is of type L O

3. PROOF OF THEOREM 1.1

Let Y be another locally compact Hausdorff space and o be another positive continuous
function on Y with inf, ey o(y) > 1.

(i)=-(iii) Suppose that there is an isomorphism p from Cyo (X, 7) onto Cyo(Y, o). Then there
are positive constants m, M such that

G.1) mlp(f)llcoc < [ flloc.r < Mllp(f)lloc,o (f € Coo(X,7)).

Let p* be the dual map of p from Coo(Y,0)* onto Coo(X,7)*. Then we have p* (¢, (v,s)) =
®cyo(x,r)- Let 0x and dy be the natural embedding from X onto ®¢,,(x,-) and the natural
embedding from Y onto ®¢,(v,s), respectively. Define

n= ((SX)*l Op*‘@cm(y,a) O(sy.

Then 7 is a homeomorphism from Y onto X. We shall show that

(3.2) p(f) = fon (f € Coo(X,T)).

In fact, let us take f € Cyo(X, 7) arbitrarily. Then we have

p(N)(y) = (p(f): 0y () = {f, 0" (v () = (f, P |y (v (O (1))
= (£,0x{0%" (0" |9y vy Gy () )
= (f,9x(n(y))) = f(n(y))
= (fon(y)

forall y € Y, thatis, (3.2) holds as required. By (3.2), fon € Cyo(Y, o) holds forall f € Coo(X, 7).

It remains to show that mo < 7on < Mo. To show this, let us take y € Y and ¢ > 0 arbitrarily.
Since 7 is continuous, there exists a neighbourhood U of 7(y) such that |7(z) — 7(n(y))| <
e for all v € U. Also since o is continuous, there exists a neighbourhood V' of y such that
lo(y') —o(y)| <eforally € V.PutW = UnNn(V). Then W is a neighbourhood of 7(y). Take a
function fo € C.(X) such that fo(n(y)) = 1, folx\w = 0and 0 < fy < 1. By (3.1) and (3.2), we
have

(3.3) m|| fo o 77”00,0 < ||f0||oo,7' < M| fo OUHOOJ-

Therefore, it follows from the first half of (3.3) that

mo(y) = m[fo(n(y))lo(y) < mllfoonllece < |l folleo,r
|

= sup | fo(2)|7(x) = sup |fo(z)|7(x) < sup 7(x)
reX xeW xeU

<7(n(y)) +e.
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Since y € Y and ¢ > 0 are arbitrary, we have mo < 7 o 7. Moreover, it follows from the latter
half of (3.3) that

(ron)(y) =7(nw)) = fow)|T(ny) < I folloo,
< M| foonle,e = Mys/t;}; [fo(n(y' )l (y")

=M sup |fo(n(y))lo(y) <M sup o(y)
y'en—1(W) y'en—1(W)

< M sup o(y') < M(o(y) +¢).
y'eVv

Since y € Y and € > 0 are arbitrary, we have r o < Mo.
(iif)=(i) Suppose that there is a homeomorphism 7 from Y onto X such that mo < 707 <
Mo for some positive constants m and M. Define

(" F)y) = f(n(y)) (f € Coo(X,7),y €Y).

In this case, we see easily that n* is a homomorphism from Cyo (X, 7) to Cy(Y"). We shall show
that 7*(Coo(X, 7)) = Coo(Y,0). To do this, let us take f € Cyo(X, 7) arbitrarily. It is clear that
n*f € Cy(Y'). Moreover, the inequality

(34 (" W)lo(y) < [fn)lr(n(y))/m (y € Y),
implies that (n*f)o € Cy(Y) since fr € Cy(X), and so n*f € Cyo(Y, o). Namely, we obtain
7*(Coo(X, 7)) C Coo(Y, o). To show the opposite inclusion, for g € Cyo(Y, o), let us define
f@) =g~ (x)) (x € X).
It is clear that f € Cy(X). Moreover, the inequality

(3.5) [f(@)|7(x) < lg(n~ " (2))[Ma(n~ () (x € X)
implies that fr € Cy(X) since go € Cyp(Y), and so f € Cyo(X, 7). Moreover, since

