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ABSTRACT. In this paper a general fixed point theorem of Gregus type in
symmetric space is proved, which generalize Theorems 1 and 3 [19], Theorem
1.2 [23], Theorems 3.1 and 4.1 [28] and we obtain new similar results for
strict expansive mappings. In the last part of this paper, as applications, we
obtain new results for mappings satisfying contractive (expansive) condition
of integral type.

1. INTRODUCTION

Let X be a nonempty set and f and g be self mappings of X. We say that x € X
is a coincidence point of f and g if fo = gx. The set of all coincidence points of f
and g will be denoted by C(f, g). A point w € X is said to be a point of coincidence
of f and g if there exists x € X such that w = fax = gz.

Let (X,d) be a metric space and f, g be two self mappings of X. Jungck [17]
defined f and g to be compatible if lim,,_, oo d(fg2n, gfz,) = 0 whenever {z,} is a
sequence in X such that lim,,_, fz, = lim,_, gz, =t for some t € X.

In 1994, Pant [21] introduced the notion of pointwise R - weakly commuting
mappings. It is proved in [22] that pointwise R - weakly commuting is equivalent
to commutativity in coincidence points.

Definition 1.1 ([18]). f and g are said to be weakly compatible if fgu = gfu for
allu e C(f,g).

Al - Thagafi and Naseer Shahzad [3] introduced the notion of occasionally weakly
compatible (owc) mappings.

Definition 1.2 ([3]). Two self mappings f and g of a nonempty set X are said
to be occasionally weakly compatible (owc) mappings if there exist a coincidence
point of f and ¢ at which f and g commute.

Remark 1.1 ([3]). If f and g are weakly compatible, then they are occasionally
weakly compatible, but the following example show that the converse is not true.
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Example 1.1 ([2]). Let X = [1,00) be with the usual metric. Define f,g: X — X
by: f(z) = 3z — 2 and g(x) = 22. We have that fo = gz if r = 1 or x = 2, and
fg(1) = gf(1) =1, fg(2) # gf(2). Therefore, f and g are occasionally weakly
compatible but are not weakly compatible.

It has been observed in [13] that some of the defining properties of the metric
space are not used in the proof of certain metric theorems. Hicks and Rhoades [13]
established some common fixed point theorems in symmetric spaces and proved
that very general probabilistic structures admit a compatible symmetric.

A symmetric on a non empty set X is a non - negative real function d on X x X
such that

(i) d(z,y) =0 if and only if z =y,

(i) d(z,y) = d(y, z) for every x,y € X.

Some fixed point theorems in symmetric spaces are proved in [28], [19], [23], [20],
[15] and in other papers.

The study of fixed points for mappings satisfying an implicit relation is initiated
in [26], [27] and in other papers.

Actually the method is used in the study of fixed points in metric spaces, sym-
metric spaces, quasimetric spaces, Tychonoff spaces, reflexive spaces, convex metric
spaces, compact metric spaces, paracompact metric spaces, in two or three metric
spaces for single valued functions, hybrid pairs of mappings and set valued func-
tions.

Quite recently, the method is used in the study of fixed points for mappings
satisfying a contractive condition of integral type and fuzzy metric spaces. With
this method the proofs of some fixed point theorems are more simple. Also, the
method allow the study of local and global properties of fixed point structures.

2. PRELIMINARIES

Gregus [12] proved the following theorem:

Theorem 2.1 ([12]). Let C be a nonempty closed common subset of a Banach
space X and let T be a mapping of C into itself satisfying the inequality

(2.1) [Tz =Tyl < allz -yl +bllz = Tzl + clly — Tyl

forall x,y € X, wherea >0, b,c >0 anda+b+c=1. Then T has a unique fized
point.

Some authors have generalized Theorem 2.1 in [6], [7], [8], [9], [11], [24], [25], [28]
and in other papers. Quite recently, the following theorem is proved in [23].

Theorem 2.2 ([23]). Let f and S be occasionally weakly compatible self - mappings
of a metric space (X, d) satisfying

(2.2) d(fx, f?z) # max{d(Sx, Sf(x)),d(fz, Sx),
’ d(f?x,Sfx),d(fx,Sfz),d(Sz, f>r)}

where fx # f?z.
Then f and S have a common fixed point.

In a recent paper, Branciari [5] established the following result:
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Theorem 2.3. Let (X,d) be a complete metric space, ¢ € (0,1) and let f: X — X
be a mapping such that for each r,y € X

d(f.fy) d(w,y)
/ h(t)dt < ¢ / h(t)dt,
0 0

where h : [0,00) — [0,00) is a Lebesque - measurable mapping which is summable
(i.e., with finite integral) on each compact subset of [0,00), such that, for each
e >0, fOE h(t)dt > 0. Then f has a unique fized point z € X such that, for each
z e X, lim, o ff"z = 2.

