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BIFURCATION OF NONTRIVIAL PERIODIC SOLUTIONS FOR
PULSED CHEMOTHERAPY MODEL
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(Communicated by Xiao-Jun YANG)

ABSTRACT. A pulsed chemotherapeutic treatment model is investigated in this
work. We prove the existence of nontrivial periodic solutions by the mean of
Lyapunov-Schmidt bifurcation method of a cancer model. The results obtained
are applied to the model with competition between normal, sensitive tumor and
resistant tumor cells. The existence of bifurcated nontrivial periodic solutions
are discussed with respect to the competition parameter values.

1. INTRODUCTION

A general impulsive mathematical model describing the dynamics of normal and
tumor (sensitive and resistant) cells under the effect of impulsive chemotherapeutic
treatment is studied in [4]. More specifically, the authors consider the following
system

(1.1) ¥y = Fi(x1, w0, 13),

(1.2) Ty = Fa(x1,T2,73),

(1.3) 3 = Fz(x1,72,73),

(1.4) zy(t +) = O1(w1(t:), v2(ts), w3(ts)),
(1.5) za(tf) = Oa(w1(ti), wa(ts), w3(ts)),
(L. iy t;)

6) z3(ti) = Os(a1(ti), z2(ti), w3(ts)),

where t;41 —t; = cste =7 > 0, Vi € N; z; € R and ©; are non-negative smooth
functions, Vj =1, 3,

7: period between two successive drug treatment,

x;: normal (resp. sensitive tumor and resistant tumor) cell biomass, for j = 1
(resp. 2,3),

©;(x1(t;), x2(ti), x3(t;)): fractions of normal (resp. sensitive tumor and resistant
tumor) cells surviving the i*" drug treatment administered at time t; for j = 1
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(resp. 2,3),

Fj(x1,x2,23): biomass growth of normal (resp. sensitive tumor and resistant tu-
mor) cells for j =1 (resp. 2,3).

The system (1.1)-(1.6) is studied in [4] , the authors prove the stability of trivial
steady state solution and the existence of nontrivial periodic solution under the
following assumptions

(A1): problem (1.1), (1.4), with 25 = x5 = 0 has a stable 7p-periodic solution

Ls,
(A2): the functions F = (Fi,F2,F3) and © = (01,02,03) are smooth
enough,

(A3): .7-'2(96170,963) = 92(£C170,£C3) = 07 th xr3 € R+,

(A4): ]:3(.%'170,0) = @3(3?1,0,0) =0, Vx, € R+7

(A5): ©;(r1,x9,23) #0 for z; #0,i = 1,2,

(A6): O3(xy1,xo,x3) # 0 for (z2,23) # (0,0), and

(AT7): the positive octant is invariant with respect to the flow ® associated

o (1.1)-(1.3).

They reformulate the problem of finding nontrivial periodic solutions of (1.1)-(1.6)
as a fixed point problem for the map

U(r,.): RI - R3
Xo — \I/(T7 Xo) = @(‘P(T, Xo))

That is
(17) \II(T,X()) :XO.

Then X (t) = ®(t, Xo) for 0 < t < 7 gives a 7-periodic solution of (1.1)-(1.6) if there
exists Xo € R such that X (71) = O(X (1)) = O(®(1, X)) = ¥(7, Xo) = Xo.
From conditions (Ai), i=1,...,7, the problem (1.1)-(1.6) has a 7g-periodic solution
¢(t) = (x5(t),0,0) which is called a trivial solution.

To obtain the stability of the trivial fixed point (x4(0),0,0) associated to the trivial
solution (z,0,0) they determine the eigenvalues p; (j = 1,2,3) of Dx¥(7, Xo)

where p; = ?}(;)j (®(70, X0)) exp ( 0" gf]’ (C(r))dr) , and they obtain the following

results.

Theorem 1.1. (Theorem 1, [4]) If conditions

gj;m»

™ 0F;
exp (<t
( o O
<1 for j =1,2,3 are satisfied, then the trivial solution { = (x4,0,0) is exponen-
tially stable.

They analyze the bifurcation of nontrivial solutions when the spectral radius
p(Dx ¥ (79, X0)) = 1 (see Iooss [2]). This case describes the lost of stability and the
onset of the diseases expressed by the bifurcated solutions.

To this purpose, they use the following transformation 7 = 79 + 7, X = Xo + X
and

(1.8) N(7,X) = (Ny(7, X), No(7, X), N3(7, X)) = Xo + X — ¥(1p + 7, Xo + X).
The fixed points of ¥ (7 + 7, Xo + X) are the solutions of
(1.9) N(# X) = 0.
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To study the equation (1.9), the authors use the implicit function theorem and the
Lyapunov-Schmidt bifurcation methods [1]. In fact N(0, (0,0,0)) = 0 and

! / /
ag by co
!/
E = DxN(0,(0,0,0)=1] 0 ¢ 0
! -/
0 hy 1
3
0801 8% N "001 9%; 00, 8% _ 00, 85
81}1 811 81’1 612 axl 81’3 81’3 61?3
i=1
_ 005 8,
(110) = 0 1 ; s Ota 0 (TQ,X()).
0 _ 903 9P, 1— 003 9P3
61'7; 6372 61‘3 6373
=2

Critical cases correspond to detE = afefip = 0, since ag # 0 (from (A1)), there are
three cases (C1): e = 0 # if, (C2): e, # 0 =1} and (C3): ej =iy = 0 (see [4]).

They obtain the following results.
™ OF;
cto|esp ([ 52 ctrnar)
0o O9Zj

o 00, 0 0F, _
<1 forj=1,3 and ’83:2@(70)) exp( ; a@({(r))dr) =1. Then

a) for BC # 0 we have a bifurcation of nontrivial periodic solution of (1.1)-
(1.6) with period T(a) = 79 + T(a) starting from Xo + oYy + Z*(7(a), @) for

Theorem 1.2. (Theorem 2, case (C1), [4]) Let ‘gej
Zj

a > 0 small enough, moreover 7(a) ~ ———a«, where Yy = (a,o—, -1 —%),
Z7(F(a), @) = (2] (T(a), @), 0,23(7(@), @) and Na(7,aYo + Z7(7(a), @) = BTo +
C +o(lal? +171%),

b) for BC =0 we have an undetermined cases.

Theorem 1.3. (Theorem 3, case (C2), [4]) Let ®(C(TO)) exp < " aJl_j(((?ﬂ))d?")
. 8xj 0 633‘]'
<1 forj =12, g—(jj(((ro)) exp( ; ﬁ’(((r))dr) =1 and 25 (T(a),a) > 0

(for a > 0 small enough) be satisfied. Then
a) for BC # 0 we have a bifurcation of nontrivial periodic solutions of (1.1)-(1.6)
with period T(a) = 19 + T(a) starting from Xo + oYy + Z*(T(a),a) for a > 0

—% ), 1), Z*(7(a),a) =

small enough, moreover T(a) ~ ———a, where Yy = (a,
0

2B
(25 (7(a),a), 23 (T(), @), 0) and N3(7,aYo+Z*(7(a), ) = B?a—l—Ca;—l-o (|Oz|2 + |ﬂ2),

b) for BC =0 we have an undetermined cases.

Remark 1.1. The function Z*(7(«), o) = (27 (7(), @), 0, 25 (T (), ) (resp.
7*(T(a), ) = (27 (F(a), @), z5(T(), @), 0)) in theorem 1.2 (resp. theorem 1.3) is
obtained by the mean of implicit function theorem for the system (N1, N3)(7, oYy +
Z) =1(0,0) (resp. (N1, No)(T,aYy+ Z) = (0,0)).

The degenerate case (C3) corresponding to e, = 4i;, = 0 is not studied in [4],
it’s investigated in this work and the results obtained are applied to the models
studied by Lakmeche et al. [4] and Panetta [5]. Our paper is organized as follow,
the next section contains our main results, applications of our results are given in
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section three, after that we give some concluding remarks. Computational details
are contained in Appendixes.

2. MAIN RESULT

In this section we analyze the bifurcation of nontrivial periodic solutions ®(¢, Xo)
of period 7 near ¢, which occur for e}, =i, = 0. In our study, we investigate two
cases corresponding to h( # 0 and h{, = 0.

2.1. For h'y # 0. We have dim(ker(E)) = 1. Let ker(E) = span{)o} where
Vo = (_f)o ,0,1), then the equation (1.9) is equivalent to

N1(7_',Oéy0 + Z) = 0,
(2.1) No(7,ado + Z) =0,
N3(77', aYy + Z) =0,
where Z = zie1 + Zg€g, €1 = (170,0), ey = (071,0), (Oz,Zl,ZQ) € R3? and X =
! /
a)y + Z. Since det Dz(Ny, N3)(0,(0,0,0)) = det( “00 2,0 = a'oh’y # 0,
0
there exist ¢ > 0 sufficiently small and a unique continuous function Z*, such that
Z5(T,a) = (3(T, ), z5(7, ), 0), £*%(0,0) = (0,0,0),

(2.2) Ni(F,ado + Z*(T,a)) =0
and
(23) N3(7_',Oéyo—|-z*(7_',06)) =0,

for every (7, ) such that |a| < ¢ and |7| < 6.
Then N (7, X) = 0 if

(2.4) fo(7,a) = No(7,adh + 2*(7, ) = 0.