" N ) = fn(y) =g () =9(y) (yeY)

holds, we have

(3.6) n'f=g,

namely, we obtain Cyo(Y, o) C n*(Coo(X, 7)). Therefore, we have the desired equality. By (3.4),
(3.5) and (3.6), we have

mHn*fHoo,U < ||f||oo,7 < M||77*fHoo,U (f € Coo(X, 7)),

and hence n* is an isomorphism from Cyo (X, 7) onto Cyo (Y, o).
(if)=-(iii) This can be shown in the same manner as the proof of (i)=-(iii).
(iif)=-(ii) This can be shown in the same manner as the proof of (iii)=(i).
This completes the proof of Theorem 1.1.

Corollary 3.1. The following four statements are equivalent:

(i) Cop(X,T) is of BSE and of BED.
(ii) 7 is bounded.
(iii) Cop(X,7) = Co(X).
(iv) Cop(X,T) is isomorphic to some commutative C*-algebra.
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Proof. (i)« (iv) This immediately follows from Lemma 2.2 and [2, Corollary 4.2].

(ii)=-(iii) Obvious.

(iii)=(iv) Obvious.

(iv)=(ii) Suppose that C; (X, 7) is isomorphic to Cy(Y") for some locally compact Hausdorff
space Y and define

ly(y)=1(y€Y).

Then Cy, (X, 7) is isomorphic to Coy (Y, 1y) since Cpp (Y, 1y) = Co(Y'). By Theorem 1.1, we can
find a homeomorphism 7 from Y onto X such that mly < 7on < M1y for some positive
constants m and M. Therefore, we have that 7(z) < M forall z € X. O

Corollary 3.2. The following three statements are equivalent:

(1) 7 is unbounded.
(if) Cop(X, ) has no bounded X -weak approximate identity.
(iil) Coy(X, ) is not of BSE.

Proof. (i)=(ii) Suppose that 7 is unbounded. If C;(X, 7) has a bounded X-weak approximate
identity, say, {ex}rea bounded by 3, then we can take 29 € X and Ay € A such that 7(z¢) >
26 4+ 1and |ey,(zo) — 1] < 1/2 since 7 is unbounded. Then we have

26+1 1
3 Pty

B = llexolloo,r = sup lexo (2)[7(2) = lex, (zo)|(z0) =
fAS

which is a contradiction.

(if)=(iii) This immediately follows from [13, Corollary 5].

(iif)=(i) This immediately follows from Corollary 3.1 since an arbitrary commutative C*-
algebra is of BSE (see [13, Theorem 3]). |

4. PROOF OF THEOREM 1.2

Let Y be another locally compact Hausdorff space and ¢ be another positive continuous
function on Y with inf,cy o(y) > 1.

(i)=(ii) Suppose that there is an isomorphism p from Cyo(X, 7) onto Co;,(Y, o). Let p* be the
dual map of p from Cop(Y,0)* onto Coo(X,7)*, and then we have p* (P, (v,o)) = Peyo(x,m)-
Let 0x and dy be the natural embedding of X onto ®¢,(x ) and the natural embedding of Y’
onto ¢, (v,r), respectively. Define

n= (5X)71 o p*|q>00b(yya) [¢] 5y.

Then 7 is a homeomorphism from Y onto X. Moreover, as observed in the proof of (i)=-(iii)
in Theorem 1.1, the equality p(f) = f o n holds for all f € Cyo(X,7) and there are positive
constants m and M such that mo < 7 on < Mo. Define

" N) = f(n(y)) (f € Coo(X,7),y €Y).

Then, as observed in the proof of (iii)=-(i) in Theorem 1.1, the equality n*(Coo (X, 7))
= Cyo(Y, o) holds. However since p = n*, it follows that

Con(Y,0) = p(Coo(X, 7)) = 1" (Coo(X,7)) = Coo(Y, 0),
and hence we have
(4-1) C()()(K U) = Cob(Y, 0)~

Assume that ¢ is unbounded. Then we can find a sequence {yi,y2,---} in Y and a sequence
{n1,ng,---}in N such that

ny <o(y1) <ng <o(y2) <ng <o(ys) <ng <-+--- ,
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where n; = 1. In this case, lim,,_,o ¥n = wy holds, where wy is the point of Y at infinity. In
fact, let K be an arbitrary compact subset of " and put ax = max{o(y) : y € K}. Takeip € N
with ax < n;,. Then we can easily see that y; € Y \ K for all j > i, that is, lim,, 00 ¥y = wy.