Theorem 2.3 has been generalized in several papers. Quite recently, [9], [20], [29],
[30] and other papers extended Theorem 2.3 for weakly compatible and occasionally
weakly compatible mappings.

3. GENERALIZED IMPLICIT GREGUS TYPE FUNCTIONS

In the following we denote by §¢ the family of all functions F' : ]Rf_ - R
satisfying F'(¢,¢,0,0,¢,¢t) = 0, V¢t > 0 and named this family, generalized implicit
Gregus type functions.

Example 3.1. ¢<t17 ...,tg) = ﬁl — max{tg, t3,t4,t5,t6}.

Example 3.2. ¢(t1,...,t5) = 8 — ath — (1 — a) max{t5, 1}, (tst5)%, (tsts)? }, where
0<a<1landp>1.

Example 3.3. ¢(t1,...,t6) = t1 — ata — bmax{ts, t4} — cmax{te, t5,ts}, where a,
bc>0and a+c=1.

Example 3.4. ¢(t1,...,t¢) = t1 — amax{ts, t3,t4} — (1 — a)(ats + btg), where
0<a<l, agb>0anda+b=1.

ts + 16
1+1t3+1t4

Example 3.6. ¢(t17 ...,tﬁ) = t; — max {tg, %(tg + t4), %(t&; + tﬁ)}

Example 3.5. ¢(t1,...,t6) =t1 —ata —b , where a, b > 0 and a+2b = 1.

Example 3.7. ¢(t1, ...,tﬁ) = tl — at2 — b(tg + t4) - cmin{t5,t6}, where a, b, C Z 0
and a +c=1.

Example 3.8. ¢(t1, ooy tG) = t1(1+at2)—a(t3t4+t5t6)—atg—(1—a) max{tg, t4, (t5t6)%,
(tste)2}, where a > 0 and 0 < a < 1.

Example 3.9. ¢(t1,...,t5) = t1 — max{cto, cts, cty, ats + btg}, where 0 < ¢ < 1,
b>0anda+b=1.

Example 3.10. ¢(t1,...,t) = t1 — atg — b(ts + t4) — c(t5 + tg), where a,b,c > 0
and a + 2¢ = 1.

Example 3.11. ¢(ty,...,tg) = t1 — ate — bmax{ts, t4, Qt“;t“, Qt“;ts, tsgt“ }, where
a,b>0and a+b=1.

Example 3.12. ¢(t1, ...,t6) =11 —ats —bmax{2t4+t5, 2t4+t6,t3+t5 —|—t6}7 where
a,b>0and a+2b=1.

The following theorem is proved in [28].
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Theorem 3.1. Let (X, d) be a symmetric space and F € Fg. Suppose that f,g,S
and T are self mappings of X such that each of the pairs {f, S} and {g,T} is owc
and the inequality

(3.1)  F(d(fr,gy),d(Sz,Ty),d(fx,Sz),d(gy, Ty),d(fz,Ty),d(gy, Sr)) <0,

holds for all x,y € X and least one of d(Sx,Ty), d(fz,Sz), d(gy,Ty), d(fz,Ty),
d(gy, Sx) is positive. Then, f,9,5 and T have a unique common fized point.

The purpose of this paper is to prove two general fixed point theorem which
generalize the results from Theorems 1 and 3 [19], Theorem 1.2 [23], Theorem 3.1
and 4.1 [28] and we obtain new results for mappings satisfying new implicit relations
for strict expansive mappings. As applications, new results for mappings satisfying
contractive/expansive conditions of integral type are obtained.

4. MAIN RESULTS

Theorem 4.1. Let (X,d) be a symmetric space and F € Fa. Suppose that f and
S are self mappings of X such that each of the pair {f, S} is owc and

F(d(fx, f?z),d(Sz,Sfxr),d(fz, Sx),
d(f?z, Sfx),d(fz,Sfx),d(f*x, Sx)) #0,

for all x,y € X with fx # f?x. Then, f and S have a common fized point.

