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ABSTRACT. Let (M, F) be a compact Finsler manifold of hyperbolic type, Mp
be its universal Finslerian covering and o the critical exponent of the group
of the deck transformations of M. In this paper we prove the existence of an
of -Busemann quasi-density on the Gromov boundary Mg(oo) of Mp. Fur-
thermore, we generalize the Shadow lemma to the compact Finsler manifolds
of hyperbolic type.

1. INTRODUCTION AND MAIN RESULTS

Let (M, g) be a complete Riemannian manifold with negative sectional curvature.
Then the universal cover X of M is diffeomorphic to the Euclidean space and can
be compactified by adding a topological sphere 0X. The fundamental group T' of
M acts by isometries on X U 0X.

In [10], when X is a real hyperbolic space, S.-J. Patterson constructed a familly
of measures {1, }.cx as follows :

E/‘ —sdg(w,vz0)
e—sdg(,
r

vE 5

_ g
Hs,zo,0 = o5y (@0, 770) vzo, S>>0, xand xg € X,

where d, is the distance function induced on X by g, 4, the Dirac point mass of
weight one at yxg and o9 the critical exponent of T'. Let (s,), be a sequence with
s, > o9 and s, — o such that pg, ., . converges weakly, as well to the measure
to. The measure p, is I'-quasi-invariant.

Let now (M, F) be a compact Finsler manifold of hyperbolic type (cf. Definition
2.3) and My the universal Finslerian cover of (M, F) (cf. Definition 2.2). Let
denote by ME (c0) the Gromov boundary of My, I' C Iso(Mp) the group of the
deck transformations of Mg and of the critical exponent of T'.

Following the original idea of Patterson (see [10]), we define on My U ME (c0), a
familly of measures {pz},¢7,.- Using this construction, we prove the existence of
a Busemann quasi-density of dimension o' (cf. Definition 4.2 ) on Mp U ME (c0).
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SHADOW LEMMA ON FINSLER MANIFOLDS OF HYPERBOLIC TYPE 7

For any point € My and p > 0, let denote by OZL (x, p) (cf. Definition 4.3) the

shadow on M (00) viewed from zq of the ball B (z, p).
The main result of this paper is the following :

Theorem 1.1. Let (M, F) be a compact Finsler manifold of hyperbolic type and
Mp be its universal Finslerian covering. Let T be the group of deck transformations
of Mg, of its critical exponent and {uw}meMF be a Patterson-Sullivan density
associated to I' on MFUM?(OO). Then there exist a constant R > 0 and a function
b > 1 such that for all p > R and all x € MF,

1 F
T S Hay (O (2, 0)) < b(p)r™
b(p)r

where r = e=4r (@) and OF (z, p) is the shadow on MG (o0) viewed from xq of the
ball B} (z, p).

The Shadow lemma allows to estimate the measure of certain subsets of the
boundary with respect to Busemann quasidensities. It was proved by D. Sullivan
([13]) in 1979 to all hyperbolic spaces. In 1997, G. Knieper ([8]) used the Shadow
lemma to estimate the volume of geodesic spheres of the universal Riemannian
covering of the Hadamard manifolds of rank 1,

From Theorem 1.1 since all compact orientable surfaces of genus greater than
one admits a metric gg of strictly negative curvature, we deduce the following :

Corollary 1.1. Let M be a compact orientable surface of genus greater than one,
F a Finsler metric on M and My be its universal Finslerian covering. Let T' be
the group of deck transformations of Mg, of its critical exponent and {“r}xel\?fp
be a Patterson-Sullivan density associated to T' on Mg U ]\;[Ig(oo) Then there exist
a constant R > 0 and a function b > 1 such that for all p > R and all x € Mp,

1 »
T NoaF < Hazq (Ofo(l‘,p)) < b(p)T )
b(p)r
where r = e~ (®:20) and OF (x,p) is the shadow on ME (c0) viewed from xq of the
ball B} (z, p).

