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ABSTRACT. In this paper, we consider the idea of Bertrand curves for curves
lying on surfaces in the Minkowski 3-space E? By considering the Darboux
frame, we define these curves as Bertrand partner D-curves and give the gen-
eral characterizations for those curves. Then, we find the relations between
the geodesic curvatures, the normal curvatures and the geodesic torsions of
these associated curves in some special cases.

1. INTRODUCTION

In the differential geometry of space curves the associated curves, the curves for
which at the corresponding points of them one of the Frenet vectors of a curve
coincides with the one of the Frenet vectors of other curve have an important role
for characterizations of space curves. The well-known examples of such curves are
Bertrand curves. These special curves are characterized as a kind of corresponding
relation between two curves such that the curves have common principal normal
i.e., the Bertrand curve is a curve which shares the normal line with another curve.
These curves have an important role in the theory of curves. Hereby, from the
past to today, a lot of mathematicians have studied on Bertrand curves in different
spaces such as Euclidean space, Minkowski space or Galilean space [1-5,9,12,15].
Also these curves have an important role in the theory of ruled surfaces and in the
characterizations of some other special curves. In [4], Izumiya and Takeuchi have
studied cylindrical helices and Bertrand curves from the view point as curves on
ruled surfaces. Also, they have studied generic properties of cylindrical helices and
Bertrand curves as applications of singularity theory for plane curves and spherical
curves [5]. Furthermore, by considering frames of ruled surfaces, Ravani and Ku
extended the notion of Bertrand curve to the ruled surfaces and called Bertrand
offsets [11]. The corresponding characterizations of the Bertrand offsets of ruled
surfaces in the Minkowski 3-space E} were given by Kasap and Kuruoglu [6].

The differential geometry of non-null curves lying fully on a surface in the
Minkowski 3-space E§ has been given by Ugurlu and Caliskan [13]. They have
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given the Darboux frames of curves according to the Lorentzian characters of sur-
faces and curves.

In this paper, we consider the notion of the Bertrand curve for curves lying
on surfaces in the Minkowski 3-space Ej. We call these new associated curves as
Bertrand D-curves and by using the Darboux frame of curves, we give definition
and characterizations of these special curves.

2. PRELIMINARIES

The Minkowski 3-space Ef is the real vector space R} provided with the standard
flat metric given by

(,) = —daf + daj + da}

where (71,22, 23) is a rectangular coordinate system of Ej. An arbitrary vector
¥ = (v1,v2,v3) in E can have one of three Lorentzian causal characters; it can be
spacelike if (¢, ¥) > 0 or ¥ = 0, timelike if (¢, ¥) < 0 and null (lightlike) if (7,7) =0
and ¥ # 0. Similarly, an arbitrary curve & = @(s) can locally be spacelike, timelike
or null (lightlike), if all of its velocity vectors o (s) are respectively spacelike, time-
like or null (lightlike) [8]. We say that a timelike vector is future pointing or past
pointing if the first compound of the vector is positive or negative, respectively.
For any vectors & = (21, %9, 73) and ¥ = (y1,¥2,¥3) in E}, the Lorentzian vector
product of Z and ¥ is defined by

€1 —€é2 —€3
ITXY=|m1 o9 T3 = (T2y3 — T3Y2, T1Y3 — T3Y1, T2Y1 — T1Y2)
Yy Y2 Ys
where
1i=y,
bij = { Vit ©= (041, 842, 033)
b
and e] X eg = —e3, €3 X ez =e¢€1, €3 X e = —ea.

Denote by {f, N, B } the moving Frenet frame along the curve a(s) in the

Minkowski space E3. For an arbitrary spacelike curve a(s) in E3, the following
Frenet formulae are given,

T 0 ki 0 T
1\7/ = —Ek’l 0 kz ]\7 5
B 0 ka 0 B
where <f,f> =1, <N,N> = = =1, <§,§> = —¢, <T,N> = <T,§> =
<N,§> = 0 and k; and kg are curvature and torsion of spacelike curve af(s),

respectively. Here, ¢ determines the kind of spacelike curve a(s). If e = 1, then
a(s) is a spacelike curve with spacelike principal normal N and timelike binormal
B. Ife= —1, then a(s) is a spacelike curve with timelike principal normal N and
spacelike binormal B. Furthermore, for a timelike curve a(s) in E?, the following
Frenet formulae are given as follows,
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T 0 k O T
N | =]k 0 ko N
B 0 -k O B

where (.7 = 1, (¥,8) = (B,B) =1, (T,¥) = (1,5 = (¥, 5) =0
and k; and ko are curvature and torsion of the timelike curve a(s) respectively (For
details see [14]).

Definition 2.1. ([10]) 2) Hyperbolic angle: Let ¥ and ¥ be future pointing (or
past pointing) timelike vectors in E}. Then there is a unique real number 6 > 0
such that < &, ¥ >= — ||Z| ||7]| cosh §. This number is called the hyperbolic angle
between the vectors & and .