Now, we proceed to solve equation (2.4). First, it’s seen that f3(0,0) = Ny(0, (0,0, 0))
=0.

From the Taylor development of fa around (7,a) = (0,0), we find that
9f200.0) _ () and 9%£2(0,0) _ 9°£2(0,0) __ 9%£2(0,0) _ 0

0f2(0,0) __
oT -

(see Appendix B, Subsections

o o072 — 070« Oa?
5.2 and 5.3).
8%,(0,0 8%,(0,0 8°,(0,0 8%f,(0,0
Furthermore, let Ay = %, By = ﬁ, Cy = % and Dy = a;§a2)‘

It’s shown that A; = 0 (see Appendix B, Subsection 5.4). Hence,
fo(7, ) = %(382%2 + 3Ds7a + Co0®) + 0(7.0) (| + |7[?).

Let p € R such that 7 = pa, then fy(pa, a) = %3]?2(/), «), with
fo(p, ) = 3Bop® + 3Dap + Co + 00 (1 + |p|?),
and
(2.5) fa(p,0) = 3Bap® + 3Dap + Co = 0.
The equation fa(p, ) = 0 is studied using implicit function theorem.
For B, = 0, we have fa(p,0) = 3D2p + Co and §2(p,0) = 3D,. So, for Dy # 0 and
po = —2%2 we have fa(po,0) = 0 and %f/f (po,0) # 0, we find a function p(«) such
that for a small enough f2(p(a), @) = 0 and p(0) = po = —2%2.
Then, for o near 0 and 7(a)) = p(a)a we have f3(7(a), a) = 0.
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Theorem 2.1. Let

201 (¢(r0))| exp (Jy 25 Lar) < 1

Gt (o)) | exp (J5 Z5Edr) = 1 for j = 2,3, by # 0 and Z(7(a),a) = 0
for a > 0 small enough. Then for CoDs # 0 = By, we have a bifurcation of one

nontrivial T(a)-periodic solution of (1.1)-(1.6) with initial condition

(xo - %a—!—z’{(f(a),a),zé(?(a),a),a) and period T(a) = 19 + T(a) for a > 0

small enough, where 7(a) = — C2 —a + o(a).

For By # 0, to solve equation fy(p, 0) = 0 we must calculate the discriminant A p of
equation (2.5), where A, = 3(3D3 —4B5Cs). So, for A, > 0 (i.e. BoCa < 3D3) and

~ _ 2
ByCy # 0 we have fo(pF,0) = 0 and 8f2 (po ,0) # 0, where pT = 8D>% V69§2 128262

we find a function p(«) such that for o small enough fa(p(), a) = 0 and p(0) = pi.
Then, for a near 0 and 7(a)) = p(a)a we have f3(7(a), a) = 0.
In conclusion we have the following theorem.

%811 (C(To))’ exp ( 7o Mdr)

Z%(C( 0)) ’exp(fToL())dT) =1forj=2,3 andhé;«éo.

1) If z5(7%(a),a) > 0 for a > 0 small enough and 0 # BoCy < 3D3, then we
have a bifurcation of two nontrzmal (1o + 7E(a) )-periodic solutions of (1.1)-(1.6)

Theorem 2.2. Let

with initial conditions (mo — ot Zi (75 (a), @), z5 (75 (a), @), a ), where 7% (a) =
—3Dy+4/9D3— 128262 + o(a).
652

2) If (7 (a), @) 2 0 with z5 (71 (a), @) < 0 (resp. z5(7~ (a), ) < 0 with
2 (7 (a),a) = 0) for o > 0 small enough and 0 # ByCo < 3D3, then we have a
bifurcation of one nontrivial (1o + 7 () (resp. (170 + 71 () )-periodic solution of

(1.1)-(1.6) with nitial condition (xo - Z—%a—!—z’{(?_(a),a) zZ (77 (a), a), a) (resp.
(20— Sa+ 2(7(a), 0), (7 (a), ), 0) ), where 7% (a) = ~PEVEEETECE
o(a).

2.2. For h{ = 0. We have dim(ker[E]) = 2. Let ker(E) = span{Yy, Y1} where

Yo = (;,—l:’, 1,0) and Y7 = (*df’“,O, 1), then the equation N(7, X) = 0 is equivalent
to

Ni(7,aYy + Y1+ Z) =0,
(2.6) No(7,aYy + BY1 + Z) =0,
N3(T,aYy + Y1 + Z) =0,

where Z = z1e1, e; = (1,0,0) with o, 3,21 € R and X = aYy + 8Y; + Z.
Since %1;711 (0,(0,0,0)) = %(?00)) ?92 = dy # 0, there exist § > 0 small enough
and a unique continuous function Z*, such that Z*(7,a, ) = (27(7, «, 5),0,0),

Z*(0,0,0) = (0,0,0) and
(27) Nl(f7aY0+BY1 +Z*(7T,()[,ﬁ)) = O

for max(|7], |af,|B8]) <&
Then N(7,X) =0 if

(28) fQ(faaaﬁ):N2(7_—7aYO+BY1+Z*(7_—7aaB)):0
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and
(29) f3(7_—aa7ﬁ):NS(%aaYO+5}q+Z*(%aa75)):O

Now, we proceed to solve (2.8) and (2.9). First, it is seen that f2(0,0,0) =
N5(0,(0,0,0)) = 0 and f3(0,0,0) = N3(0, (0,0,0)) = 0.
From the Taylor development of fo and f3 near (7,«a, ) = (0,0,0), we find that

0200000 _ 8f3(0.0.0) _ (4 8f2(0.0.0) _ 8f5(0,0.0) _ 9£2(0,0,0) _ 0f3(0,0,0) _
o7 Sor - =0, = = =~ =0 and 28,8 = 305 =0

(see Append1x C, Subsections 6.2 and 6.3).
92 £;(0,0,0 92 £;(0,0,0 92£;(0,0,0

Furthermore, let A; =

, o072 da? B2
6f]000 _9%£;(0,0,0) ijooo -
Itsshownthat A2:A3:O, C’Q:OandEg—O
Hence,

f2(F,0, B) = % (B2a? 4+ 2DsTa + 2F2af3) + 0.6 (|7 + |a]? + [B]?)

f3(F,a, B) = % (Bgoz2 + C382% + 2D37a + 2E578 + 2F3045)
+o(r,a,8) (171 + af? + [B]?).

Let (p,0) € R x R% such that 7 = pa and § = oa, then

fz(pOé,O[,O'Oé) = %f (paa70)a

f3(P04a04a0'04) = %f (paa7a)a
where
Falp,,0) = Ba + 2D2p + 2F30 + 0a(|p|* + 1+ |0]?),

fa(p, o, 0) = Bs + C302 + 2Dsp + 2F3po + 2F30 + 0o (|p2 + 1+ |0[?).
We have

(2.10) { f2(p,0,0) = By + 2Dsp + 2Fs0 = 0,

fg(p,0,0') = B3 —|-030'2 +2D3p 4+ 2FE3po + 2F30 =0,

and

9f2(p,0,0)  9f2(p,0,0) )

rFor _ 0 oo
Jpo)(f2: f3)(p,0,0) = det( 0Fs(p o) OFalplc)
op Jdo

D, Fy )

= 2det
© ( D3+ Eso0 Cs0+ Esp+ F;

To use the implicit function theorem, we have to find (pg,00) € R x R% such that

fQ(pOa 07 00) = f3(ﬁ’07 07 UO) =0 and J(p,o’) (an f3)(p0a 07 00) 7£ 0.
In the following we give all the possible cases for bifurcation of nontrivial periodic
solutions.

(H1) F> =0, Dy #0, C3 = 0, (B3 D3Bz) (2F3 ESBz) <0, po = 32 and
1

oo = (733 + M) <2F3 E%Bz>

(H2) FQ*O DQ#O C3>0 B37M<Opoiﬂand

—(2F3—E%7?)+\/(2F3—E%7;32) _403(33_1331232)

0o = 205

(H3) F, =0, Dy #0, C5 <0, Bs — 2882 >0, py = 552 and
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~(er ) (o B (5 P2

g0 = 2C3

(H4) F> =0, D> #0, B3 — DsB2 =0, <2F3 ESBQ)C'3<0 Po =3 32 and
_(2F,— E3B2

UO:%_

C3B
(H5) BaFy < 0, Dy = 0, 2Dy — EsBa 4 0y = 220 502) bt
2L'2 , D2 ) 3 2 ) PO 2F;D3—E5 B3

(H6) F, #0, %P2 — 25, = 0, (DyBy — ByDs) (D3F2 - Dy (F3 _ Cgf)) >0,
Ba (F37 iSFB; )7B3F2 D2B3s—BoDg
9D3 Fy—2Ds (F3—%3F372> 2D3Fs—2Ds (Fs—c%zz) '
(H7) FyDy #0, C322 —2E3 < 0, D3B3 — ByD3 > 0,
(03 QE) E352 2F3D2 +2Ds \/ EgBg— 2F3D2 +2Ds ) _4D25‘3 Bng (Cg%—QE;g)

Po = (cd 2E3)
and

and og

pPo = and o9 =

E3By—2F3D E3By—2F3D 2 DyB3—ByD D
e 2l 2+2D37\/( e 2l 2+2D3) —a D283 Do 3(C3F72272E3)

2(Cs 52 —2Es)
(H8) F,Dy # 0, C382 —2E5 > 0, DyBs — By D3 < 0,

B D E3By—2F3D E3Bg—2F3D 2 DyB3—BaD D
Gt e e | ) e Gt )

gg —

po == (03 2E3)
and
E3BQ;22F3D2 +2D3+\/(E332;2F3D2 +2D3)274D233;232D3 (C3%72E3>
70 = (C3 2E3)
(H9) F,D, # 0, (CgD—; - 2E3) (% n 2D3) >0, DyBs — ByDs = 0,
_ & (cq —2F; )+EB'”;7;F3D2+203 don— EaPa2PaD2 4ops
po = %(cg%—zEg) anc oo = (cs 2E3)

H10) F, =0, Dy #0,0 < 4C5 ( By — 2382 2F; — EaB2 2F; — 2202 )¢5 <
D2 2

(2F3—EDL’32)1\/(2F3—E,§7’§2) —4C5 (Bd— DBB?)
205 .