(4.1)

Proof. Since the pair {f,S} is owe, there exists u € X such that fu = Su and
fSu = Sfu which implies f?u = fSu = Sfu. If fu = f?u, then fu = f?u =
fSu = Sfuand fu is a common fixed point of f and S. If fu # f?u, then by (4.1)
we have successively:

F(d(fu, f?u),d(Su, Sfu), d(fu, Su),d(f*u, Sfu),d(fu, Sfu),d(f*u, Su)) # 0,

a contradiction of F € §g. Hence fu = f2u, which implies as in the first point of
the proof that fu is a common fixed point of f and S. O

Remark 4.1. i) By Theorem 4.1 and Example 3.1 we obtain Theorem 2.2

(Theorem 1.2 [23]) and Corollary 1.1 [23] if instead of 7 # 7 we have ” < 7.

ii) A new result we obtain if instead of ” # ” we have 7 > 7 for expansive
mappings.

iii) New results are obtained by Example 3.2 - 3.12 for contractive/extensive
mapping.

Example 4.1. Let X = [0,00) be and d(z,y) = |z —y|, fr = 2z and Sz = 6z.
Then f2z = 4z, d(fx, f?xr) = 2x and d(fz,Sz) = 4. For x # 0, d(fx, f?x) # 0
and d(fx, f?z) = 2z < 4z = d(fz, Sz).
Hence,
d(fz, f?x) < max{d(Sz,Sfz),d(fxr,Sz),d(f*z,Sfx),d(fx,Sfx),d(f*z,Sz)}.
Then,
F(d(fx, f?z),d(Sz,Sfx),d(fz,Sx),d(f*x, Sfx),d(fx,Sfx),d(f*z,Sz))
=d(fx, f?x) — max{d(Sz, Sfx),d(fzx,Sz),d(f>x,Sfz),d(fx,Sfz),d(f>x,Sz)} # 0

for fo # f2z.
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By Example 3.1, F € F¢ and satisfy (4.1). On the other hand, fo = Sz implies
xz=0and fS0=Sf0=0. Hence, (f,g) is owc and = = 0 is a common fixed point
of f and g.

Lemma 4.1 ([19]). Let X be a nonempty set and f and g owc self mappings of X .
If f and g have a unique point of coincidence w = fx = gx, then w is the unique
common fixed point of f and g.

Theorem 4.2. Let (X,d) be a symmetric space, F € ¢ and let f,g,S and T be
self mappings of X such that

(4.2)  F(d(fz,gy),d(Sz, Ty),d(fz,Sx),d(gy, Ty),d(fz,Ty),d(Sz, gy)) # 0

whenever x,y € X with fx # gy. If there exist u,v € X such that fu = Su and
gv = T then there exists t € X such that t is the unique point of coincidence of f
and S, as well as the unique point of coincidence of g and T'.

Proof. First we prove that fu = gv. Suppose that fu # gv. Then by (4.2) we get

F(d(fu, gv),d(fu, gv),0,0,d(fu,gv),d(fu,gv)) # 0.
This contradicts F' € §¢. Hence, fu = Su = gv = Tv = t. Assuming that there
exists w # u such that fw = Sw and fw # fu, we obtain by (4.1) that

This contradicts F' € F¢. It follows that ¢ = Su = fu is the unique point of
coincidence of f and S. Similarly, one proves that ¢ = gv = T'v is the unique point
of coincidence of g and T. (Il

Theorem 4.3. Let (X,d) be a symmetric space and F € Fa. Suppose that f,g,S
and T are self mappings of X such that each of the pairs {f,S} and {g,T} is owc
and inequality(4.2) holds for all x,y € X with fx # gy. Then, f,9,5 and T have
a unique common fixed point.

Proof. Since each of the pair {f, S} and {g, T} is owc, there exist u,v € X such that
fu= Su and fSu = S fu, respectively gv = Tv and gTv = Tgv. Since F' € §g by
Theorem 4.2 there exists ¢ € X such that ¢ is the unique point of coincidence of f
and S, as well unique point of coincidence of g and T', i.e., t = fu = Su = gv = Tv.
By Lemma 4.1 ¢ is the unique fixed point of f and S, as well as the unique common
fixed point of g and T. Consequently, ¢ is the unique common fixed point of f, g, S
and T. (Il

Corollary 4.1. Let (X,d) be a symmetric space. Suppose that f,g,S and T are
self mappings of X such that each of the pairs {f,S} and {g,T} is owc. If
(4.3)  d(fx,gy) # max{d(Sx, Ty),d(fx, Sx),d(gy, Ty), d(fz,Ty), d(gy, Sz)}
whenever x,y € X with fx # gy. Then f,g9,S and T have a unique common fized
point.
Proof. The proof it follows by Theorem 4.3 and Example 3.1. O
Remark 4.2. 1. If in (4.3) we have ” < ” instead of 7 #” we obtain Theorem 1
[19].