The paper is organized as follows : in section 2, we recall some basic facts about
a Finsler manifold. Section 3 is devoted to the ideal boundary and the Gromov
boundary of a Finsler manifold of hyperbolic type. In section 4, we construct a
Busemann quasidensity and we provide the proof of the theorem 1.1.

2. GENERALITY ON FINSLER MANIFOLD OF HYPERBOLIC TYPE

In this section, we briefly recall some notions from Finsler geometry; see [2] or
[11] and the references therein for more details.

Let M be an n-dimensional C*° manifold. Denote by T,,M the tangent space
at € M, and by TM = UzenT, M the tangent bundle of M. FEach element
of TM has the form (x,y), where x € M and y € T, M. The natural projection
7 :TM — M is given by n(z,y) := z. Let (2',2% -+ ,2") = (2%) : U — R"
be a local coordinate system on an open subset U C M. As usual, {%} is the
induced basis for T, M. Any y € T, M is expressed as y = y° 821-.

A Finsler structure on M is a function

F:TM — [0;+00)
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with the following properties :

(1) Regularity: F is C*° on the slit tangent bundle TM \ {0};
(2) Positive homogeneity: F(x, \y) = AF(z,y) for all A > 0;
(3) Strong convezity: The n x n Hessian matrix

(91 = ([QF} )

is positive definite at every point of TM \ {0}.

Note that the Finsler structure F' is locally expressed as a function of (z;,y;)
and the partial derivatives of %Fz are taken with respect to 3. It is easy to check
that the positive-definiteness of %F 2 is independent of the choice of any basis of
T.M.

Let M be an n-dimensional C'*° manifold. A smooth Riemannian metric g on M
is a family {g.}+en of inner products, one for each tangent space T, M, such that
the functions g¢;;(z) = g (%, %) are C'°°. Since each g, is an inner product,
the matrix (g;;(x)) is positive-definite at every « € M. Then g defines a symmetric
Finsler structure ¥ on T'M by :

F(z,y) := \/m

Therefore, every Riemannian manifold is a Finsler Manifold. ‘

Let o : [a,b] — M be a piecewise C*° curve with velocity %42 = dd%laii €
TyM. Its length Ip(o) = fab F(0,4%)dt. For p and « € M, denote by C*(p, z)
the collection of all piecewise C*° curves o : [a,b] — M with o(a) = p and
o(b) = x. Define the metric distance from p to z by

drp(p,z)= inf I .
F(p, ) JOREL r(0)
Note that if F' is typically positively homogeneous (of degre 1) the distance dp is
non-symmetric.

We say that the Finsler structure F' is absolute homogeneous if

F(z,Ay) =| A | F(z,y) forall AeR.
In this case, the distance dp is symmetric.
Let denote by Bf:(p,7) = {x € M : dp(p,z) < r} and Bp(p,7) = {z € M :
dF (CL‘,;D) < ’I’}.
Definition 2.1. Let (M, F') be a Finsler manifold.
(1) A piecewise C°° curve c¢ : [a,b] — M satisfying F(¢) = 1 is said to be
minimal if [p(c) = drp(c(a), c()).
(2) A curve c:[0,00) — M is called a forward ray if ¢ |[4, is minimal for all
[a,b] C [0, c0). )
(3) A curve c: (—00,0] — M is called a backward ray if ¢ |, is minimal for
all [a,b] C (—o0,0].
(4) A curve ¢ : R — M is called a minimal geodesic if ¢ [(, 3 is minimal for
all [a,b] C R.
Definition 2.2. Let (M, F) be a Finsler manifold M. We say that F' is uniformly
equivalent to a Riemannian metric g, if there is a constant cg such that

1
— F<|ly<cr-F
Cfp
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where ||v|lg = \/9(y,y) for all v = (z,y) € TM.