2
(H11) FyDy # 0, 0 < —4B2Ds-DaBs (03%22 _ 2E3) < (’5332;735»132 n 2D3) ,
(03% — 2E3) <7E3B2;‘22F3D2 + 2D3> > 0,

Bz :t

D and oy

0, po = 3

— — 2 —
B2 (s 02 -2k, )+ B2 2Ral2 Lop, i\/(M+2D3) +aB2Ds_D2B3 (0, D2 _op,)

+ _ —_

o= 202 (Cy 22 —285,)

and

J:I: _ W%;ijﬂi%+gpgi\/(w+gp ) +4M (C 2E3) .
0 2(Cs 2228

We have the following results.
Theorem 2.3. Let 6@1 (C(To))’ exp ( 7o Mdr)
5o (C(0)) ’exp (f““ Mdr) =1 for j =2,3 and h) = 0.

1) If one of the hypotheses (H1)-(H9) is satisfied, then we have a bifurcation of
one nontrivial (to + T(a) )-periodic solution of (1.1)-(1.6) with initial condition
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(mo — %a — %B(a) + 21 (F(a), o, B(a)), a,ﬁ(a)) for a > 0 small enough, where
T(a) = poa + o(a) and B(a) = opa + o(a).

2) If hypotheses (H10) is satisfied, then we have a bifurcation of two nontrivial
(1o + ?( ))- periodic solutions of (1.1)-(1.6) with initial conditions

(:Eo - f,a CO Bi( )+ zi‘(?(a),a,ﬁi(a)),a,ﬂi(a)), where T(a) = poa + o(a)
and

BE(a) = ofa+o(a) for a >0 small enough.

3) If hypotheses (H11) is satisfied, then we have a bifurcation of two nontrivial
(to + 7 () )- perz’odz’c solutions of (1.1)-(1.6) with initial conditions

(0 — tha— % 8% (a) + 24(7* (0), 0, B (@), 0, B () ) where 7% () = pf a+o()
and
BE(a) = ofa+o(a) for a >0 small enough.

2.3. Applications to the pulsed chemotherapy model. In this section we
apply the results obtained above to the following chemotherapeutic model given in
[4]

d
(211) % = T (1 _— = )\1 l‘g +$3))
d
(212) % = T2X9 (1 2 + 3 — )\2(331 + xg)) — mxs,
d
(2.13) % = 73I3 (1 2 + s _ )\3(.%1 + 132)) + mxa,
(2.14) r1(tf) = Tiz(t),
(215) ng(t?_) = (T2 — R)xg(ti),

where tig1 —ti=7> 0,vi € N,

The variables and parameters are:

7: period between two successive drug treatment,

xj: normal (resp. sensitive tumor and resistant tumor) cells biomass for j = 1
(resp. 2,3),

rj: growth rates of the normal (resp. sensitive tumor and resistant tumor) cells for
j =1 (resp. 2,3),

k;: carrying capacities of the normal (resp. sensitive tumor and resistant tumor)
cells for j =1 (resp. 2,3),

Aj: competitive parameters of the normal (resp. sensitive tumor and resistant
tumor) cells for j = 1 (resp. 2,3),

T;: survival fractions of the normal (resp. sensitive tumor and resistant tumor)
cells, their values are completely determined by the quantity of injected drugs.

R: Fraction of cells mutating due of the dose of the drug which is less than T5.

m: acquired resistance parameter usually it is very small.

Note that if ky = k3 with m = 0 or R = 0, then we obtain the models studied in
Panetta [5].

The problem (2.11),(2.14), obtained by taking x5 = 0 and x5 = 0, has a 7p-periodic
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solution xz(t, z¢) = x4(t), where

k1 (T1 — exp(—r170)) exp(rit)
exp(r1t)(Ty — exp(—r170)) + (1 = T1)’

kl(T1—eX(p(—r1T)o))
l1—exp(—7170 :
The solution given by (2.17) is defined and stable in the one dimensional space if

Ty > exp(—r170). That is

1 1
2.18 —1 — ).
(2.18) w> H(T1>

To analyze the bifurcation of nontrivial periodic solutions, first we calculate e, i
and hy.

(2.17) s(t) =

0<t§’7’07

with To =

; (T2 —R) exp(raTo) o T3 exp(rsTo)
We have eg =1 — Rgraky yig =1 — —gmn and
T, " exp(radeki+m)To T, "1 exp(r3izkiTo) )
B = _ Rexp((r2(1—=X2k1)—m)70) Tsm exp(ra(1—Ask1)7o) Jo ° exp(—mp) o (p)I5 " (n)dp <0
0 Agroky Agraky —Xaraky | Agrgky -
T, "1 T, "I (1—exp(—=7170)) 1 1

where -

_imik ,
1) = exp(r; ) (T3 — exp(—r170)) exp(rip) + (1= T)] A~ £0 for j =2,3.
We consider the case e, = iy = 0. That is

Aaroky

(2.19) (ro(1 = Aok1) —m)mo =In(T, ™ (To — R)™Y)
and
(2.20) (ra(1 = Agk1))ro = In(T, 7+ 7).

From (2.18), (2.19) and (2.20) we deduce several cases for possible bifurcation of

nontrivial periodic solutions:
_ Agroky—Agki(ra—m)  ro(1—Agki)—m

(Bl) ho < 252 Ny < &, Ty =1, "SR sONET LRy <
Agraky Agraky L
T In(T, ™ (Ta—R)™ 1)
1 J— 1
T, and 9 = ek —m
Agroky

Agroky

o —tm 2 = In(T, "' (Ty—R)~!
(B2) \o < 232 Ny = - Ty < Ty 7 4R, Ty =T andro = 20 (M)

ro—m A3r3k Agrgky
B3)\p =250 Ay < L T, =T, " +RTy<T, ' andm="20 " Tl
( )2*r2k173<z72*1 +,3< 1 an TO*W
r2—m r3
(Ba) o= N3=5- =T, " +RT3=T," and7 > ;-In (T%)

Suppose that either (B3) or (B4) is satisfied, then B = 0. If in addition R+m # 0
and \y = \3 = 0, we obtain hjy = —Re(r2=™)70 _ pTze"37 (w) <0,

T2—r3z—m

Dy = 2(Ty — R)Tze™s™0e(r2=m)70 (ers70 — 1)p{t (;7 + 7“2,;3’”) <0, and

Co = —6(T» — R)Tsrory "ky 'ky tersmoe(r2=m)mo (ersmo — 1)2p071 > .
From theorem 2.1, we deduce the following result.

Corollary 2.1. If either (B3) or (B4) holds, and R + m # 0 then we have
a bifurcation of one nontrivial T(«)-periodic solution of (2.11)-(2.16) with initial
condition

xo — Z—Za + 7 (T(a), @), z5(T(@), ), a) and period T(c) = 1o+ 7 () for a(> 0), A2

and X3 small enough where zj(7(a), o) = —3Tsk; e hi " (77 — 1)a? + o(|a|?)
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and

7—_(0[) _ 3(6T3TO 71)

2rszks Oé+0(|0(|)_
Suppose that either (B1) or (B2) holds. Then for R+ m # 0 and Ay = A3 = 0,
we have

(rg—rg—m)tog _
0 = —Re(r2=m)T0 _ nTyersTo (M) . for ry—r5—m#0,

T2—7T3—Mm
—Re(r2=m)T0 i Tyems o7, for 79 —7r3 —m =0,
Dy = 2(T; — R)Tersmer=mm(ersm — 1)yt (12 4 222 ) < g,
By = —=2(T> — R)T5(ra — )rgeri*’TOe(”*m)TDh’* > 0, and
Co=—6(T> — R)T3r2r3 ky tkytersmoerammiTo(ersTo — 1)2p~1 > 0,
Then for k3 # (r2 TT)’CZ we have 0 # ByCy < 1032-
From theorem 2.2, we deduce the following results.
Corollary 2.2. If either (B1) or (B2) holds, and R+ m # 0 then
1) for M #* ks < M, we have a bifurcation of two nontrivial periodic

T2

solutions of (2.11)-(2.16) with initial conditions
(:Uo - aoa—I-zl( 7+ (a),a), 23 (Ti(a),a),a) and periods 7F(a) = 19 + 7(a) for

a(>0), X2 and A3 small enough where 71 (a) = %a—i—oﬂab, Z (7 (), a) =

—2Tsk; Lemam (™0 — 1)RS a2 + o(|af?), 7~ () = L2022 0 4 o(|al) and

(rg—m)rsks

. T3e™370h{ 1 (e7370 —1) (rokg —2(r2—m)k
57 (a), @) = BEEAGIIRRR a2 4 ofal?).

