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SOLID BURSTS UNDETECTED BY CYCLIC CODES
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Abstract. In coding theory, several kinds of errors which depend on the

nature of the communication channel are to be dealt with and accordingly
codes are constructed to detect and correct such errors. Burst, CT-burst and

solid burst errors are common in many communication channels. Different

types of linear codes have been developed to deal with such errors. It is
also quite possible that in communication more than one type of error occur

simultaneously. The code which is developed to deal with one type of error

may or may not be able to deal with the other type of error.
The paper presents the minimum number of burst/CT-burst errors that will

be detected by a b-SBEC code. A lower bound on parity check digits for such

code is obtained. Further, the paper presents the number of solid burst errors
that will be gone detected/undetected by a cyclic code. By a b-SBEC code,

we mean a linear code that corrects all solid bursts of length b or less.

1. Introduction and preliminaries

In coding theory, one important study is to investigate the existence of codes
that detect and correct errors. Different types of codes have been developed to
deal with different types of errors. It was all started with the development of
Hamming codes for single errors, then Golay codes for double and triple random
errors and thereafter BCH codes for multiple error correction and many others.
Their applications are found in numerous areas of practical interest. These famous
codes are developed keeping in mind about random errors. Later it was found that
in many communication channels, like radio channels, telephone line, errors do not
occur independently but in a clustered way. These errors are known as burst errors.
A burst of length b, due to Fire [14], may be defined as follows:

Definition 1.1. A burst of length b is a vector whose only non-zero components are
among some b consecutive components, the first and the last of which is non-zero.

Extending the work of Hamming [15], Abramson [1] developed codes that correct
single and double adjacent errors. The work due to Fire [14] depicted the general
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concept (Definition 1.1) of burst errors. Stone [27], and Bridwell and Wolf [6]
considered multiple bursts.

Then Chien and Tang [7] observed that in several channels errors do occur in the
form of a burst, but not near the end of the vector. Channels due to Alexander,
Gryb and Nast [3] fall in this category. Chien and Tang proposed a modification
in the definition of a burst, now known as CT-burst, as follows:

Definition 1.2. A CT-burst of length b is a vector whose only non-zero components
are confined to some b consecutive positions, the first of which is non-zero.

If in a burst of length b (see Definition 1.1), all the b components in which
the non-zero components are confined are non-zero i.e., all the digits among the b
components are in error, such type of bursts are known as solid bursts. Such bursts
are prevalent in channels viz. semiconductor memory data [17], supercomputer
storage system [2]. A solid burst may be defined as follows:

Definition 1.3. A solid burst of length b is a vector with non-zero entries in some
b consecutive positions and zero elsewhere.

For more study on burst/CT-burst/solid burst, one may refer to [4, 5, 8, 9, 10,
13, 21, 22, 23, 24, 26, 28] etc.

In [8], the author studied the codes that detect and correct solid bursts of length
b or less. We may define such codes as follows:

Definition 1.4. A b-Solid Burst Error Correcting (b-SBEC) (n, k) code is a linear
code that corrects all solid bursts of length b or less.

In [11], a different type of errors is considered. It was found that in very busy
communication channels, solid burst errors repeat themselves. Such errors are
named as 2-repeated solid burst of length b. The errors are defined as follows:

Definition 1.5. A 2-repeated solid burst of length b is a vector of length n whose
only non-zero components are confined consecutively to two distinct sets of b con-
secutive components.

Theorem 1.1. [11] Any (n, k) linear code over GF (q) that detects any 2-repeated

solid burst of length b or less must have at least 2 logq

{
b∑

i=0

(q − 1)i
}

parity check

digits.

A generalization of 2-repeated solid burst of length b is considered in paper [12]
due to the fact that solid burst errors may repeat themselves more frequently. Such
errors are termed as m-repeated solid burst of length b and are defined as follows:

Definition 1.6. An m-repeated solid burst of length b is a vector of length n whose
only non-zero components are confined consecutively to some m distinct sets of b
consecutive components.

An elegant class of linear codes, cyclic codes were first introduced by Prange
[19] in 1957 as a result of the search for better error correcting codes. They have
extremely concise specification and can be efficiently implemented using simple
shift registers. Cyclic codes are very useful to detect burst errors. They are also
efficient in finding the number of burst errors that goes undetected. Many re-
searchers have studied works in this direction for different types of errors (refer
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e.g., [16, 25]). In this regard, this paper also presents a study on solid bursts that
go detected/undetected by a cyclic code. Further, it obtains the minimum number
of bursts/CT-bursts that are detected by a b-SBEC code. The paper is organized
as follows:

Section 1 i.e., the Introduction gives basic definitions and brief view of the im-
portance of the study of the paper. Section 2 gives the number of bursts/CT-bursts
that can be detected by a b-SBEC (n, k) code. Minimum number of parity check
digits for such a b-SBEC code is also obtained. Section 3 presents the number of
solid bursts that are detected/undetected by an (n, k) cyclic code. Section 4 is the
conclusion.