Let p : M —» M be the universal Riemannian covering of M. Using the map p,
we pull the Finsler structure F' back to M. The resulting F defines on TM \ {0}
a Finsler structure. We denote by Mp the Finsler manifold (M JF ); Mp is the
universal Finslerian covering of the Finsler manifold (M, F).

Let T C Iso(MF) be the group of deck transformations. We say that F is
invariant under I' if

F(dr(pv)v) = F(v) Yo € TM,7 €T.

Remark 2.1. Note that if M is a compact manifold and F' is invariant under the
group of deck transformations I' then F' and ¢ are uniform equivalence.

Definition 2.3. A Finsler manifold (M, F) is called of hyperbolic type, if there
exists on the manifold M a Riemannian metric gy of strictly negative curvature
such that F' and go are uniformly equivalent (cf. Definition 2.2).

3. IDEAL AND GROMOV BOUNDARIES OF FINSLER MANIFOLDS OF HYPERBOLIC
TYPE

In this section, we study the ideal Boundary and the Gromov hyperbolic bound-
ary of the universal Finslerian covering of a compact Finsler Manifold of hyperbolic
type.

The following theorem is fundamental for the study of the ideal boundary of
Finsler manifolds of hyperbolic type. It was proved by Morse in dimension 2 and
by Klingenberg in arbitrary dimensions. The fact that the Morse Lemma also holds
in Finsler case was first observed by E. M. Zaustinsky (see [14]). Due to Klingenberg
(see [7]), the Morse Lemma holds in any dimension.

Theorem 3.1 (Morse Lemma, cf. [12]). Let (M, F) be a Finsler manifold of
hyperbolic type and gg be a metric of strictly negative curvature on M such that F
and gy are uniformly equivalent and M be the universal covering of M.

Then there is a constant ro = ro(F, go) > 0 with the following properties.

(i) for any two points x and y € M, the go-geodesic-segment 7y : [0, dg, (,y)] —
M from x to y and any F-minimal segment ¢ : [0,dp(z,y)] = M from x
to y we have

d 0,d t))) < ro.
e B OO ) <

(ii) If ¢ : [0,00) — M is a F-forward ray, then there exists a go-ray 7y :
[0,00) — M and conversely, if v : [0,00) — M s a go-ray, then there
exists a F-forward ray ¢ : [0,00) — M, such that

sup dg, (7([0, 00), ¢(t))) < 7o.
te[0,00)

This properties stay hold for backward rays and minimal geodesics.

Now let (M, F') be a compact Finsler manifold of hyperbolic type and Mp be
its universal Finslerian covering. Let gy denotes an associated metric of strictly
negative curvature on M. Note that the universal Riemannian covering My of
(M, go) is a Hadamard manifold and let denote by M(co) its ideal boundary. Two
F-forward rays ¢ and ¢’ are said to be asymptotic if there exists a constant Dy > 0
such that dg (c¢(R4), ' (R4)) < Dy, where dy is the Hausdorff distance with respect
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to the distance dp. This defines an equivalence relation on the set of F-forward rays
of Mp. Let Mp(oo) be the coset of asymptotic F-forward rays ¢ of Mp. For each
F-forward ray ¢ of M, it follows from Morse lemma that there exists a go-geodesic
ray v such that dy(c(R4),v(Ry)) < D, where D is the constant in Morse lemma.
Let [c] be the equivalence class of a F-forward ray ¢ and let [y] the equivalence class
of the gp-geodesic v. The map f defined by

fi Mp(oo) —  Moy(c0)
[ = D
is bijective. Then f defines on Mp(o0) a natural topology with respect to which
Mp(o0) and My(co) are homeomorphic (Mp(oc0) =~ My(0)).
Let recall now some basic facts about Gromov hyperbolic spaces. Let (X, d) be

a metric space with a reference point zy. The Gromov product of the points x and
y of X with respect to xg is the nonnegative real number (z.y),, defined by:

1
(x'y)m) = §{d(xa .Z'()) + d(y7 l‘o) - d((I}, y>}
Let 6 > 0. A metric space (X, d) is said to be a §-hyperbolic space if

(2.9)zy > min{(2.2)y; (Y-2)ze t — 0

for all z, y, z and every choice of reference point zog. We call X a Gromov hyperbolic
space if it is a d-hyperbolic space for some § > 0. The usual hyperbolic space H" is
a d-hyperbolic space, where § = log3. More generally, every Hadamard manifold
with sectional curvature < —k? for some constant k > 0 is a d-hyperbolic space,
where § = k~1log 3 (see [1] or [4]).