2) for ks > M, we have a bifurcation of one nontrivial periodic solution of
(2.11)-(2.16) with initial condition (xo ~ Do+ 2(7H(a).a), B (@), 0), a) and
period T (a) = 10 + 7 () for a(> 0), Ao and A3 small enough where 7+(a) =
% +o(|a]) and z5(7*(a), @) = —2T3k5 e (™3™ — 1)hi o + o(|al?).

Suppose that (B1) is satisfied. Then for R = m = 0 we have h{y = B3 = D3 = 0.

If in addition A1y = 0 then we obtain
Agroky

=1 _ro(l=X2ki)mo ™1 —7r1T A2raky To
BQ = 2T27"2k2 e'? 2R OTl (1 —e U) fO IQ(,U,)d[L > O,
_Agroky
DQ = —T2T2(1 — /\2]€1)T1 1 €T2(1_>\2k1)7—0 < 0,

Agraky Aaroky

F2 = T2T26T2(17>\2k1)7—0(1 — 67“7—0) "1 Tl_ " (klig + )\2) fOTO Ig(lu)du > 0,

Agrgky

— Agrgk
Cy = Tyfgersti-ebmyy 7 (1 - ) T [ Iy(u)dp > 0,
—Aargkg
By = —TyryT, ™ ers(=ski)mo(1 — \3k) < 0, and

Agroky Azraky

Fy = Tyraers(m2k0mo(1 —emnmo) Wiy ™ (G 4 Ag) [ Lo (u)dp > 0.
To have the conditions of (H9) we need <C3D2 — B3 E?’Bﬁ;ijﬂ’m) > 0. The last

inequality is satisfied if one of the following assumptions holds:

ks—ko(1—Aak1) 1 (I—=Aok1)k
(C1) mit 12A2k1)2k21)k3 <A< T Uagka)kiky and k2 < K.

(1—X2k1)ko ko —k: 1 k-
(02) As < ’9 T (I X2k2)kiks? kz(iﬂrzz <A< ki ﬁ and ky > k3

ky—ka(1=Aoki) (1-Xak)ks 1
(C3) mintrl <28 < & ~ Trkaituks b~ Ry < A2 < 7y and bz > k.
From theorem 2.3, we deduce the following results.

Corollary 2.3. If (B1) and (C1) hold with R = m = 0, then we have a bifurcation

of one nontrivial T(a)-periodic solution of (2.11)-(2.16) with initial condition
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(mo — %a — %B(a) + 21 (F(a), o, B(a)), a,ﬁ(a)) and period T(a)) = 19 + T(a) for
a(> 0) and Ay small enough where

Aorok
[1= (14 Aoka) (1Hkg Aa)](1—e~7170) 71 70 b(ﬁ”‘) a+o(|a]) and

(o) = [(T=X2k1)ka—(1—A3k1) (I+ X 2k2)ks]

(Agrg—Agra)ky
5(@) — (1—e~T170) 1 [(1=Ask1)ks—ka(1—X2k1)(1+ksA3)] [y ° I2(H)dﬂ«> 04+0(|0(D,

[(A=Azk1)k2—(1=X3k1)(1+A2k2)ka] [o©° Ia(w)dp

Corollary 2.4. If (B1) and (C2) hold with R = m = 0, then we have the same
result as in corollary 2.3 .

Corollary 2.5. If (B1) and (C3) hold with R = m = 0, then we have the same
result as in corollary 2.3 .

3. CONCLUDING REMARKS

The model studied here is inspired from [4], where the authors study only two
cases (C1) and (C2) but the case (C3) is undetermined. In this work the de-
generate cases corresponding to ey = iy = 0 (i.e. (C3)) are considered. The
trivial solution x4 is assumed stable in the one dimensional space (af, # 0) and the
trivial solution (zs,0,0) is stable in three dimensional space for spectral radius of
Dx (79, Xo) less than one (e # 0 and i, # 0). The cases e}, = i(, = 0 correspond
to the lost of stability of the trivial solution, in these cases we investigate the bifur-
cation of nontrivial periodic solutions by the mean of Lyapunov-Schmidt method.
The analysis of bifurcation is based on the study of the matrix F and it’s deter-
minant det(E) = a{egi(, especially on the elements af(# 0), ej(= 0) and ij(= 0).
For h{, # 0, we determine the case of bifurcation of one (Theorem 2.1) or two
(Theorem 2.2) nontrivial periodic solutions. For h{, = 0, we give all possible cases
of bifurcation in the hypotheses (H1)-(H11), the other situations correspond to
undetermined cases. Each hypotheses of (H1)-(H9) gives bifurcation of one non-
trivial periodic solution (Theorem 2.3, 1)), the hypotheses (H10) gives bifurcation
of two nontrivial solutions with the same period and different initial conditions
(Theorem 2.3, 2)), and the hypotheses (H11) corresponds to two nontrivial peri-
odic solutions with different periods (Theorem 2.3, 3)). The results obtained are
applied to the model in [4] and to the particular cases (ke = k3, R =0 or m = 0)
corresponding to the models in [5] (Corollaries 2.1, 2.2 and 2.3). We have studied
the bifurcation of nontrivial periodic solutions for the model (2.11)-(2.16) with re-
spect to the competition parameters A;,j = 1,2,3. Note that the methods used
in this work could be applied for other similar models from population dynamics.
Other situations like the case of many drugs (see for instance [6],[3]) could be very
interesting to be considered.

4. APPENDIX A
The results of this section are obtained from [4].
4.1. First partial derivatives of & = (&, ®;, ®3). For ¢t € (0,7), we have
922 (1, Xo) = 0, 222(1, X¢) = 0, 222 (¢, X,) = 0, 221(¢, X) = exp (/Ot“’fl(“”)dr),

8901 ’ 8903 ? 811 ? 811 8w1

t t
.30 = [[2589000). 92030 = [ 254500r),
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t t y
%0 o ([ 25820) [0 [0 )
0 “w 0
2 M ¢
N 8]—'16(535@)/0 exp (/s af%(gv))dr> OB (CeN) o, (/0 Ofga(fz(r))dr) ds] dp,
t t
001 (1, Xo) = / exp ( / Wéff”’dr) OAE D exp ( / DR dr) dju and
0 n 0
t t
94 (1, Xo) = / exp ( / {’f%fs(r>>dr) OEELD) exp ( / P ”dr) dp.
0 “w 0

4.2. Second partial derivatives of & = (¥, Dy, <I>3) For t € (0,7), we have

S (t Xo) = 0, 3252 (t, Xo) = 0, Z52(t, Xo) = 0, G2 (¢, Xo) = 0,

r))dr 2 0. r))dr
2t ,30) = e ([ 2200 ) [0 o ([0t )
0 0 0
t t
20, (1 Xy) = exp (/ aﬁ(c(r))dr)/ 222 2y 0) | P 28 o)
2 0 0

8:1}2 Bmlawz OZEQ 2 6(122

+ 98T 02 (X0 | g

Ox20x3 Oxa

t I
929 _ OF5(¢(r))dr O Fa(C(1) dF3(¢(r))dr
Bra0; (1, Xo) = exp (/o i) > /O { Dradas  OXP (/0 “Os >

02 F5(C(1) 991 (11.X0)
+ om0 }d/"

t t n
0F3(¢(r))dr 9% Fs(C(w) 0F1(¢(r))dr
8118:1:3 (t XO) = exp </O 3313 ) /0 8;’16:65 €xp (/0 18:51 > d'u’7
t Iz
9% ; _ 0F3(¢(r))dr *F5(¢(p) 0F3(¢(r))dr
8:1/’%3 (t’ Xo) = exp (/0 33%) /0 { §w3 exp (/0 33903 )

1992 Fs(C(m) 6<I>1(u,xo>] du

611313 613
t t
9’® _ OF3(¢(r))dr \ [9*Fa(¢(1)) 881 (1, X0) OPa (11, Xo0)
8:618;2 (t,Xo) 7/0' exp </ 38z3 > |: 3z318m2 lﬁzl . 2812 .
o

4 0F3(Cw) 2@2(u.Xo) | D2 Fs(C(u)) 9P1(n.Xo) 3‘1>3(#,X0)} dy,

8$2 6118352 8351613 83@1 612

t t
9*e _ 0F3(¢(r))d 9 F3(¢(1) 981 (1, X0) 0%2 (1, X0)
a2z (£ Xo) —/0 exp (/ﬂ N r) {2 T T T