2. Detection of bursts/CT-bursts by a b-SBEC code

This section provides two results. One will give the minimum number of detected
errors that are in the form of bursts/CT-bursts by a b-SBEC (n, k) code. The other
will give a lower bound on parity check digits for such codes.

Theorem 2.1. The number of bursts(/CT-bursts) that can be detected by a b-SBEC
(n, k) code over GF (q) (n ≥ 2b) is at least

n−2b+1∑
l=1

[
(q − 1)

{
1 + (n− b− l + 1)

b∑
i=1

(q − 1)i +

b−1∑
i=1

(b− i)(q − 1)i
}

+

b∑
t=2

(q − 1)t
{

(q − 1)b + (n− b− t− l + 1)

b∑
i=1

(q − 1)i +

b−1∑
i=1

(b− i)(q − 1)i
}]

+ (q − 1)

{
(b− 1) +

b(b− 1)

2

b∑
i=1

(q − 1)i + (b− 1)

b−1∑
i=1

(b− i)(q − 1)i
}

+

b−2∑
p=2

[
(q − 1)p

{
(b− p)(q − 1)b +

(b− p)(b− p− 1)

2

b∑
i=1

(q − 1)i

+ (b− p)

b−1∑
i=1

(b− i)(q − 1)i +

p∑
l=2

b−l∑
i=1

(b− l + 1 − i)(q − 1)i
}]

+ q(q − 1)b−1
b−1∑
l=2

b−l∑
i=1

(b− l + 1 − i)(q − 1)i

+ (q − 1)2b−1 +

b−1∑
l=2

(q − 1)

{
1 +

l∑
i=1

(l + 1 − i)(q − 1)i
}

+

b−3∑
p=1

{ p∑
l=1

[
(q − 1)b−p−1

l∑
i=1

(l + 1 − i)(q − 1)i
]}

.

Proof. Let X be the set of all vectors (bursts/CT-bursts) such that all non-zero
components of such vectors are confined consecutively in some two distinct sets of
b or less consecutive components. Each element of X can always be expressible as
the sum (difference) of two solid bursts of length b or less. As a b-SBEC (n, k) code
corrects all solid bursts of length b or less, such bursts must be in different cosets.
As a result, their sum (difference) can not be a codeword. Therefore, the code can
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detect all elements (bursts/CT-bursts) of X.

We now calculate the number of such bursts i.e., elements of X.
If the first non-zero component of such bursts starts from the first position, then
number of such vectors is

(q − 1)

{
1 + (n− b)

b∑
i=1

(q − 1)i +

b−1∑
i=1

(b− i)(q − 1)i
}

+ (q − 1)2
{

(q − 1)b + (n− b− 2)

b∑
i=1

(q − 1)i +

b−1∑
i=1

(b− i)(q − 1)i
}

+ (q − 1)3
{

(q − 1)b + (n− b− 3)

b∑
i=1

(q − 1)i +

b−1∑
i=1

(b− i)(q − 1)i
}

+ ...........

+ ...........

+ (q − 1)b
{

(q − 1)b + (n− b− b)
b∑

i=1

(q − 1)i +
b−1∑
i=1

(b− i)(q − 1)i
}
,

which can be written as

(q − 1)

{
1 + (n− b)

b∑
i=1

(q − 1)i +

b−1∑
i=1

(b− i)(q − 1)i
}

(2.1)

+

b∑
t=2

[
(q − 1)t

{
(q − 1)b + (n− b− t)

b∑
i=1

(q − 1)i +

b−1∑
i=1

(b− i)(q − 1)i
}]

.

If the first non-zero component of such bursts starts from the second position,
then number of such vectors can be obtained from expression (2.1) by replacing n
by n− 1. In the same way, we can obtain the number of such bursts of which the
starting non-zero position is from 3rd position to (n−2b+1)th position by replacing
n in expression (2.1) by n − 2, ..., 2b. In general, if the starting non zero position
of the bursts is the lth position ( 1 ≤ l ≤ n− 2b + 1), the number of such bursts is
given by

(q − 1)

{
1 + (n− b− l + 1)

b∑
i=1

(q − 1)i +

b−1∑
i=1

(b− i)(q − 1)i
}

+

b∑
t=2

[
(q − 1)t

{
(q − 1)b + (n− b− t− l + 1)

b∑
i=1

(q − 1)i +

b−1∑
i=1

(b− i)(q − 1)i
}]

.