1) Central angle: Let ¥ and ¢ be spacelike vectors in E} that span a timelike
vector subspace. Then there is a unique real number § > 0 such that |< Z, § >| =
IZII |7]] cosh@. This number is called the central angle between the vectors Z and
.

i14) Spacelike angle: Let ¥ and 7 be spacelike vectors in E$ that span a
spacelike vector subspace. Then there is a unique real number # > 0 such that
< Z,§ >= ||Z||||g]| cosf. This number is called the spacelike angle between the
vectors & and /.

i) Lorentzian timelike angle: Let & be a spacelike vector and ¢ be a timelike
vector in E. Then there is a unique real number 6 > 0 such that |< Z, ¢ >| =
IZ]] [|7]] sinh @. This number is called the Lorentzian timelike angle between the
vectors Z and /.

Definition 2.2. ([13])A surface in the Minkowski 3-space E3 is called a timelike
(respectively spacelike) surface if the normal vector of the surface is a spacelike
(respectively timelike) vector at each point on the surface.

3. DARBOUX FRAME OF A CURVE LYING ON A SURFACE IN THE
MINKOWSKI 3-SPACE E3}

Let S be an oriented surface in 3-dimensional Minkowski space E} and let con-
sider a non-null curve z(s) lying fully on S. Since the curve z(s) is also in space,

there exists a Frenet frame {T, N , B } at each point on the curve where T is unit

tangent vector field, N is principal normal vector field and B is binormal vector
field, respectively.

Since the curve z(s) lies on the surface S, there exists another frame of the curve
x(s) which is called Darboux frame and denoted by {T’, J, ﬁ}. In this frame T is

the unit tangent vector field of the curve, 7 is the unit normal vector field of the
surface S along the curve and § is a unit vector obtained by ¢§ = 417 x T. Since the
unit tangent T is common in both Frenet frame and Darboux frame, the vectors
N , E, g and 77 lie on same plane. Then, if the surface S is an oriented timelike
surface, the relations between these frames can be given as follows:

If the curve z(s) is timelike,



BERTRAND PARTNER D-CURVES IN THE MINKOWSKI 3-SPACE E% 71

T 1 0 0 T

g |=120 cosp  sing N

i 0 —sinp cosy B
If the curve z(s) is spacelike,

T 1 0 0 T

g |=10 coshy  sinhy N

s 0 sinh coshe B

If the surface S is an oriented spacelike surface, then the curve z(s) lying on S
is a spacelike curve. So, the relations between the frames can be given as follows

T 10 0 T
g | =10 coshy sinhep N
7l 0 sinhyp coshep B

In all cases, ¢ is the angle between the vectors § and N.

According to the Lorentzian causal characters of the surface S and the curve
z(s) lying on S, the derivative formulae of the Darboux frame can be changed as
follows:

i) If the surface S is a timelike surface, then the curve z(s) lying on S can be a
spacelike or a timelike curve. Thus, the derivative formulae of the Darboux frame
of z(s) are given by

T 0 k, —ckn T
(3.1) g* =|ky 0 ey g |,
P kn 14 0 n

<f, f> —e=41, (§.§) =—e, () =1.

ii) If the surface S is a spacelike surface, then the curve z(s) lying on S is a
spacelike curve. Thus, the derivative formulae of the Darboux frame of z(s) are
given by

(3.2)

Sy gy
|
|
>~
Q
o
S
Sl N,

(T.T) =1, (@.9)=1, (i) = —1.

In these formulae, k,, k, and 7, are called the geodesic curvature, the normal
curvature and the geodesic torsion, respectively. Here and in the following, we use
“dot” to denote the derivative with respect to the arc length parameter of a curve.

The relations between geodesic curvature, normal curvature, geodesic torsion
and k, 7 are given as follows:

i) If both S and z(s) are timelike or spacelike, then

dip

kg =rKcosp, k,=rksingp, T4=7+ I
s
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ii) If S is timelike and x(s) is spacelike, then

d
kfgzlﬂlCOShQD7 ]{}n:K,Sinhgp’ Tg:7'+d7¢_
S

(For details [13]). Furthermore, the geodesic curvature k, and geodesic torsion
T, of any curve z(s) can be calculated as follows

de &%z de _ dn
(33) kg—_<d5, @ Xn>, Tg—_E/,L<dS7 n X d8>7

where p = (71, 7) = £1.

In the differential geometry of surfaces, for a curve z(s) lying on a surface S the
followings are well-known

i) z(s) is a geodesic curve < k, = 0,

ii) z(s) is an asymptotic line &k, =0,

iii) x(s) is a principal line < 7, =0 [7].

The same results also hold for the surfaces in E3.