1 92 F(C(w) (a%(u,xo)>2+282f3<<<u>) 03 (1. Xo) 9%2(11:X0) | OF5(C(w)) 87 P2 (1. Xo)

aajg 8902 8w28x3 8902 612 612 69:%
2
> F5(C(1) 0P1 (1, X0) 0P3 (1, X0) | O*Fs(C(p) (03 (14,X0)
+2 Ox10x3 Oxo Oxo + amg Oxo d,Uz, and

t t
8F3(¢(r))dr 92 F: P (1, Xo) 0P3 (1, X
ot (1.X0) = [ xp ([ 2igL0n ) [0 001l )
7

+<32f3(4(u)) 01 (1, Xo) 4 & F5(¢(w)) 3‘1’3(#7)(0)) 0% (1, Xo) 4 0F3(C(w) 83 (11,X0)

3131312 3133 8I3612 amg 612 812 (99336:62
+ 9% F3(¢(1) 8Ps(1,X0) + > F3(¢(p) 9®1 (1, X0) | 9®s(p,Xo0) d
39:3 Oz Ox10x3 Ox3 Oxo K-

5. APPENDIX B: CASE h{ # 0
Let no(T) = 10+ 7, m (T, ) = 29— Z—‘éa—l—z’{(?,a), (T, @) = z5(7, a), n3(T, ) = «
n = (10,11,M2,13) Yo = (Y1, Y2,¥3), 11 = —,%?), y2 =0 and y3 = 1.
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5.1. First and second partial derivatives of Z* = (z},z5,0). From the first
and second partial derivatives of equations (2.2) and (2.3), we obtain

azl (0 0) / 16@1(%(7‘0,)(0)) 0@1(50,)(0) 6Z2 (0 0) -0 62’1K (0,0) =0 6722(0,0) — 07

1 T ' OT ' O '’ O
3 22 (O O) h/ 1821(0 O) (82@3(‘1)(7'0,)(0)) 8@1(7‘0,){0) + O ‘1>3(T0,X0)) 3@3(@(7’0,){0))
070« - 01013 Oz Ox10x3 Ox3
Lopt (a @3( (10,X0)) 0®1(70,X0) 8P3(70,X0) 4 003 (®(10,X0)) & <1>3(To,xo))
0 ()$1 dxg ot dx?, dxd d‘rdxd ?
8%z} — P X 0% X 8203 (®(70,X0)) OP X
2(0,0) = by [2( 1o Xo) _ 01 (1o, )*) S0 Xo)) O%e(T0: Ko}
_|_3 O3(®(70,X0)) <3<I’3(7'07X0)>2 + (32<1>3(7’0,X0) 23 ®3(70,X0) Co) 3@3(¢(707X0))]
O Oxs 02 Oxz10x3  a Ox3 '
5.2. First partial derivatives of fs.
_ _ oz 00, (P
(7.0) = & (m — ©208(n)) (T,0) = [ Z 2080 2.9,(n) | (7, a),

where %‘I)i(n)(f’,a) = 8<I> (7]) + Zaq) i(n) 975 (77',06).

oz o7

Since 2222 (g ) = 86)2(‘I’<">>(0 0) =0, 222 (0,0) = 232l = o, 2%2(1) (0, 0) =

6:51 a:rg
0 and 83%3(0,0) = 0, we obtain %(070) = 0.
3
On the other hand, %(f,a) = [%Z(j — %i(")) 9 ®,(n)| (7,a),
i=1
3 et
_ o0d; r _
where %@i(n)(ﬂa) = 72;;7) (yj + 6—;) (7, ).
j=1
Since 225E0(0,0) = 2225((0,0) = 0, Z2(0,0) = 232(0,0) = 0, and
9 (0,0) = 0, we obtain 22(0,0) = 0.
5.3. Second partial derivatives of f5.
3
2f, (= 9%0:2(®(n 90, (P 2 -
25 (7,0) = ZZ OS2 0.0, (n) 20, (n) — D 22T 0,(n) | (7,0),
Jj=11:=1 =1
2 0z} > 0z 9z
where 2 ®;(n)(7,a) = 77) + 22 aafam?) 5% Z gsé(xn,j Tfj%
2 8%z
0P, _
+ BI(J n) 5= | (T, ).
j=1
8223%(0,0 8O, (®(70,X0)) P2 (70,X 8223(0,0
5(0,0) = THGA (1 - 20l 00arXe) ) _ THG0 ¢, o,
2 0%z} L O2(P & 90, (P 5> _
G (r.0) = | Gt = D0 D TG L) ) — DD L i) | (7, 0),
j=1i=1 i=1

where 0(%’(1)%'(77)(7'

3 3
(0¥ oz 82 82* _
it (w5 (e 6) + 200 | (o)

1k=1
’2(0,0) = 2200 (1 99:(8(r0.X0)) a@zéxxo)) _ azzasoggm eh = 0.

<.

— -
Mw

1\7
N
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2 _ 82%z% 820, (P
S (T, ) = amz—ZZ OS2 B, (1) £ (n))

j=11i=1
3
90:(2(n)) _&° =
~ 2 0z  oroa ®;(n) | (7, ),
=1
3 3.3 5
9 & (7 — 0"i(n) 9°®;(n) 97 oz;,
where 775204(T, @) = az,00 \ Ui T aa +ZZazkax1 o \Uk T Ba
j=1 j=1 k=1
77
+ aa«, afaa
J=1
92f. 9225(0,0) 902 (2(79,X0)) aq>2(m Xo _9%23(0,0) , _
7" (0 O) O0TO0« 1- Om2 = Toroa ‘07 0-

5.4. Third partial derivatives of f,.
3

Let Ay = ?9;3? (07 O)a By = 37.23@ (O O) Co

Calculation of As.

*%2(0,0) and Dy = 5542 (0,0).

3 3 3
%y (= 2°02(2(n) 8 o o)
37:3?( ) _Zzz,azlghazk 97 z(n)ﬁ@j(n)ﬁq}k(n)
k=1j=1 i=1
3 3 3
8%0 (P 2 005 (P 3 —
=3 o i) G i(n) = PO s i) | (7, ),
j=11i=1 i=1
where
oz LA 19}
9 _ _a<1>() &0, (n) 07 9*di(n) 07; oz}
873(1) (77)(7-704) - ! + 32 072 8:;7 J + SZZBTan;wk oT 87:
Jj=1k=1
3 3 3 3
3 3%®,(n) 9? z; i(n) 9z} 9z} 9z}
+ OT0x; 87’2 + Z Z z](')xkazl WWW
j=1 j=1k=11=1
> 362@()82*6* 30@()63*
P z: 9zF i z* _
+3Z Z axjaxnl, 874 T‘ﬁ + Z Oz . 87’—?{ (T7 Oé).
=1 k=1 j=1
We obtain Az = o 257(0 0) ( 6@2(%(;;)’)(0 6%(T0’X0 ) Zng D¢y = 0.
Calculation of B,.
Py (= N _ 9’03 (®(n) 8 d
8?25a (7-7@) - 8T26a ZZ 8wbéwjazk 67'(1)1( )E(I)](n)%(bk(n)
k=1 j=1 i=1
3
002(®(n)) _8° 9%02(2(n)) _o* 3
28xi 8T28a 22 Z 8:1? ox; 070 a(bi(n)?q)j (77)
i=1 j=11i=1
%0, (@ 2 _
- ZZ Lo O 0y(n) £0;(n) | (7, ),
j=11i=1
where
3 3 3
_2_&.(n)(F.q) = G 0)) ERAON 021\ 0z
rraa Pi(n)(T, @) = 9z;072 + 8a Z 570z,00r \Yk T 3o ) o7
Jj=1 Jj=1k=1
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3 0 . 3 3 3 . 3 3 .
123 L) O NSGNNS 0 02 0m (), 021 Zza%m 9°z; oz
0T0x; O0TO« Ox;0xy 0wy (')T orT Ox;0x), OTOa OT
j=1 j=1k=1

j=1k=11=1
3.3 o257 3 oz
°®,(n) 3Zk Zj 3‘1’ (n) ; =
+ Z Ox;0xy Yk + 87" T 87’2804 (7—7 a)'
j=1k=1 j=1
We obtain )
B, — _282@2(¢(7—0,X0)) APs(70,X0)  OP1(70,X0) + 8P4 (10,X0) 825(0,0)\ 8%25(0,0)
2= 01 0% O or 01 o7 070
_ 990:(2(10.X0)) (9?®2(r0.X0) | 9?Pa(70,X0) 921(0,0) ) 9723(0.0)
Oxo OTOxo Ox10xo orT oT0a  °

Calculation of C,.