Take m € N arbitrarily. Since o is continuous on Y, we can find a compact neighbourhood
K, of y, such that K, € {y € Y : nyp, < 0(y) < ng1} and |o(ym) —o(y)| < 1 (y € Kp).
Then K; N K; = 0 (i # j). Take a continuous positive function g,,, on Y such that

1
= 0<gn<—— and C K.
Since 1 — 7Y} < 1/0(y,,) < 1forall y € K, it follows that
a(y)
0<gm(y)o(y) < <2(y€ Kn).
(W)o(y) o () ( )

Define -
9W) = gmy) (WeY).

Then it is clear that g is continuous on X such that 0 < go < 2, and hence go is bounded.
Moreover, we shall show that g € Cy(Y'). To do this, let € be an arbitrary positive number. Take
Jjo € Nwith 1/n;, < e and put

Ko=K UKyU---UK

7lj0 .

Then K| is a compact setin Y. Take y € Y\ K arbitrarily. Then we have two cases:
@y ¢ Uz K

and

(b) y € Ky, for some ko > nj,.

In case (a), we have g(y) = 0 < . In case (b), we have

0<9(y) = gk (y) < 1/0(yro) < 1/ny < 1/ko <1/nj, <e.
Then g € Cy(Y) as required. Thus we get g € Co(Y, o). Therefore, it follows from (4.1) that
g € Cpo(Y,0), and hence lim,,_, g(yn)o(y,) = 0. But since g(yn)o(yn) = gn(yn)o(yn) = 1
holds for all n € N, we arrive at a contradiction. Hence we conclude that o is bounded. This
implies that 7 is also bounded because 7 o < Mo.

(ii)=-(i) Suppose that both 7 and o are bounded. Then we see that Cyo(X,7) = Cp(X) and
Cop(Y,0) = Co(Y). If X is homeomorphic to Y, then Cy(X) is isomorphic to Cy(Y'), and hence
Coo(X, 7) must be isomorphic to Co, (Y, o).

This completes the proof of Theorem 1.2.

Corollary 4.3. The following two statements are equivalent:
(i) Cop(X,T) is Tauberian.
(ii) 7 is bounded.

Proof. (i)=(ii) Suppose that Cy, (X, 7) is Tauberian. Then Cyo (X, 7) = Cou(X, 7) holds. In fact,
take f € Cop(X, 7) and ¢ > 0 arbitrarily. Then f € Cy(X). Also since C(X, 7) is Tauberian, it
follows that there is g € C.(X) with || f — g||c,» < €. Therefore, g7 € Co(X) and || f7 — g7||oc =
lf — glloo,r < &, and hence fr € Cy(X) because ¢ is arbitrary. Thus we have f € Cyo(X,7),
namely, Coo(X, 7) = Cop(X, 7) holds as required. Consequently, Cyo(X, 7) must be isomorphic
to Cop(X, 7), and hence 7 must be bounded by Theorem 1.2.

(ii)=(i) Suppose that 7 is bounded. Then we have Cy,(X, 7) = Cy(X), and hence Co,(X, 7)
must be Tauberian. O
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5. BSE-EXTENSION AND INOUE-DOSS IDEAL

Let Abe Coo(X, T) or Cop(X, 7). In this section, we investigate the BSE-extension associated
with A and the Inoue-Doss ideal associated with A. The obtained result is as follows:
Theorem 5.4.

(i) The BSE-extensions associated with Coo(X, 7) and Coy (X, 7) are both equal to Cyy (X, 7), that
is,
CBSE(Coo(x.7)(X) = CBsE(Coy(x,7)) (X) = Cop(X, 7).

