MATHEMATICAL SCIENCES AND APPLICATIONS E-NOTES
VOLUME 2 No. 1 pp. 28-33 (2014) ©MSAEN

APPLICATION OF THE EXTENDED TRIAL EQUATION
METHOD TO THE NONLINEAR EVOLUTION EQUATIONS

MERYEM ODABASI AND EMINE MISIRLI

(Communicated by Murat TOSUN)

ABSTRACT. In this paper we investigate the exact solutions of the nonlinear
partial differential equations. We have applied the extended trial equation
method to nonlinear partial differential equations. By using this method we
have successfully obtained analytical solutions of the two-dimensional Bratu
type equation. We think that this method can also be applied to other non-
linear evolution equations.

1. INTRODUCTION

The investigation of exact solutions for nonlinear partial differential equations
plays an important role in applied mathematics and physical science. To find exact
solutions of partial differential equations, several methods such as Tanh-method
[1-4], (G'/G)- expansion method [5- 8], homogeneous balance method [9,10], first
integral method [11], sine-cosine method [12,13], Hirotas bilinear transformation
[14,15], trial equation method [16-18], and so on, have been proposed. Recently,
Pandir et al. proposed a new version of the trial equation method, called as ex-
tended trial equation method to solve nonlinear partial differential equations [19].
In this study, we apply the extended trial equation method to the nonlinear partial
differential equations. By the use of the complete discrimination system for poly-
nomial method, we obtain the classification of exact solutions, including rational,
soliton and elliptic solutions, to the two dimensional Bratu type equation [20,21]:

(1.1) Uga + Uyy + Aexp(su) = 0.
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2. THE EXTENDED TRIAL EQUATION METHOD

The main steps of the extended trial equaiton method are outlines as follows [19]:

Stepl. Consider the nonlinear partial differential equation for a function of wu:
(2.1) Pu, gy Ugy Uy Ugty Uty - - -) = 0.

Take the wave transformation:

(2.2) u(z,t) =uln), n=ke+uwt,

where k and w are arbitrary constants. Under the wave transformation (2.2),
Eq.(2.1) reduces to the nonlinear ordinary differential equation of the form:

(2.3) N(u,u,u”,...) = 0.

Step 2.Take the finite series and the trial equation as follows:

4
(2.4) u= ZTiFi,
=0

where,

O()  &I'+...+&4T+&
UT)  (Te+...+GD+¢°

By equations Eq.(2.4) and Eq.(2.5), we can write

(2.5) (I")? =AT) =

2

é
(2.6) (u)? = ig; <Z iTiFi‘1> ,
=0

’ )
7 = (me 1) o (Zz Drl 2>,

=0
where ®(I") and ¥(T") are polynomials. Substituting Eq.(2.6) and Eq.(2.7) into
Eq.(2.3) yields a polynomial as:
(2.8) Q) = v + ...+ 0T + v

We can find a relation of 8, € and ¢ according to the balance principle and compute
some values of them.

Step 3. Setting the coefficients of Q(I") to zero yields a system of algebraic equa-
tions:

(2.9) v, =0, 1=0,...,s
Solving the algebraic eqaution system (2.9), we can determine the values of &, .. ., &,
Coy---,C and 19, ..., Ts.

Step 4.Rewrite the Eq.(2.5) by the integral form:

s e

When we solve Eq.(2.10) by using a complete discrimination system for polynomial
to classify the roots of ®(I"), we obtain the exact solutions of the Eq.(2.3).

(2.10) (1 —m)
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3. APPLICATION TO THE TWO-DIMESIONAL BRATU TYPE EQUATION

Under the wave transformation (2.2) and the transformation

(3.1) u=(1/s)lnv,
Eq.(1.1) reduces to the ordinary differentail equation in the form [21]:
(3.2) (k* + w?)ov” — (k* + w?)(v')? + Asv® = 0,

where prime denotes the derivative with respect to 7. Substituting Eq.(2.6) and
Eq.(2.7) into Eq.(3.2) and using the balance principle we get

(3.3) 0=e+0+2.

Using the solution procedure of the extended trial equation method, we obtain the
results as follows:
Case 1: If we take e = 0,0 = 1 and € = 3, then we get

2)(&3T3 I? r
(34) (U/)Q — (Tl)(£3 +§2 +§1 _|'€0)7
Co
where &3 # 0,{o # 0. Solving the algebraic equation system (2.9), we obtain the
following results:

—&375 + EaToTy

3
370 4 &1

3.5 - _ _ Gn .o _
(3.5) €o 273 s &a=48, & o T 2m §3 =&,
—k2&3 — 2Xs(oT
(3.6) Co=¢Cos T0="T0, T1 =T1, W= — & o
€3
Substituting these results into Eq.(2.5) and Eq.(2.10), we get
dr

61 Hm-m)=A [ —

3T T —&318+E1ToT?