3
Tt (7,a) =

3 3 3
8 €]

k=1j=1 i=1
3
8%20,(® 82 o 005 (P 83 _
- 322 T0) %@ () L () — 2L Bap, () | (7,0,
j=11:i=1 =1
where
\ 3 3
) 9% oz: )
70z 2i(0)(7, @) ZZZ@ Bakaxl (yj + aa) (yk + %) (yl + Zl)
j=1k=11=1
: 3@2()02 0 38()63*
[} 7 z D, n Z, _
Zzamjaxk 6042 (y + k) Z ox; Taé (T,Ck).
j=1k=1 j=1
We obtah%
o 0702 (®(70,X0)) 0P2(70,X0) [ O0P1(70,X0) 0P1(10,X0) 25(0,0)
Co= =35 ¥ ( T+ 1353 . ) aa
38 O2(®(70,X0)) P2 (10,X0) 8P3(70,X0) 9°25(0,0)
Ox30T2 Ox2 Ox3 da?
_ 3902(®(10,X0)) <82¢>2(m,x0) n 82¢>2(7—0,X0)) 8%23(0,0)
Oxo 0102 1 Ox30T2 da?

Calculation of Ds.

3 3
36y (= Z Z 9304 (
8?!2%7' ( 7 a) = 8(1287 - ox; ;r;béz)k) da ®; (77) 36(1 (I)j (77) %(I)k (77)

=1j=11=1
3 \ 3 3 .
902(2(n)) _& P02(2(m) 0% g (1) .
S oz 22 Z Baifh,J 5750 2i(1) 54 ®5(n)
i=1 j=1i=1
%0 (<1> ) 2 9
Sy et e ez i) g2 ®5(n) | (7).
j=11:i=1
where
3 3 3
0B, n) 25\ (4, 4 % 0*®:(n) 97
Fraz Li(n) (7 ZZaTaxJazk Yk + Yit 30 )t 2 o7os, oad
j=1k=1 j=1
3 3 3
i) [, . 9% ozt o 00 (n) 9°7
DD deontn (Wit ax) o (Wt n )+ 750" gran
j=1k=11=1 j=1
2 > ) 8%z 2 %%, 9%®,(n) Oz 92 z; _
+ Z Z xjaxk 9700 \Yi + Z Z Ox;0xy, OT doe2 (T’ Ot).
j=1k=1 j=1k=1

‘We obtain
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Dy — 2a<1>2(70 Xo) 8%25(0,0) 9205 (®(10,X0)) [ 0P1(70,X0) + A1 (70,X0)
2= Oz 878(1 Ox10x2 Oz 1 Ox3

_ 99%a(70,X0) 8°25(0,0) 9205(P(70,X0)) I®s(10,X0)

Oxo OTO Ox30To O3
_ 23@2(<I>(T0,X0)) 9%®5(70,X0) + 9*®5(70,X0) | 9°25(0,0)

Bis da10z,  J1 D502 r0a

_ 9202(9(10,X0)) 8P2(10,X0) ( 8P1(10,X0) n %1 (10,X0) 921 (0,0) 25(0,0)

Ox10x2 Oz or oz or 8042
_ 093(®(70,X0)) [ 0°®2(70,X0) + 8%, (10,X0) 925 (0,0)) 9225(0,0)

Oz OTOxo Ox10x2 or da? :

6. APPENDIX C: CASE hj =0

Let no(7) =10+ 7, m(T, o, B) = o — Z—Za — %ﬁ + 21 (7, a, 8), n2(Tya, B) = ay

_ _ _ by
773(7_a04’ﬂ) = ﬁa 77(7'76%5) = (7707771,ﬂ2a773)(7704a5); YO = (y17y27y3)7 Y1 = 7%7
y2=1Ly3=0,Y; = (yllayévyé)ﬂ yi = _%7 yé =0, y:/3 =1

For i = 2,3 let 4; = 2.0:(0,0,0), B, = 2.4(0,0,0), ¢; = 24(0,0,0), D; =

221:(0,0,0), E—af‘(OOO)andF—faglﬁ(OOO)

6.1. First partial derivatives of Z* = (z7,0,0).
From the first partial derivatives of equations (2.7), we obtain
91(0,0,0) = af 201 {re Xl 00100 %0) 921 (0,0, 0) = 0, and 53(0,0,0) = 0.

1

6.2. First partial derivatives of fs.

3
(7,0, 8) = 2 (11 — O3 0 (1)) (7,0, ) = [2?%3“6@<>ﬁ@ﬁ»
=1

Since 392@)(")) (0 0 O) = 392@)(")) (0 0 O) =0 q>2( )(0 0 0) = 84)2( )(0 0 0) 0
7 0z
and 2( )(0 0 0) = O we obtaln 7f2 (0 0 0) =0.

92 (7,0,8) = §f®?W6¢<ﬂﬁﬂﬁ>
We obtain %(07070) =1- 8@2(%(;;”}(“)) 8%5@2’;}(“) =e) =0.
3
_ o _
92 (7,0,8) = |- C%ﬁm&@mﬂwﬂﬂ»
L =1
3 B2t
_ 0P, 2] _
where Z0,(n)(7, . 8) = | Y250 (4 + 54 ) | (7,0, ).
j=1
We obtain 2(0,0,0) = 0.
6.3. First partial derivatives of fs.
3
9:(7,0,0) = [&UB—%OMm) 02D 0.3, (n) | (7, x, B).
i=1

Since 2252)(0,0,0) = 0, 232(1(0,0,0) = 23:)(0,0,0) = 0, and
9%2() (0, 0,0) = 2230 (0, 0, 0) =0, we obtain %(o 0,0) = 0.

8f3 (7_ a, ﬂ) [_ 8@38(2(77)) %Cbi(n) (7:,0476)-
=1
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We obtain 2/2(0,0 0) hfy = 0.

%j;. (7,0, B) = Zaes z(n)) 2.3,(n )] (7, a, ).
We obtain %—%(0,070) =1- 8@3(%(;:’)(0)) 8(1)352]3’)(0) ity = 0.

6.4. Second partial derivatives of f5.
Calculation of A2

9 820, (P 8O, (P _
G2 (7.0,8) = §2§2£wﬁaémm@w+—%@ﬁﬂ<>wmm

=1 | j=1
where

2 Pi(n) 02f | 0Bi(n) 0Pz | O 0::\?| -
5 ®i(n)(7, 0, ) = 25 242 arag(o?) + Bw(ln) o T M%n) (T) ] (7,a, ).

7

We obtain A, = 0.
Calculation of B,.

9% o) 80 2
fz(n) ’r Oz,ﬂ Z xz(g’% ) (I) (n)aaq) (U)Jr 28(;11(77))%@1,(7’)
where
2 _ 8%®; 0z7 b, d; ozF b/
i) = | az? (5 U)o (%5 %)

0P, (n 27 o
+ 3:5(1) 8(12 + ‘I’(n)]( T, 7ﬂ)

(7_—7 a? B)?

We obtain2 )
= “oEoyttp onfp (engu ) on )
82@2(¢(T0 Xg)) (6@2(70,X0)) 26202(¢>(T0 Xo)) aq)g(’l'o Xo) 8<I>2(‘ro Xo)
812 Oxa Ox30T2 Oxo Oxo
2 ’
_ 00s( 8(;20’)(0)) (23 ‘gig‘g;fo) (727(,;) + o ‘I’28(;'§,X0)) )
Calculation of C,.
3 3
92 %0, (® 90, _
agfzz (T,a,8) = Z Bz (az(]n)) 50 i(n )@‘I’j(ﬁ) + az(n)) 5852CI) (| (7, 8),
i=1 | j=1
where
2 — 9%, oz c/ d,; 0z c/
T=®i(n)(7, 0, B) = {Mé") (% - az) +2520 (5 - 4)

. 2
+IRI G + T5A2] (70, ).

We obtain Cy = 0.
Calculation of Ds.
3 3
2 _ 920 LS) 2
g’?gi (7,0, ) = _Z a;i((;bz(j)) aq> (n) ?(Di(n) + 23(2(77)) a?aaq)i(n)
i=1 | j=1

whzere ) ) ) ) o2
om0, 0) = [ (5 = ) (G + S50 ) + 250 o3

?®,(n) |, 9%®i(n) 027 /=
+ OTOxTo + Ox10xo or (T7a75)'

We obtain
Dy = _ 0°02(®(10,X0)) 9%2(70,X0) [3@1((;'0,)(0) + 091 (70,X0) 62;(07070)}

0x10xo Oxo Ox1 oT
_ 802(®(10,X0)) [32@2(70,)(0) n 8%y (10,X0) 02} (o 0, o)}

Oxo OTOxTo Ox10x2 or

(77—7 a, B)a
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Calculation of E2

92 fo 820, (P 8O, (P 2 _
oo (T, . ) = Z Z 8;(81(7)) a5 i () F=®i(n) + #6?7%@(”) (7, 8),
=1 | j=1
there ) )
_ 0z} ch 9°P; Oz o0, 0%z}
arap i) (7, @, f) = [(871 - i) ( Fror, + wl( . 1) + 2onl 55

*®i(n) | 0*®i(n) 021 | (=
+ O0T0x3 + Ox10x3 o7 (T7a7ﬁ)'

We obtain Es = 0.
Calculation of F5.