2. If in (4.3) we have ” > ” instead of ” # ” we obtain a new result for
extensive mappings which is different by results from recent paper [16].
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Corollary 4.2. Let (X,d) be a symmetric space, 0 < a <1 andp > 1. Let f,g,5

and T be self mappings of X such that each of the pairs {f,S} and {g,T} is owc.

Suppose that

(44) dp(fxvgy) 7& adp(vaTy) + (1 _a‘)M(xvy)v

for all x,y € X with fx # gy, where

M(z,y) = max{d’(fx, Sz),d"(gy, Ty), d* (fz,Sx)-d% (f=,Ty),d? (fz,Ty)-d* (Sz, gy)}.
Then f,g,S and T have a unique common fixed point.

Proof. The proof it follows by Theorem 4.3 and Example 3.2. (]

Remark 4.3. 1. If in (4.4) we have ” < ” instead of 7 # ” we obtain the correct
form of Theorem 2 [19].

2. If in (4.4) we have ” > " instead of ” # ” we obtain a new result which is
different by results from [16].

Example 4.2. Let X = [0,00) be and d(z,y) = |z — y|, fr =z, Sz = 2z, gv = 2x
and Tz = 4x. Then d(fz,gy) = |z —2y|. If d(fz,gy) = |z —2y| > 0, then
d(fz,gy) = |z —2y| < 2|z — 2y| = d(Sz, Ty).

Hence,

d(fx,gy) < max{d(Sz,Ty),d(fz,Sz),d(gy, Ty),d(fz,Ty),d(Sz,gy)}

and

F(d(fz,gy),d(Sz,Ty),d(fz,Sx),d(gy, T'y), d(fz, Ty), d(gy, Sx))
= d(fx,gy) — max{d(Sxz,Ty),d(fz,Sx),d(gy, Ty),d(fx,Ty),d(Sz,gy)} # 0.

By Example 3.1, F' € §¢ and satisty (4.2). The fact that (f,S) and (g,7T) are
owc is proved similar as in Example 4.1 and z = 0 is a common fixed point of f, g,
S and T.

If f =g and S =T by Theorem 4.3 we obtain

Theorem 4.4. Let (X,d) be a symmetric space and F € Fg. Suppose that f and
S are self mappings of X such that the pair {f, S} is owc and

(45)  F(d(fz, fy),d(Sz,Sy),d(fz, Sx),d(fy, Sy),d(fz,Sy),d(fy, Sx)) # 0
for all x,y € X with fx # fy. Then f and S have a unique common fized point.

Corollary 4.3. Let (X,d) be a symmetric space and let f and S be self mappings
of X such that the pair {f,S} is owc and

' +emax{d(Sz, Sy), d(fz, Sy), d(fy, Sz)}
for all x,y € X with fx # fy and a,b,c >0 and a4+ c = 1.Then f and S have an
unique common fixed point.

The proof it follows by Theorem 4.4 and Example 3.3.

Remark 4.4. 1. If in (4.6) we have 7 < ” instead of ” # ” then we obtain a
variant of Theorem 2 [19].

2. If in (4.6) we have ” > " instead of ” # ” we obtain a new result which is
different by results from [16].
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Example 4.3. Let X = [0,00) be and d(z,y) = |z —y|, fx = x and Sz = 2z;
d(fz, fy) = |z —y| and d(Sz,Sy) = 2|z —y|. I fo # fy, then d(fz,fy) <
d(Sz, Sy) and d(fz, fy) < max{d(Sz, Sy),d(fz, Sx),d(fy,Sy),d(fz,Sy),d(fy, Sz)}
and

F(d(fz, fy),d(Sz,Sy),d(fz,Sx),d(fy, Sy),d(fz,Sy),d(fy, Sx))

By Example 3.1, F' € §¢ and satisfy (4.6). As in Example 4.1, (f, S) is owc and
x =0 is a common fixed point of f and S.

5. APPLICATIONS

Let (X,d) be a metric space and D : X x X — R, defined by D(z,y) =
fod(x’y) h(t)dt, where h : [0,00) — [0,00) as in Theorem 2.3.

Lemma 5.1 ([20], [29]). D is a symmetric on X.
Let (X, D) be the symmetric space determined by D.

Remark 5.1. The contractive condition of integral type in a metric space (X, d),
used in fixed point theory can be written as usual contractive conditions in sym-
metric space (X, D) [20], [29].

The following theorem is proved in [28].