(ii) The Inoue-Doss ideals associated with Coo(X, ) and Co,(X, ) are both equal to Coo(X, 7),
that is,

Chsm(Coo(x,7)(X) = CBsm(cop(x.79)(X) = Coo(X, 7).

Proof. Denote by A any one of the algebras Cyo (X, 7) and Co(X, 7), and then A C C.(X).
(i) We shall show Cpsg(a)(X) = Cw(X, 7). To do this, we claim that

G.1) Ipll.as =Y [p(2)l/7(x) (p € span(X))

reX

holds. In fact, let us take p € span(X) and 0 < e < 1 arbitrarily. Then we can write p =
>on_, akzry, where ay,--- ,a, € C\ {0} and zy,--- ,z, € X with z; # z; (i # j). For each
1 < k < n, we can take a compact neighbourhood K}, of xj such that K; N K; = () (i # j) and
(1 —¢)/7(xx) < 1/7(x) for all z € K} because

1-— 1
foex:izS<
T(zx)  7(2)
is an open neighbourhood of z;,. Take a continuous positive function g; on X such that

1—c¢ 1—¢
0 < gr(z) <

gr(z)) = (z € Ki) and supp(gx) C Ky,

3
Bl

~

and define

ng (z € X).

Therefore, we can easily show that gy € C’C( ), go(zx) = 1 —¢e)/7(z) (1 < k < n) and
0 < go(z) <1/7(z) (x € X). Moreover, we can find a function hy € C.(X) such that ||ho||cc =1
and ho(xg) = |ax|/ax for all 1 < k < n. Put fo = goho. Then we can see that fy € A,
I folloo.r < 1,|fo(zk)|T(xk) =1 — ¢ and ak fo(x,) > 0 for all 1 < k < n. Therefore, we have

Ax = Sup {
> arfola) Z|ak|T($zc)_1|f0($k)|T($k)
k=1

(1—¢ Z|ak\/7$k (1-¢) ZU? )/ 7(x

zeX

Ip|

)| f €A flloor < 1}

and hence ||p|

A+ > Y cx [P()|/7(x) because ¢ is arbitrary.
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On the other hand, we have

Ipl[a- = sup {

< sup {Z jaxlr (@) " f @)l (@) : £ € A, flloor < 1}

k=1

<Y lakl/7(@k) = Z|p )/7(
k=1

reX

Zakf(xk)

k=1

f e A flloor < 1}

Consequently, we have proved (5.1).
Now, by (5.1), for all f € Cy(X, 7), we have

1flBsEa) = SHP{ Z p(x)f(z)| : p € span (X), ||pllax < 1}

zeX

<sup{Z|p x) 7 f(2)|7(z) : p € span (X), ||p|| - <1}
reX

< ||fooTSUP{Z [p(2)|/7(x) : p € span (X), [Ip[|la~ < 1}

zeX
= [[flloe.r sup {[[pl[ - : p € span (X), []pl[a- <1} (by (5.1))
= || flloo,r < o0,

thatis, f € Cpgpa)(X). Therefore, we have Cy,(X,7) € Cpgpga)(X). To show the opposite
inclusion, take f € Cpgp(a)(X) arbitrarily. Then f € Cy(X). For each z € X, put p, = 7(z)z,
thatis, p,(f) = 7(x)f(z) (f € A). Then we have

[Pzllas = sup{lp(f)] : f € A, || flloc,r <1}
= sup{|f(2)[7(2) : f € A, |flloo,r <1}
<1
holds for all x € X. Therefore, we have

|f (@) (@)] = [Pz (2) f(2)] < [IfllBsE(a)
forallz € X,and hence || f7||oc < | fllBsE(a) < 00,50 fT € Cy(X), thatis, f € Cypp(X, 7). There-

fore, we have Cpgp(a)(X) C Cbb_(X, 7). This completes the proof of the equality Cpsp4)(X) =
Crp(X, 7).