3
8%0 00, (P 2 _
Pl (7,0,8) ==Y | D L9200 0 ¢, () L (n) + 2222 () | (7,0, ),
i=1 | j=1
where
¢ = _ Co 2®;(n) 321 %@, (n)
9008 i(m)(7, 2, ) = +5 05 Da? + + 6126.1,1
(1) 8%z} 3%d,( ) b, 0z ®;(n
+ 2o 5ads + Gy e ( a T 1) T w205 } (7, . B).
We obtain
F, = _8%03(®(10,X0)) 92 (70,X0) (75 8%1(70,X0) + 8(I>1(7—0,X0))
- Ox10xo Oxo ag Oxq Ox3
_8@2(@(7’0,){0)) (_i 82‘I>2(TO7X0) + 82‘I>2(TO7X0))_8262(‘I>(7'07X0)) 6@2(7’07X0) 8@3(7’07)(0)
Oxo af, Ox10xo Ox30xo Ox30x2 Oxo Oxs :
6.5. Second partial derivatives of f3.
Calculation of As.
3
3 fs (= 8%03(®(n)) 8 903 (®(n 2 _
GE(7,0,8) = _Z Z 31?(811 5e®i(1) 725 () + %adﬂ@ )| (7, B)-
i=1
We obtain A3 = 0.
Calculation of B3
9 3%203(2(n 903 (P 2 _
af (7,0, B) = Z Z 3;(39;1 aaa(I)( )aa@'(n)+3§T("))%‘I’i(n) (7, a, B).
=1
We obtain
_ 0203(2(70,X0)) 0%2(10,X0) [ 0®1(70,X0) le 0% (710,X0)
B3 =2 Ox20x1 Oxo Oz + + Oxo
_282633?;%2;)(0)) a«psé();()z,xg) [aqné;ol,xo) ( 0 n 821) i aq>1é;02,xg)}
82@3(‘I> To,Xo)) (6‘1’2 T07X0)) 262@3(@(7'0,)(0)) a‘bg(To,Xo) aéz(To,Xo)
3I3am2 (9I2 aIz

_ 003(® (TO7XO)) 2’ 2(7'0 Xo) 72324’2(7'0,)(0)% 9203(®(10,X0)) [ 8®3(70,X0) 2
Oxo ox Ox10xo ayg 613 Oxo

_ 8@3( (TQ,X(])) 8 @3(7’0,){0) _ 2824)3(7'[),)(0) %
Oxs sz O0x1012 aj |-

Calculation of Cg

9 9203 (P 8O3 (P _
h(ria.m) = -3 Z Eo o g ®iln) 5@ () + P S @) | (7, ),

=1 | j=1
We obtain
Cs — _252@3(‘1’(7'07)(0)) 0®3(10,X0) [0®1(10,X0) (<o + 921 (70,X0)
3 03011 Ox3 o1 ay Oxs3
2
62@3(¢(T0,X0)) 8@3(7’0,){0) _ 8@3(@(7‘0,){0)) 82‘1?‘3(7'0,}(0) _ 262‘I>3(70,X0) i
Ox32 dx3 dx3 Ox2 Ox10z3  a

Calculation of Ds.
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ST
8%0 E 20 a2 B
B == Z OGS B0 () 2 () + P2UTL D20, (n) | (7,0, B).

i=1

6

We obtain
Do — _ 9%03(®(10,X0)) P2(70,X0) [ 9®1(70,X0) + %1 (10,X0) 92} (0,0,0)
3 Bx20x, ) o7 11 ot
_ 0%03(®(70,X0)) 0®3(70,X0) [ 8®1(70,X0) + %1 (70,X0) 92} (0,0,0)
Ox10x3 Oxa orT oz or
_ 093(®(70,X0)) [ 0°®2(70,X0) + 8%®5(70,X0) 927 (0,0,0)
Oxo TOxo Ox10xo orT
_ 0093(2(79,X0)) [ 8*P3(10,X0) + 9%®3(79,X0) 927(0,0,0)
Oxs3 OTOxo Ox10xo orT :

Calculation of E3

2 820 80 2 _
2 L(7,0,8) = Z Z ESAR) 9:;(n) 2= @i (n) + 25T 200, (n) | (7, 0, B),
=1 | j=1

‘We obtain
Fla — _ 8%03(®(10,X0)) 0®3(70,X0) ( 921(70,X0) + 8% (10,X0) 92} (0,0,0)
3= 01103 O3 ot 11 or

_ 0093(2(10,X0)) [ 8°®3(70,X0) i 8%®3(70,X0) 927 (0,0,0)
d$3 07'0333 dacl dﬂC?, oT :

Calculation of Fj3.

3
3 = 8203 (® 8O3 (P 2 _
aag% T,a,B) = E : E : 8;1(8;;7)) aa(b( ) 5q’j(77)+ da(a;i(n)) 8265‘1)%‘(’7) (7, a, B).

i=1

We obtain
s = _ 9%03(®(70,X0)) 0®2(70,X0) [0®1(70,X0) (¢4 + 0% (70,X0)
3= 0x2011 Ox2 0z ay, Ox3

_ 0205(®(70,X0)) 0%3(70,X0) [aél(m,xw _5) n 5‘51(70,)(0)}

Ox30x1 Oxo Oz ay Ox3
_ 993(2(10,X0)) [9%®2(10,X0) [ b + 82®4(79,X0)
Oxo 02011 af) 02013
_ 0%03(2(10,X0)) 0P3(70,X0) [0®1(70,X0) [ _ b + A1 (10,X0)
Ox10x3 Ox3 Oz ay Oz
_ 9%03(®(70,X0)) 9P2(70,X0) 9P3(70,X0) _ 8°O3(®(70,X0)) 0®3(70,X0) 0®3(70,X0)
Ox20x3 Oxo Oxs ax Oxo Ox3
_ 8@3(‘1’(7’0,){0)) |:82¢3(T0,X0) (7%) + 8 q>3(T(),X0) (7%) + 82¢3(T0,X0)j|

Oxs Oxo0x1 aj Ox10x3 a6 Ox20x3

7. CLASSIFICATION OF HYPOTHESES (H1)-(H11)

To solve system (2.10), we need to know the signs of the coefficients of o and
p. So, we solve the first equation, and we obtain either p(c) or o(p) depending on
the coeflicients of the first equation of system (2.10). After that we substitute in
the second equation which gives an equation of first or second order with respect
to either o or p. Finally we obtain three classes:

(CL1): First order system having one solution for p and one positive solution
for o, this case corresponds to (H1), (H5) and (HS6).

(CL2): Second order system having one solution for p and one positive solu-
tion for o, this case corresponds to (H2), (H3), (H4), (H7), (H8) and
(H9).

(CL3): Second order system having either one ((H10)) or two ((H11)) so-
lutions for p and two positive solutions for o.
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8. APPENDIX D: APPLICATIONS TO THE PULSED CHEMOTHERAPY MODEL

PRI _ 7, (i 4, PeaBI) 7, _ p 99U 0, (i £ ] and

(i,4) # (3,2)),

—Agrgky
003(2(10,X0)) _ 0®1(70,X0) _ =2 —ri79 9%P2(70,X0) _ 1 (r2(1=X2k1)—m)To
Oz - R’ Oz - Tl e ) Oxo - Tl e ?
OP3(70,X0) “2atshy ( )
3(70,X0) __ T r3(1—Ask1)7o0
oz, — T, e ,

—Agrgky Aoroky  Agrsk 7o

0®3(10,X0) __ 1-X\3k T - 227271 237371 — -1

0B0X0) _ pera(i-dakimgy (1) SR [ o ) 1 (1),
0

—T1T TO
6<I>1((9‘;02,X0) - _ Mirikl(Th—e 217 2\37"2/91 |:/ [erl,u(Tl _ 6—7"17'0) + (1 _ T1)]e_m“lg(u)du
TZer170(1—e~"170) 1 0 ;
7o
b [T — ) + (1= T () (/ 6‘m812<s>131<s>d8) du] |
0 Azraky 0
7o
0P (10,X Airiki(1—e™ 7170 r Ty—e~ 7170 r T
e = A / [ (T —e 70 )+ (1-T1)) Is (),
ah =1-Ty e,
—r1T To
b= e )| [T ey = o) 4 (1= Tl R
T1em170(1—e~"170) 1 0 i
To
[y ey =m0 (160 [ e R s)as ) du
0 0
R To
= Ariki(Th—e 2172)% - [er i (Ty — e "170)) 4 (1 — T1)]I3(p)dp,
T1em170(1—e~7170) 1 0
_Agrak)
0=0,¢g=1-(T=R)T, " eli-dh)mmn, fi =0, g, =0,
—Xgrok 1 aak ,*ﬂ:ﬂ 7o
6 = *RTl?e(TQ(lf)‘?kl)*m)To7T3m673< - 3k31:37131,1—‘1 >\2r21k1 / eim#IQ(/'OIS_l(:u’)d:uﬂ
(1—e=r70) T 71 0
_ Agraky
16 =1— Tng r1 67"3(17/\3161)70,
a@l(gg,Xo) _ i?s(To) _ 7-1kle*";;o((ljile—ie;:)’)'(;)(l—T1)7
2*®5(10,X0) _ (,r —m— )\2T2]€1(T1*6_T170)) T7A2r:2k1 e(r2(1=X2k1)—m)7o
OTOxo - 2 Tl(l—e*""lTO) 1 )