Lemma 3.1. (See [4] or [6]) Let (X,d) be a complete geodesic §-hyperbolic space,
xo a reference point in X, x and y two points of X. Then

d("Eo,’me) —46 S (xy):ro S d(x07’71y)
for every geodesic segment v, joining x and y.

Definition 3.1. A function f : R — R is called k-convex if for all x,y € R, and
t €10,1],
fltr+ (1 =t)y) <tf(x) + (1 —8)f(y) + k.
Proposition 3.1. (See [4] or [6]) Let (X, d) be a d-hyperbolic geodesic space and
c1,c0 : R — X two minimizing geodesics. The function
f:R — R
t — d(er(t),ea(t))

18 48 -convez.

Definition 3.2. Let (X7,d;) and (X2, ds) be two metric spaces. A map ® : X1 —
X5 is called a quasi-isometric map, if there exist constants A > 1 and « > 0 with:

1
74(2,y) — a < da(2(2), B(y)) < Adi(z,y) + o Vz,y € Xi.

In a metric space X, a quasi-geodesic (resp. quasi-geodesic ray) is a quasi-isometric
map ® : R — X (resp. & : Rt — X).
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Lemma 3.2. (see [4]) Let X1 be a metric space and (Xa,ds) be a geodesic Gromov
hyperbolic space. If there exists a quasi-isometric map ® : X1 — Xo, then X, is
also a Gromov hyperbolic space.

Now let X be a Gromov hyperbolic manifold, xy a reference point in X. We say
that the sequence (x;);cn of points in X converges at infinity if

FEXCRONEES

If x1 is another reference point in X,
(@ Y)ao — (0, 71) < (7 Y)ay < (% Y)ay + d(20, 1)

Then the definition of the sequence that converges at infinity does not depend on
the choice of the reference point. Let us recall the following equivalence relation R
on the set of sequences of points in X that converge at infinity :

(x))R(y;) = i}iinoo(xi “Yi)we = O0.

The Gromov boundary X%(0o) of X is the coset of sequences that converge at
infinity.

Let X be a simply connected manifold which is a Gromov hyperbolic space. One
defines on the set X U X% (00) a topology as follows (see [4] page 22) :

(1) if z € X, a sequence (z;);en converges to x with respect to the topology of
X.

(2) if (7;)ien defines a point &€ € X% (c0), (z;)ien converges to €.

(3) For n € X%(00) and k > 0, let

Ve(n) :=={y € XUX%0) / (¥ n)ay >k},

where
(- Yy)z, = inf {liminf(xi “Yi)wo [ Ti = T, Yi — y}
1— 00

for # and y elements of X U X% (00).

The set of all Vi (n) and the open metric balls of X generate a topology on
XUX%(00). With respect to this topology, X is dense in XUX % (00) and XUX % (00)
is compact.

Lemma 3.3. (see [5]) Let X be a §-hyperbolic space. Then

(1) Fach geodesic v : R — X defines two distinct points at infinity v(400) and
7¥(—00).

(2) For each (n,r) € X%(00) x X, there exists a geodesic ray ~ such that
~¥(0) = z and y(4+00) = 0. For any other geodesic ray v with v (0) = x and
v (+00) = n we have d(~y (t),v(t)) < 48 for all t > 0.