(ii) Let f € Cpp(X,7) and K € K(X). Since

Y Bla)f(@)

zeX\K

||f||BSE(A),K = sup {

:p € span (X), |Ip|la~ < 1}
zeX\K

< sup { S [5@)[r(@) S @)lr () : p € span (X), [plla- < 1}

< sup | f(x)lr(z) % Sup{ > 1p(@)|/7(2) : p € span (X), [[p]la- < 1}

reX\K EX\K
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< sup |f(=) XSUP{ZIp )|/7(x) : p € span (X), ||p|| a- §1}
reX

zeX\K

A= :p € span (X)), [Iplla- <1} (by (5.1))

= sup [f(z)|7(x)
zeX\K

= sup [f(z)|7(2),

zeX\K
it follows that

I fllBsEcay,x < sup |f(z)|7(x).
zeX\K

To show the reverse of the above inequality, put p, = 7(x)z for each z € X. Then we have
lpzllax <1 (x € X) as observed in the proof of (i). Then we have

[f(2)7(2)] = |p2(2) f(2)] < [ flBsE).k (x € X\ K),

and hence
sup |[f(2)|7(x) < [|fllBsE(a).K
zeEX\K
Therefore, we have
(5.2) 1 £l BsE(Coox,)) .5 = I fllBSECon(x,)). 5 (f € Con(X, 7), K € K(X)).

Hence it follows from (i) and (5.2) that

CBSE(COO(X,T)) (X) = C%SE(Cob(X,T)) (X)
Recall that Cyo (X, 7) is of BED, and hence C%SE(COO(XJ))(X) = Cpo(X, 7) holds. O

Remark 5.2.
(i) If 7 is bounded, then Coo(X,T) = Cop(X,7) = Co(X) and Cpp(X,7) = Cp(X), and hence
Theorem 5.4 obviously holds.
(ii) As observed in the proof of Theorem 5.4 (i),
1l BsB(Coox,r)) = IflBSECowx,m) = [Ifllso,r
holds for all f € Cypp(X, 7).
(iii) As observed in the proof of Theorem 5.4 (ii),

| fllBsE(Coon(x.m)).x = I fllBSE(COw(x.).x = sup |f(z)7T(z)
zeX\K

holds for all f € Cyp(X, 7) and K € K(X).
Corollary 5.4. If T is unbounded, then Co,(X, 7) is not of BED.

Proof. Suppose that 7 is unbounded. Then Coo(X,7) & Cop(X, 7) holds. In fact, suppose on
the contrary that Cyo(X, 7) = Cop(X, 7) holds. Then Cyo(X, 7) is isomorphic to Co (X, 7), and
hence 7 must be bounded by Theorem 1.2. This is impossible because 7 is unbounded by
hypothesis. Now if Cq, (X, 7) is of BED, then we have from Theorem 5.4 (ii) that

Coo(X,7) = Chsp(coo () (X) = Chsr(co (x.m)(X) = Cop(X, 7).

Thus we arrive at a contradiction. O
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6. PROOF OF THEOREM 1.3

We can see that:

(1) (v)e(iv)«e(i) are derived from Corollary 3.2.
(2) (v)«(iii) is exactly the same as Corollary 4.3.
(3) (ii)e(v) is derived from Corollary 5.4.

By combining (1), (2) and (3), we have proved Theorem 1.3.

Remark 6.3. The following four statements are equivalent:

(i) 7 is bounded.

(if) Coo(X,T) is isomorphic to some commutative C*-algebra.
(iii) Cop(X,T) is isomorphic to some commutative C*-algebra.
(iv) Cwp(X, T) is isomorphic to some commutative C*-algebra.

In fact, since Cop(X, 7) is a closed ideal of Cy, (X, 7), it follows that (iv) implies (iii). Also
since Coo (X, 7) is a closed ideal of Cp, (X, 7), it follows that (iii) implies (ii). If Coo(X, 7) is iso-
morphic to some commutative C*-algebra, then it must be of BSE, and hence M (Cqo(X, 7)) =
CBSE(Coo(x,7)) (X). Moreover, we have from Theorem 5.4 (i) that Cpgp(cy, (x,r)) (X) = Cop (X, 7),
and hence M (Cyo(X,7)) = Cpp(X, 7). Define 1x(x) =1 (z € X). Then 1x € M(Coo(X, 7)),
and hence 1x € Cy (X, 7) by the above equality. Then 7 must be bounded. Consequently,
(ii) implies (i). If 7 is bounded, then Cy, (X, 7) = Cy(X), and so Cp,(X, 7) is isomorphic to the
C*-algebra C,(X). Then (i) implies (iv).