, T —Agrgky
TOT3 1(1l—e= 717

_Agrgki (T3 —e "170) r3(1—A3k1)To T
rg——2—=2———_———— |me 0
9% ®3(70,X0) _ ( T1(1—e~"170) ) —m 1
eI (p) 5 (p)dp
0

OTOx2 - A3':73’*1 _2araky | Agrgky 3
T, ™ (1—e-mimo) 71 T T1
(ro(1—Xgky)—m)Tq
e
+ orakl )
T, "1
Agroky
9% ®5(70,X0 1—Xoky)— -1 —1-= _
Tgaed = elra Ak =m)mo gy Ly T, bo(eTm —1),
To
82®y(10,X0) roe(r2(1=A2k1)—m)mo 1
Ox30zy Aaraky ~ Aaraky (ITZ_/\Q)I?»(U)
Tl 1 (1—677‘170) 1 0

T H
+ R e T / ("3 (Ty — e7"47) + (1 Ty)lEs(s)ds | dp,
0

_A2roky Agrok
2P X —m— — B _ 27271
9“P3(10,X0) 26(7"2 m Azrgkl)To)\2T2)\1r1k1(T1_e rlro)Tl 1 (1—6 7‘17'0) X

8m§
/TO €T [ e (Ty —e ™ "170) 4+ (1=T1)][e ™" Ia(s)+mIs(s) [y e ™ ()15 " (1)dl]ds
0

[erii (Th—e 7170) 4 (1—T1)]2 dp
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2rge(r2—m—Aaraki)To 1

70
—mfu
e [ ey
0

(1—67"‘170)7 T Tl 1
70
2rge(r2=m=A2m2k )0 (k=1 4 X\ )m ©no— -1
B Noroky 2M I3(:“)(f0 € mSIQ(s)I;S ds)dp,
(1—e=mi70)” 71, " 0
Azraky
92®3(10,X0) _ ra(1—Aski)T -1 - —T1T
S, = eI g g Ty (emmm —1),
_2A37r3k] Aarak 7o
2*®3(10,X0) __ r3(1—XAsk1)70 .—1 1 —rimo) et
Toar = 2rse sU=Ask)mo by (L—e™mm) m A Is(p)dp
—Agraky H
0 2AsrskiApryem3(t T skDTO D T (Tl—e*"m)/ [€71° (T —e ™ "170) 4 (1—T1)]I3(s)ds
+\/ _Azraky 0 d,u,
0 (1—e=m170) 1 e T1H[emH (T —eT 170 )4(1-T1)]?
T
82 <I>3(TO,X0) _ er3(1=Agrzky)To 0 m];l(,u))\gm(Tl7677‘1To)efm”(lferl”)b(p‘)
Ox10z2 Azraky Agraky _1_22raky
T, ™ (1—e-T170) "1 0 1(1—e~7170) "1 [emi#(Ty—e”"170)+(1-T1)]
AzrgmeTtH [ e= ™ [y (s)I5 " (s)ds
+ o A2T2k? d/J,
(1—em170) 27 7T [erin (T —em170) 4 (1-T)2
—A3r3ky
a2 P3(70,X0) _ ers(1=Ask)ro 1 ° 2XAzrgmAiriky (Ty—e”"170)e" L [1 e ™ I (s)I; ' (s)ds %
Ox3 A3r3ky 2hgroky
(1—e—Tr170) "1 0

(1=e=7170) " 71 [erth(Ty—e~"170)+ (1= Ty )]2
S

/ [es(Ty—e "1 ™0)+(1-T1)] [e_mslg(s) —|—m13(s)/ €_ml12(l)l3_1(l)dl ds
o 0

2(Nara+ 72 me” ™ I (p) [§ e I (DI (D ds+ 322 (m [ e~ Iy (s) I3 (s)ds)?

2Xorokq
(1— e*ﬁfo) 1
m?)\QTQAlT‘l/Cl(TlfeirlTO)Iz( )13_1(/1,)
+ 2)\2r2k1

emh(l—e=T170)

</ [ et (Ty—e™ T170) 4(1— Tl)]( MW tmIs () fye " LI dr)dl

e T15[e1s (Ty—e—"170)+(1—14)]2

m
o = ,>\2f2k1/(; quQ( )d

ko(l—e~7170) 1
(>\2T’2+%)m

- YISy / #Is(s)(fos e~ ™ LI (Ddl)ds | | du,

(1—e~7170) 71 0

Case h{ # 0, i.e. R+ m # 0. We obtain azl(O 0)—w,

(176—1"170)2

A3rzky

9%2;(0,0) T r3(1—Aszk1)7o3,/—1
W = (1 — )\3]€1)T37‘3T1 (&4 3( 3 1) Of_ll’_O y
0
) AsArk / [e" 1 (T3 —e™"170) 4 (1-T1)] 3 ()
0°z5(0,0) __ 2T5r3e"3(1=A3k1)70 0 d
da? T 23raky ~ Agrak; T1e™170(1—e~"170) K
T, "™ (1—e—7170) "1 h)

W
To To )\3)\1k1r1(T1—677‘170)/ [e"1®(Th—e  "170)+ (1T )]I5(s)ds
1
7K/O' I3(N)dﬂ+/0 e*"'l“[e"'l“O(T1—e*7'170)+(1_T1)]2 d‘LL ’

To
Ty —R)Tarae™3(1—=23k1)70 o(ra—m—raXaki)7o 1
D, = A ra(ds + %) [ Ia(u)du
0

~Aarak;  2272k1 | Azraky
ho(l_e—rlfo) 1 Tl 1 1

T0
~ e [ e (T = ) (= Tl
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0 grin S e (T e 70) 4 (1T Es(5)ds

— oAk (11 — 6_“7")/0 [ (T1 —e 7170) +(1-T1)]2

70
- sphtenoab) e, - o) 4 (1= T (nd
0

T1e™170(1—e~"170)

To
s RO
0

-
 Ashikiri(ro—m—raXaki) 0 erim fo“[erlS(T1—87T170)+(1_T1)]13(S)dsd
(Ti—e—7170) 1 0 ler1#(Ty—e="170)+(1-T1)]? Ho

2(T27 )(17}\3]@1)’1—'37‘3(7”27177, T2)\2k1) r3(1—A3k1)Toe(r2 m—rA2k1)70
)

B — R
2 — = Aorakq +A3r3k1
h/ 1
5 Azr3ky T
c 6(T2—R)T3r37ge’3(1 Askl)ro6(72—7n—72>\2k1)7-0(1 677170) e 1 UI p
2 = )\27‘2k1+)\37‘3k1 %5 3(/1«) 12
hoTy 1 0

70
— i [V - ) 4 (- T
0 -
O erin S e (T—e o) =Tl (s)ds |

= AsAikiri (Th —e™ ™) / [ 1 (T)—e 17 0) £ (1=T1))2

0 J
70

[ st [ e — ) (= T~ (3 + %) [T

Ty(em170—-1) o
Y et [ e (Ty—e 10)+ (1Tl (s)ds ;]

+ XoAkiri(Ty —e™™70) /o [er 1A (T1—e ™170) 1 (1—T1)]2
lele_rlro(lle) )

Case h6 = 0, i.e. R=m = 0. We obtain %(O 0) = W,

BTy R 0y / T°e—mu[ewm_e—m>+<1_T1>112<u>du
0

By = — ~aaraky HM
e'r'lfo(l_efrlfo) 1 Tl
2(T27R)me(T27”L7>‘2T2K1)T0)\27‘2)\1k1 —ms I
R T >\27‘2k1 fo Ix( )3 (s)ds)du
T*1 1 7‘170(176—7‘170)
2(Ta—R)Aara Ay rikpelm2t—r2k1)—m)mo T i ers (T —e~m1T0) (1 T)le ™" Ix(s)ds
Xgroky Agroky e~ T1H[em1H (T —e~"170)+(1-T})]? H

(Tl—e_rlTO)_lTl 1 (1_€—r1r0) 1
0
B ST (T —e = T1T0) 4 (1 =T I3 () (J§ e~ I (15 (D di)ds
2(T> R))\QT‘Q)\lT‘lklm/(; TR TR (T, —e= T170) (1= T1)]2 dp
Agroky Xoroky

e~ (r2(1=A2k1)=m)70 (T —e~7170)=1T, " (1—e~7170) 71

70
2(To— R)rae(r2(1—A2k1)—m)7o _
(T2—R)r2 e~ ™1 I (p)dp
0

+ ATk ~ Agroky
keTy ™t (1—e~T1To) 1
Q(TQ—R)TQ(%4—)\2)7?16(%2(17)\2]‘:1)7'm)70 T0 B s _1

+ s —n ; Is(p)( [y e ™ Ia(s)I5 " (s)ds)dp,

Tl 1 (1—677'170) 1
_Agrgky

Dy = —(To — R)(rg — m — Aaroky)Ty 7 e(ramm—Aarzki)mo

(rog—m=—Xgrak1)To(_ 1 _ 7o
T2€ ( kz )\2)
F2 = _(T2 - R) Xorok] “AarakL o I3(/J)dp,
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