Definition 3.3. Let £ € X%(c0) and ¢ : R, — X be a minimal geodesic ray
satisfying ¢(+o00) = £. The function

be(z) == tlirgo(d(x,c(t)) —t)

is well-defined on X and is called the Busemann function for the geodesic c.
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Lemma 3.4. (see [5]) Let X be a §—hyperbolic space, £ € X% (o), z, y € X and
¢ a geodesic ray with ¢(0) = x and c¢(+00) = £. Then there exists a neighbourhood
V of € in X UX%(c0) such that

|be(y) — (d(z,y) —d(z,z))| < K forallze VNX,
where b, is the busemann function for the geodesic ¢ and K is a constant depending

only on 6.

Lemma 3.5. (see [4]) Let X1 be a metric space and (Xa,ds2) be a geodesic Gromov
hyperbolic space. If there exists a quasi-isometric map ¢ : X1 — Xo, then X7 is
also a Gromov hyperbolic space. Moreover, if the map

z — da(7, ¢(X1))
is bounded above, X (c0) =~ X§ (c0) ie X&(c0) is homeomorphic to X§ (o).

The following lemma give an homeomorphism between the ideal boundary and
the Gromov hyperbolic boundary of Hadamard manifolds :

Lemma 3.6. (see [3] ) Let Xy be a Hadamard manifold with sectional curvature
Kx, < —k3 <0 for some constant kg > 0. There exists a natural homeomorphism

¢ : XoUXE (00) — Xo U Xo(c0).
In particular, X§(00) =~ X(00).

Using Morse lemma, lemma 3.6 and the properties of the ideal boundaries, we
obtain the following lemma :

Lemma 3.7. Let (M,F) be a compact Finsler manifold of hyperbolic type and
Mp be its universal Finslerian _covering. Let go be an associated metric of strictly
negative curvature on M and My be the universal Riemannian covering of (M, go).
We have

Mp(00) =~ My(o0) ~ ME (c0) ~ ME(c0).

4. SHADOW LEMMA

Definition 4.1. Let X be a Gromov hyperbolic manifold with reference point zg
and I" be a discrete and infinite subgroup of the isometry group Iso(X) of X. For
a given point x € X, the limit set A(T, x) is the set of the accumulation points of
the orbit Tz in X (c0).

Let (X,d) be a metric space and I" be a discrete and infinite subgroup of the
isometry group Iso(X) of X. For 2, z € X and s € R,

Py(z,20) := Z e~ s zy2o)
~yer
denotes the Poincaré series associated to I'. The number
a = inf{s € R; Ps(z,z0) < oo}

is called the critical exponent of I and is independent of x and xy. The subgroup I"
is called of divergence type if the Poincaré series diverges for s = «. The following
lemma introduces a usefull modification (due to Patterson) of the Poincaré series
if I" is not of divergence type.
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Lemma 4.1. (see [10]) Let " be a discrete group with critical exponent o.. There
ezists a function f: Ry — Ry which is continuous, nondecreasing and such that

for all a > 0, lim M

[

and the modified series
:E fO Zf T ')’550 d(fE’”ﬂEo)
el

converges for s > a and diverges for s < a.

Now let (M, F) be a compact Finsler manifold of hyperbolic type, Mfp be its
universal Finslerian covering. Let gy denote a metric of strictly negative curvature
on M. The universal covering My of (M, go) is a hadamard manifold satisfying
KMO < —kg < 0 for some constant kg > 0.

Let I be the group of deck transformations of M and o be its critical exponent
with respect to the metric go. It follows from theorem 5.1 in [8] that :

1 l,, B
a% = h(go) := TEHOO og Vo gOT 00 (2, 7“).

The fact that M is compact implies the existence of a constant A > 1 such that
A71d.‘70 (l‘,y) S dF(Z',y) S )\dgo(xyy) for all z,y € MF~

Then, the critical exponent of of T' with respect to the metric dz belongs to
[A1h(go), Ah(g0)] C RY.