Thus, the number of such bursts of which the starting non-zero position is from 1st

position to (n− 2b + 1)th position is given by

n−2b+1∑
l=1

[
(q − 1)

{
1 + (n− b− l + 1)

b∑
i=1

(q − 1)i +

b−1∑
i=1

(b− i)(q − 1)i
}

(2.2)

+

b∑
t=2

(q − 1)t
{

(q − 1)b + (n− b− t− l + 1)

b∑
i=1

(q − 1)i +

b−1∑
i=1

(b− i)(q − 1)i
}]

.
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The number of such bursts of which the starting non-zero position is the (n−2b+2)th

position is

(q − 1)

{
1 + (b− 1)

b∑
i=1

(q − 1)i +

b−1∑
i=1

(b− i)(q − 1)i
}

+ (q − 1)2
{

(q − 1)b + (b− 3)

b∑
i=1

(q − 1)i +

b−1∑
i=1

(b− i)(q − 1)i
}

+ (q − 1)3
{

(q − 1)b + (b− 4)

b∑
i=1

(q − 1)i +

b−1∑
i=1

(b− i)(q − 1)i
}

+ ...........

+ ...........

+ (q − 1)b−2

{
(q − 1)b +

b∑
i=1

(q − 1)i +

b−1∑
i=1

(b− i)(q − 1)i
}

+ (q − 1)b−1

{
(q − 1)b +

b−1∑
i=1

(b− i)(q − 1)i
}

+ (q − 1)b
{ b−2∑

i=1

(b− 1 − i)(q − 1)i
}
.

The number of such bursts of which the starting non-zero position is the (n−2b+3)th

position is

(q − 1)

{
1 + (b− 2)

b∑
i=1

(q − 1)i +

b−1∑
i=1

(b− i)(q − 1)i
}

+ (q − 1)2
{

(q − 1)b + (b− 4)

b∑
i=1

(q − 1)i +

b−1∑
i=1

(b− i)(q − 1)i
}

+ (q − 1)3
{

(q − 1)b + (b− 5)

b∑
i=1

(q − 1)i +

b−1∑
i=1

(b− i)(q − 1)i
}

+ ...........

+ ...........

+ (q − 1)b−2

{
(q − 1)b +

b−1∑
i=1

(b− i)(q − 1)i
}

+ (q − 1)b−1

{ b−2∑
i=1

(b− 1 − i)(q − 1)i
}

+ (q − 1)b
{ b−3∑

i=1

(b− 2 − i)(q − 1)i
}
.
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Continuing the process, the number of such bursts of which the starting non-zero
position is the (n− b)th position is

(q − 1)

{
1 + (q − 1)b +

b−1∑
i=1

(b− i)(q − 1)i
}

+ (q − 1)2
{ b−2∑

i=1

(b− 1 − i)(q − 1)i
}

+ (q − 1)3
{ b−3∑

i=1

(b− 2 − i)(q − 1)i
}

+ ...........

+ ...........

+ (q − 1)b−2

{ 2∑
i=1

(3 − i)(q − 1)i
}

+ (q − 1)b−1

{ 1∑
i=1

(2 − i)(q − 1)i
}
.

Thus, the total number of such bursts of which the starting non-zero position is
between (n− 2b + 2)th position and (n− b)th position is given by

(q − 1)

{
(b− 1) +

b(b− 1)

2

b∑
i=1

(q − 1)i + (b− 1)

b−1∑
i=1

(b− i)(q − 1)i
}

(2.3)

+

b−2∑
p=2

[
(q − 1)p

{
(b− p)(q − 1)b +

(b− p)(b− p− 1)

2

b∑
i=1

(q − 1)i

+ (b− p)

b−1∑
i=1

(b− i)(q − 1)i +

p∑
l=2

b−l∑
i=1

(b− l + 1 − i)(q − 1)i
}]

+ q(q − 1)b−1
b−1∑
l=2

b−l∑
i=1

(b− l + 1 − i)(q − 1)i + (q − 1)2b−1.

Finally, we can enumerate the number of such bursts of which the starting non-zero
position is within the last b positions. This number is given by

b−1∑
l=2

(q − 1)

{
1 +

l∑
i=1

(l + 1 − i)(q − 1)i
}

(2.4)

+

b−3∑
p=1

{ p∑
l=1

[
(q − 1)b−p−1

l∑
i=1

(l + 1 − i)(q − 1)i
]}

.