Theorem 5.1 (Theorem 4.1 [28]). Let (X,d) be a metric space and h : [0,00) —
[0,00) be a function as in Theorem 2.3. Suppose that A, B,S and T are self map-
pings of X such that each of the pairs {A, S} and {B,T} is owc. If F € §g and
d(Az,By) d(Sz,Ty) d(Sz,Ax)
F( [ h@)dt, [ h()dt, [ h(t)dt,

0 0 0
d(Ty,By) d(Az,Ty) d(By,Sx)
J h@)dt, [ h(t)dt, [ h(t)dt) <O
0 0 0

(5.1)

whenever x,y € X and at least one of the distances d(Sx, Ty), d(Sz, Ax), d(Ty, By),
d(Ax,Ty), d(By, Sx) is positive. Then A,B,S and T have a unique common fixed
point.

We prove a new general fixed point theorem.

Theorem 5.2. Let (X, d) be a metric space and h : [0,00) — [0,00) be a function
as in Theorem 2.3. Suppose that each of the pairs {A,S} and {B,T} is owe. If
F e3c and

d(Az,By) d(Sz,Ty) d(Sz,Ax)
F( [ h@)dt, [ h()dt, [ h(t)dt,

0 0 0

d(Ty,By) d(Az,Ty) d(By,Sx)

J h)dt, [ h(t)dt, [ h(t)dt)#0

0 0 0
for all x,y € X with Ax # By. Then A, B,S and T have a unique common fized
point.

(5.2)
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Proof. Let D be as in Lemma 5.1. Then we have
d(Az,By) d(Sz,Ty)

D(Az,By) = [ h(t)dt,D(Sz,Ty)= [ h(t)dt,
d(Sa(;),Az) d(TS,By)
(5.3) D(Sz,Az)= [ h(t)dt,D(Ty,By)= [ h(t)dt,
d(A?c,Ty) d(B%,Sr)
D(Az,Ty)= [ h(t)dt,D(By,Sz)= [ h(t)dt.
0 0

By (5.2) and (5.3) we obtain
F(D(Az, By), D(5x, Ty), D(Sz, Az), D(Ty, By), D(Az, Ty), D(Sz, By)) # 0

for all Az # By and F € g
Since {A, S} and {B, T} are owc then Theorem 5.2 it follows by Theorem 4.3. O

Remark 5.2. 1. If in (5.2) we have ” < ” instead of ” # ” then we obtain similar
results to the Theorem 5.1.

2. If in (5.2) we have 7 > ” instead of 7 # ” we obtain new general results
for extensive mappings.

3. By Examples 3.1 - 3.12 we obtain new particular results for contrac-

tive/extensive conditions.

Remark 5.3. Similar results we obtain by Theorem 4.1.

Example 5.1. Let X = [0,00) be and d(z,y) = |z — y|, Ax = z, Sz = 2z, Bx =
2z, Tx = 4z. Then d(Ax, By) = |z — 2y|, d(Sz,Ty) = 2|z — 2y|. If Az # By,
then |z — 2y| > 0 and d(Ax, By) < d(Sz,Ty). Suppose h(t) = t. Because t is strict
increasing,

d(Az,By) |z—2y| 2|z —2y| d(Sz,Ty)
D(Az, By) = / tdt = / tdt < / tdt = / tdt = D(Sz,Ty).
0 0 0 0

Hence,
D(Az, By) < max{D(Sz,Ty), D(Sz, Az), D(Ty, By), D(Ax,Ty), D(By, Sz)}.
Then

d(Axz,By) d(Sz,Ty) d(Sxz,Ax) d(Ty,By) d(Az,Ty) d(By,Sx)
F( [ tat, [ tdt, [ tdt, [ tdt, [ tdt, [ tdt) =

0 0 0 0 0 0
d(Az,By) d(Sz,Ty) d(Sz,Ax) d(Ty,By) d(Az,Ty) d(By,Sx)
[ tdt —max{ [ tdt, [ tdt, [ tdt, [ tdt, [ tdt) #0.
0 0 0 0 0 0

By Example 3.1, F' € §¢ and satisfy (5.2). The fact that (A, S) and (B, T) are
owc is proved as in Example 4.2 and x = 0 is a common fixed point of A, B, S and
T.

Remark 5.4. Quite recently in [10], [1], [4] it is proved that if a pair of mappings
have a unique point of coincidence that it is weakly compatible if and only if is
occasionally weakly compatible (as in [14]). Because in Theorem 4.2 is proved that
(f,S) and (g, H) have a unique point of coincidence, it follows that in Theorem
4.3, Corollary 4.1, Corollary 4.2, Theorem 4.4 and Theorem 5.2 we can put weakly
compatible instead of owc.

Acknowledgement. The author are very grateful to the anonymous referees
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