Lemma 4.2. Let (M, F) be a compact Finsler manifold of hyperbolic type, My be

its universal Finslerian covering and T be the group of deck transformations of Mp.
Then

(1) AF(D,2) =Tz N M&(c0).
A

)
(2) y(AF ( x)) = AF(D,z) forally €T and x € M.
(3) AF(T, x) is independent of x.
(4) A"(T,x) = M (c0).

Proof of Lemma 4.2. (1) Direct because AT (I',z) = Tz \ 'z and Tz C Mp.
(2) Let & € AF(T,x). There exists a sequence vy, € I' such that lim,, o v,z =
&. Then limy, o0 7 - Ynx = €.
(3) For all ¢ € AF(T',z), by the definition there is a sequence (7,), of points
of ' such that lim,,_, v,z = &. Then
lim (an’ymx)wo = m }ngoo [dF(’)/n.I, 330) + dF(’le', -1:0) - dF(’Yna% me)} = +00.

m,n—> 00
For all y € Mp, we have :

2T - Yz = dr(mz, o) + dr(my, 2o) — dr (Y2, YY)
dr(Ynx, x0) + dr(Vny, To) — dr(z,y)
dp(ynx, x0) — dp(z,y)

Vvl

Hence,

lim (& - YY)z, = +oo and lim v,y = +£.
n—-—oo

n—>o0

then ¢ € AF(T,y).
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(4) Let go denotes a metric of strictly negative curvature on M. The univer-
sal Riemannian covering M of (M, go) is a Hadamard manifold satisfying
Ky, < —k§ < 0 for some constant ko > 0. Then A% (D, z) = Mo (c0)
(see [9]). Since T is cocompact, the identity map I : My — Mp de-
fines a homeomorphism I* : M§ (c0) — MG (00) (see lemma lemma 3.7).
Let &€ € M%(c0) and i € ME(o0) such that ¢ = I*(5). The fact that
ME (00) = A9 (T), there is a sequence (), in I’ and y € M such that
the sequence (7,¥)n converges to 1 in MUME (00). Then I(vny)n = (Yn¥)n
converges to I*(n) = & in Mp U ME(c0).

(]

Definition 4.2. Let X be a Gromov hyperbolic manifold with reference point x,
a € Ry, and I be a discrete and infinite subgroup of I'so(X). A family {p;}s € X
of finite nontrivial Borel measures on X U X%(c0) is an a-dimensional Busemann
quasidensity if :

(1) sup . C A(T, x), where A(T, ) is the limit set of the orbit I'z in X% (c0).

(2) pyz(YA) = pp(A) for all y € T, A C X%(c0), A measurable, z € X.

(3) There exists a constant A > 1 sucvh that for all z € X,

L abe(zo) o QHay —alph

i abe(x < < )\ atp U«(QJO)
Ae — duz (5) — €

for allmost all ¢ € X% (00), where ¢ is a geodesic satisfying ¢(0) = = and

¢(00) = € and b, is the Busemann function for the geodesic c.

The next lemma states the existence of a Busemann quasidensity on an universal
Finslerian covering of compact Finsler manifolds of hyperbolic type.

Lemma 4.3. Let (M, F) be a compact Finsler manifold of hyperbolic type and Mp
be its universal Finslerian covering. Let ' be the group of deck transformations
of MF and let o be its critical exponent. Then there exists an of -dimensional
Busemann quasidensity {jz} ¢y, 0N Mp U ME (c0).