Therefore, the total number of elements (bursts/CT-bursts) of X is given by

expr.(2.2) + expr.(2.3) + expr.(2.4)

i.e.
n−2b+1∑

l=1

[
(q − 1)

{
1 + (n− b− l + 1)

b∑
i=1

(q − 1)i +

b−1∑
i=1

(b− i)(q − 1)i
}
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+

b∑
t=2

(q − 1)t
{

(q − 1)b + (n− b− t− l + 1)

b∑
i=1

(q − 1)i +

b−1∑
i=1

(b− i)(q − 1)i
}]

+ (q − 1)

{
(b− 1) +

b(b− 1)

2

b∑
i=1

(q − 1)i + (b− 1)

b−1∑
i=1

(b− i)(q − 1)i
}

+

b−2∑
p=2

[
(q − 1)p

{
(b− p)(q − 1)b +

(b− p)(b− p− 1)

2

b∑
i=1

(q − 1)i + (b− p)

b−1∑
i=1

(b− i)(q − 1)i

+

p∑
l=2

b−l∑
i=1

(b− l + 1 − i)(q − 1)i
}]

+ q(q − 1)b−1
b−1∑
l=2

b−l∑
i=1

(b− l + 1 − i)(q − 1)i

+ (q − 1)2b−1 +

b−1∑
l=2

(q − 1)

{
1 +

l∑
i=1

(l + 1 − i)(q − 1)i
}

+

b−3∑
p=1

{ p∑
l=1

[
(q − 1)b−p−1

l∑
i=1

(l + 1 − i)(q − 1)i
]}

.

�

In the following, we obtain a bound on parity check digits of any b-SBEC code
that is analogous to Reiger’s bound (refer [20]; also Theorem 4.15, Peterson and
Weldon [18]).

Theorem 2.2. The number of parity check digits for a b-SBEC (n, k) code over
GF (q) is at least

2 logq

{ b∑
i=0

(q − 1)i
}
.

Proof. From Theorem 2.1, a b-SBEC (n, k) linear code detects all elements of X,
i.e. all elements of X can not be a code vector. From Definition 1.5, it is clear that
the set X consists of all 2-repeated solid bursts of length b or less. Therefore, the
b-SBEC (n, k) linear code detects all 2-repeated solid bursts of length b or less. In

view of Theorem 1.1, such a code must have at least 2 logq

{
b∑

i=0

(q − 1)i
}

parity

check digits. �

3. Cyclic codes and solid bursts

It may be noted that cyclic code is well suited for error detection. It is also well
known that an (n, k) cyclic can detect any burst of length n− k or less. However,
there are several bursts of length greater than n− k which goes undetected (Refer
Theorem 8.5 & 8.6, Peterson and Weldon [18]). Now based on these theorems, we
have the following results on cyclic codes towards the solid burst error detecting
capability.

Theorem 3.1. Every (n, k) cyclic code over GF (q) can detect any solid burst of
length n− k or less.

Proof is obvious from the Theorem 8.5, Peterson and Weldon [18].
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Theorem 3.2. The fraction of solid bursts of length b > n−k that can be undetected
by an (n, k) cyclic code over GF (q) is

1

(q − 1)b−1
if b− 1 = n− k,

1

(q − 1)1+(n−k)
if b− 1 > n− k.

Proof. Consider r(X) to be a solid burst of length b. Let g(X) be the generator
polynomial of the code. Clearly, deg g(X) = n − k. Then r(X) = Xir1(X) for
some non negative integer i and r1(X) is some polynomial with degree b − 1. As
r(X) represents a solid burst of length b, so all the coefficients are non-zero which
may be chosen by q − 1 ways. Therefore, there are (q − 1)b distinct polynomials
r1(X).

The error will be undetected iff r1(X) has g(X) as a factor; that is, r1(X) =
g(X)Q(X). Since g(X) has degree n−k, so Q(X) must have degree b−1− (n−k).
If b − 1 = n − k, then Q(X) is a non-zero constant, and there are q − 1 values it
may take. The ratio of undetected solid bursts to the total number of solid bursts

is
(q − 1)

(q − 1)b
=

1

(q − 1)b−1
. If b−1 > n−k, Q(X) may have any of the q−1 non-zero

field elements as its coefficients. Therefore, there are (q − 1)b−1−(n−k) choices of
Q(X) which give undetected error pattern. The ratio in this case is

(q − 1)b−1−(n−k)

(q − 1)b
=

1

(q − 1)1+(n−k)
.

Hence the theorem. �

4. Conclusion

The paper deals with the detected burst/CT-burst errors by a b-SBEC code,
then with the undetected solid burst errors by a cyclic code. These studies may be
extended to other type of errors and other type of codes.
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