7. EXAMPLES

Let R be the space of real numbers with usual topology and Homeo(R) be the set of all
homeomorphisms from R onto itself. Let 7 (R) be the set of all positive continuous functions
7on R with inf{7(z) : € R} > 1. Let 7,0 € T(R). If there are m, M > 0 and h € Homeo(R)
such that mm < oo h < M7, 7 and ¢ are said to be equivalent, and written as 7 = o.

(i) Take 7 € T(R) and h € Homeo(R) arbitrarily. Then we have 7 = 7 o h because
T=(roh)oh L
(ii) Define

( (n+1)(|z| —2n) +1 (2n < |z <2n+1)

T p—

' Dz -2 —2)+1 @n+1<|z]<2m+2),

wheren = 0,1,2,---. Then 71 € T(R). Since 71 is unbounded, it follows from Corol-

lary 4.3 that Co (R, 71) is not Tauberian. However, we can confirm this by a concrete
calculation as follows. Define
1

o EnE D

Then we can easily see f € Cop(R, 7). Also since 71(2n) = 1foralln =0,+1,£2,---,
it follows that

(r € R).

_
1 (m — 1)

for all g € C.(R). In other words, C¢, (R, 71 ) is not Tauberian.
(iii) Define

If = glloo,r, = sup —g(x)n(z)| > 1
z€R

T0(x) =1+ |z|] (z € R).
Then 79 € T(R) and we can easily see 79 2 7. Therefore, Cy, (R, 79) is not isomorphic
to Cop(R, 71) by Theorem 1.1.
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(iv) Let f be a strictly increasing continuous function on [0, o) such that f(0) = 0 and
lim, 4o f(x) = +o00. Let g be a strictly decreasing continuous function on (—oo, 0]
such that g(0) = 0 and lim,_,_ g(x) = +o0. Define

L+ f(z) (z=0)
P Vi tee) @<0)
Then we see 74, € T(R) and 79 = 7 4. In fact, it is clear that 77, € T (R). Define
@) (@20
hx) = { B
g (=x) (¢<0)

Then we see h € Homeo(R) and 774 o h = 7y by an easy calculation. Therefore,
we obtain 77, = 7y from (i), and hence Cy(R,7,4) is isomorphic to Coy(R, 79) by
Theorem 1.1.

8. OPEN PROBLEMS

Finally, let us list some open problems for further study.

Problem on vector-valued functions: Let X be a locally compact Hausdorff space, T be
a positive continuous function on X with inf,cx 7(x) > 1 and A be a unital commu-
tative C*-algebra. Moreover, let Cy(X, A) be the commutative Banach algebra of all
continuous A-valued functions on X vanishing at infinity and C, (X, A) be the com-
mutative Banach algebra of all bounded continuous A-valued functions. Define

Cop(X;A,7)={feCo(X,A):7f € Cp(X,A)}.

Then, solve the isomorphism problem in the Banach algebra Cy,(X; A, 7).
Moreover, what are the BSE-extension and the Inoue-Doss ideal associated with
Con(X;A,7)?
Problem on Lipschitz algebras: Let Lip;(R) and Lip](R) be the Lipschitz algebras as
defined in [4, Definition 5.8] and 7 be a positive continuous function on R with
infoex 7(z) > 1. Define

Lipg; (R,7) = {f € Lip}(R) : 7f € Lip;(R)}.
Then, what are the BSE-extension and the Inoue-Doss ideal associated with the Banach
algebra Lipy; (R, 7)?
Problem on differentiable functions: Let Cj'(R%) and C§(R?) be the differential alge-
bras as defined in [7, §2] and 7 be a positive continuous function on R with inf ¢ x 7(z) >
1. Define
Coi(RY,7) = {f € Cf(RY) : 7f € CJ'(RY)}.

Then, what are the BSE-extension and the Inoue-Doss ideal associated with the Banach
algebra Cfy (R4, 7)?
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