Proof of Lemma 4.3. We have to construct a family of measures {ji; }» € Mp which
satisfies the axiomatic definition 4.2

. A natural way to obtain Busemann quasidensity was given by Patterson (see [10])
in case of Fuchsian groups. Let xg be a reference point of the Gromov hyperbolic
manifold M r. For s >af and z € M 7, we consider the measure

> e fdr(z,ywg))esdr (@)
Pf(fo,xo)

where f is a usefull modification function (due to Patterson) of the Poincaré series
if I" is not of divergence type and

j:)SF('rov'xO) = Z f(dF(JZO7’yajo))e_SdF(mlh’)’zo).
yel’

1)

Yo

Hs,xg,z ‘=

Let (sp)n be a sequence with s,, > af and s, — af such that Lbs, .z, CONVETES
weakly, as well to the measure p,. For x ¢ T'xg, we choose a subsequence of (s,,)n,
denoted by (s,), such that the measure gz 4, is also weakly convergent. For all

. . . ’
points of the same orbit I'z we can choose the same subsequence, that is, s = s
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if o’ € I'x.
These choices yield a family {s.},c 7, of measures.

(1) Using the triangle inequality of dr and the properties of the usefull function
f, we have

1 _ flp(z,yz)) _ 3
27 f(dp(xo,ym0)) ~ 2
for allmost v € T

Then, there exist constants a and b depending only on dr(x, z¢) such that
aeiSdF(m"TO) S //Ls,xo,w(MF @] MFc(OO)) S b€SdF(I’mO).

This implies that {4, }, € Mp is a family of finite nontrivial Borel measures
on Mp U ME(0)).

(2) For all z € MrpUME(c0))\ AT (T, ), there is an open neighbourhood U of
z with

TenU\ {z} = 0.
Then

S ermmgeu F(dr (@ yz0))endF (#:720)

sy zo,x (U) = PF (20,20)

fdp(z,2))e” nir(®=)
PE (x0,70) ’

IN

The fact that 15an (o, mo) diverges for s = o’ implies that . (U) = 0.
(3) Let n €T, and A be a measurable subset of My U M& (c0)). We have :

(nd) = > eryagena F(dr (nz,ymo))e” 2 (177w0)
,us,acg,nx n PSF(CCO,IO) /
2/ eryzgea Fdr (2,5 0))e™ *4F (=7 20)

ISSF(-?CU,QCO)

= MS,(EO,(E(A)'
Then pin,(nA) = pg(A) for alln € T

(4) Let now £ € Mg (oc0) and a sequence (U,,),, of open sets in My U M (c0))
with lim, . = {¢}. By lemma 3.4, there ng € N such that

|bC(I0) - (dF("}/SC(),Io) - d(gja‘rO)) ‘ S K

for all n > ng and yzg € U, where c¢ is the F-forward ray joining = and &,
b. the Busemann function for the geodesic ¢, and K a constant depending
only on the metric gg. Finally, using the lemma 4.1, we deduce the existence
of a constant A > 1 such that :

L —aFbe(wo) « o —aP b (o)
Ze—a be(wo) < Ne— @ belzo)
e < o g) < e

O

Definition 4.3. Let (M, F) be a compact Finsler manifold of hyperbolic type, Mp
its universal Finslerian covering and M&(cco) the Gromov boundary of Mp. For
y € MpUMS(c0), € Mg and p > 0, the shadow OF (z, p) of the ball Bf:(x, p)
viewed from the point y is the set of alls points £ € Mg(oo) such that all F-forward
rays c,e connecting y and € satisfy c,e N B (z, p) # 0.
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Lemma 4.4. Let (M, F) be a compact Finsler manifold of hyperbolic type, Mp its
universal Finslerian covering. Let I' be the group of the deck transformations of
Mp and F be a fundamental domain of ' in Mp. Then there exist constants R > 0
and € > 0 such that for ally € Mp, x € F,