\/F3 * (27(1) + 25513710) P24+ G0+ =g
where, A = /((o/&3). Integrating Eq.(3.7), we obtain
24
3.8 +(n — S
2A I — (%)
3.9 +(n — = ———arct
A \/F—ag—\/m—az
3.10 +(n — = In , Q1> Qo,
( ) (} 770) \/al—ag \/F—Oé2+\/0[1—a2 1 2
(3.11) (- m) =20/ L8 p(1), 1> s> a,
Qo — (1

where,

@ d . - -
A=/(C/&), Flp,l) = [, \/#Tw’ ¢ = arcsiny [ =2, 1P = =0
Also, a1, as, az are the roots os the polynomial equation:

s 2oy Sip S0
(3.12) D4 207+ 2T+ 2 =0.
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Substituting the solutions (3.8)-(3.11) into Eq.(2.4) and ( 3.1), we obtain exact
solutions to (1.1) as follows:

(3.13) u(z,t) =In |10 + 1oy +

411 (Co/&3) ] :
(kx — /(—k2& — 2XsCom1) /&t —mo)2 |

(3.14)

u(z,t) = In |19 + T + 71 (an — ap)sec? (

Co/&3 Vs

(3.15)

Ve

u(z,t) =In |10 + maq + (a1 — ag)cosech2 (

2y/Co/&3

(3.16)

u(z,t) =In |70 + 11aq + 11 (g — Ozl)sn2 <:|:

Qo — (1 \/—k2£3 — 2/\SCOT1
~—— | kx — t
Co/&s V&
Case 2: If we take e =0, § = 2 and 0 = 4, then we get
(11 4+ 279)2 (&4 4 &% + L2 + 6T + &)
Co ’
where, {4 # 0, (p # 0. Solving the algebraic Eq.(2.9), we have:

(3.17) (W')?* =

T2 286oT0T 26T T2
(318) 60:#7 é-l :252#7 53:2627127 54: f#a
T 4+ 27072 T 4+ 27072 T 4+ 27072 T 4+ 27072
(3~19) Co = Co, T0 =To, T1 = T1,
(3 20 w——\/ —47‘07’2 ( k2§2T2+/\SC0(7'1 —|—27’0T2))/2€27’2( —47’0T2)

Substituting these results into Eq. (2.5) and (2.10), we get

dl’
01 =m) B/ /T4 4 2627113 +2oz 2 2577 o’
271 T T470T: 27071 7o
I+ + OT2F+ &I+ I‘+50722

where, B = \/Co(Tl + 27072) /€073

(3.21)

While a1, as, ag are the roots of the polynomial equation:

£3F3+£2F2+£1F—|—§—0:0,

&4 &4 &4 &4

integrating Eq. (3.21) and substituting these results into Eq. (2.4) and (3.1), we
obtain exact solutions to Eq. (1.1) as follows:

(3.22) I+

1

27 %
TlB B
3.23 t)=1 Tt - wl — SR
(3:23)  w(x,t) nTO+T1a1+kz+wt770+T2(al km“"tn(’)] ,

o — (k:v _ vk — 2)\3C07'1t

)
_770)7

Var —og (ka: kG - 2AsCoT1, 770))] : ’

1
s

a1 — Q2

ap —ag

I
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432(042 — 041)7'1
4B? — [(a1 — a2)(kz + wt — 1g)]?

u(z,t) =ln |To+m1+

(3.24) 1
4B2(0é2 - 041) 21e
Mk (0‘1 T IBT —[(ar — o) (ke + wt —10)2
(3.25)
27 %
u(x,t) =In |19 + Tron + (o ;aQ)Tl + 71| a1+ (a1;a2)
exp I:(O‘l*OQ)(BIJFWt*TIO)} _1 exp [(01*042)(Bf'3+m*770)} 1

2(a1 — ag)(a1 — ag)m
2001 — g — ag + (a3 — ag)cosh [(\/(oq —ag)(ay — og)/B) C’]

1
2] s

(3.26) w(z,t) =ln |To+Ti01—

2(041 — Oég)(()él — Oég)

o 2001 — g — a3 + (a3 — ag)cosh [(\/(oq —ag)(ay — ozg)/B> C’]

where,

w = 7\/7(7’12 — 47’07’2)2(2]1‘2527'2 + )\SCO(T% —+ 27’07’2))/2&27’2(7’12 — 47’07’2)2,

B = \/(o(2 + 21972) /€072,

C = kx — /(1] + 41072)? (2k2E2s + AsCo (7] + 2T072)) /262 (17 — d7072)2t.

4. CONCLUSION

In this study, the extended trial equation method is applied to the two-dimensional
Bratu type equation. By using this method we have obtained exact solutions of
the two-dimensional Bratu type equation. The results show that the extended trial
equation method is a powerful and effective mathematical tool for solving nonlinear
partial differential equations in science and engineering.
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