C%(v) € O (z, R),
where v € Syy My, C9°(v) == {cw(00) : w € Sy My and (v,w) < €} and ¢, is the
go-geodesic satisfying é,,(0) = w.
Proof of Lemma 4.4. Let go be a metric of strictly negative curvature associated
to F on M. The universal Riemanniann covering My of (M, go) is a Hadamard
manifold of strictly negative curvature. Then there exist constants By > 0 and € > 0
such that for all z € F and y € Mp, C%(v) C OF°(z, Ry), for some v € Sy, M.
Let £ € C9%(v), v the go-geodesic connecting y and £. There exists top > 0 such
that dg, (70(to), ) < Ro. Then, there is A > 1 such that dr(vo(to),z) < ARp.
Let v be a F-forward ray connecting y and . By Morse Lemma (see 3.1) there
is a constant k; > 0 such that dp(yo(to), y(Ry)) < k1. Let t; € R, such that
dF(’)/Q(to),’}/(tl)) < k1. Then, dp(x,’y(tl) < ARy + k1. This implies that

0% (v) € O (z, R),
where R = ARy + k1. O

Lemma 4.5. Let (M, F) be a compact Finsler manifold of hyperbolic type, Mp its
unwersal Finslerian covering. Let I' be the group of the deck transformations of
Mp, F be a fundamental domain of T' in Mp and {Mm}aceMp an of -dimensional

Busemann quasidensity on Mg U J\ng(oo) Then, for all € > 0, there exists a
constant | > 0

112 (C2° () > 1 for all v € Sy, Mp and z € F.

Proof of the Lemma 4.5. If it was not true, it would exist sequence {zy, },, of points
of F and {v,}n € Sz Mp such that ju,, (C%(v,)) converges to 0. One can suppose
that ,, —z € Fand v, — v € S_TMF. Then, there exists ng such that n > ng
implies that Cgo(v) C C%(v,). Then um(C’gO (v)) = 0. This is absurd because

Cg" (v) is an open set of M& (c0) and suppp, = ME (c0). O
Corollary 4.1. Let (M,F), Mg, T' and {ta}pepr, be as in lemma 4.5. Then,
there exist constants I > 0 and Ry > 0 such that for all p > Ry

um(Of(m,p) > 1 for all x and y € Mp.

Proof of the corollary 4.1. Using the lemmas 4.4 and 4.5, there exists constants
Il >0 and R > 0 such that for all p > R

ux(Of(a:,p) > 1 for all y € Mp and z € F.

The fact that F is a fundamental domain of I" in Mz and ~ (Of (z,p)) = OF (vz, p)
implies that :

Mz (05(337/))) = Hyar (Of(vfly)(ﬁyxlvp))
= par (7 (Offly(x’,p))
= g Of;_ly(l'/, p) .
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Now we can give a proof of Theorem 1.1
Proof of the teorem 1.1. By lemma 4.3, there exists a constant A > 1 such that for
all £ € M§ (00),
d,u F
A~ 1 e @ Fbe(zo) < Pzo < e @ be(zo)
< (9 < e
for all € Mp, where ¢ is a F-forward ray connecting z and ¢ and
bc(y) = tgnoo [dF(y7 C(t)) - t] .
Then
)\71/ efanc(zo)dlum(g) < flag ((95;(33,,0)) < )\/ e*anC(IO)d,Ur(f)
5 (.p) OF (z,p)

for all £ € J\;[g(oo) and x € My, where ¢ is a F-forward ray connecting x and &, b,
the Busemann function for the geodesic c.

Morse lemma and the defintion of the shadow OF (x, p) imply the existence of a
constant D > 0 such that

dp(z,z0) — D < b.(x0) < dp(x,20)+ D forallx € Mp.

Then,
tao (O, (2,0)) < AJor ap e_aFdF(m’%)_DdM (&)
< et 1tz (OF (z, p))
< Ae Ppa’ Ha ((910(96 p))
< b e Fp a

)

where b’ = sup,.¢ i, fa (ME (0)). Moreover,

))-
F
.u’ﬂto( Zo SU ,D) D,r,a H’m (Oalc;;,(xap) .
Using corollary 4.1, we have

e ((950 (z,p) >1 since p > R.

(XF /
Finally, putting b(p) = max{#, e DVA 3} we obtain :

1
e < o (OF (2, p)) < ()"
b(p)r

for all z € Mp. [l
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