4. BERTRAND PARTNER D-CURVES IN THE MINKOWSKI 3-SPACE
E}

In this section, by considering the Darboux frame, we define Bertrand D-curves
and give the characterizations of these curves in Ef.

Definition 4.1. Let S and S; be two oriented surfaces in E5 and let consider the
arc-length parameter curves z(s) and z1(s1) lying fully on S and S;, respectively.

Denote the Darboux frames of z(s) and z1(s1) by {f, @ﬁ} and {fl,ﬁl,ﬁl}, re-

spectively. If there exists a corresponding relationship between curves x and x;
such that at the corresponding points of curves, the Darboux frame element ¢ of
x coincides with the Darboux frame element ¢; of x1, then x is called a Bertrand
D-curve, and z; is a Bertrand partner D-curve of z. Then, the pair {z,z;} is said
to be a Bertrand D-pair. If there exist such curves lying on the oriented surfaces S
and Sy, respectively, we call the surface pair {S, 51} as Bertrand D-pair surfaces.

By considering the non-null Lorentzian casual characters of surfaces and curves,
from Definition 4.1, it is easily seen that there are five different types of the Bertrand
D-curves in E}. Let the pair {z,z1} be a Bertrand D—pair. Then according to
the character of surface S we have the followings:

If both the surface S and the curve x(s) lying on S are spacelike, then there are
two cases; first one is that both the surface S; and the curve z1(s;) fully lying on
Sy are spacelike. In this case we say that the pair {z,z,} is a Bertrand D-pair of
the type 1. The second case is that both the surface S; and the curve x;(sy) fully
lying on S; are timelike. Then the pair {z,z;} is called a Bertrand D-pair of the
type 2. If both the surface S and the curve x(s) lying on S are timelike, then there
are two cases; one is that both the surface Sy and the curve z1(s7) fully lying on Sy
are timelike. In this case we say that the pair {z,z;} is a Bertrand D-pair of the
type 3. The other case is that both the surface S and the curve z1(s1) fully lying
on S are spacelike then the pair {z,z;} is a Bertrand D-pair of the type 4. If the
surface S is timelike and the curve z(s) lying on S is spacelike, then the surface S;
is timelike and the curve x1(s1) fully lying on S; is spacelike. In this case we say
that the pair {z,x1} is a Bertrand D-pair of the type 5.
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Theorem 4.1. Let S be an oriented surface and xz(s) be a curve in E} with arc
length parameter s fully lying on S. If S1 is another oriented surface and x1(s1)
is a curve with arc length parameter sy fully lying on Sy, then x1(s1) is Bertrand
partner D-curve of x(s) if and only if the normal curvature k, of x(s) and the
geodesic curvature kq,, the normal curvature ky,, and the geodesic torsion T4 of
x1(s1) satisfy the following equations,

i) if the pair {x,x1} is a Bertrand D-pair of the type 1, then

2422 ;
Foy = l (1—Akg,)* — A T T knl — Aky, B )‘27g1 kg,
A (1= Akg,) cosh 6 1 — kg,
1) if the pair {x,z1} is a Bertrand D-pair of the type 2, then

(]- + )‘k91)2 - )‘27—921 —k‘ + k 1 + )\kgl _ )‘27-91 kgl
(1+ Mkg,) " inh 6 1+ My,

%) if the pair {x,x1} is a Bertrand D-pair of the type 3, then

(1+ )‘kgl)z — )‘27—.31 k. +k 1+ Aky, _ /\2qu kgl
(1+ Mkg,) " cosh 1+ kg,

. -1
Ky

. -1
Tgr =

A

) if the pair {x,x1} is a Bertrand D-pair of the type 4, then

P NSy i W GRS S U W 1L
D (1 — Akg,) " sinh @ 1 — Ak,

v) if the pair {x,x1} is a Bertrand D-pair of the type 5, then
N N e i W R o A WP G A
DY (1+ Akg,) " cosf 14 Akg,

for some nmonzero constants \, where 0 is the angle between the tangent vectors
T and Ty at the corresponding points of x and x7.

1

Proof. 1) Suppose that the pair {z,z;} is a Bertrand D-pair of the type 1. Denote
the Darboux frames of x(s) and x1(s1) by {’f, g, ﬁ} and {fl, J1, ﬁl}, respectively.
Then by the definition we can write

(4.1) z(s1) = z1(s1) + A(s1)g1 (1),

for some functions A(s1). By taking derivative of (4.1) with respect to s; and
applying the Darboux formulae (3.1) we have

~ds N . .
(42) Td781 = (]. — Akgl)Tl + >\91 -+ )\Tglnl
Since the direction of g; coincides with the direction of g, i.e., the tangent vector

T of the curve lies on the plane spanned by the vectors T, and 71, we get

)\(81) =0.
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This means that A is a nonzero constant. Thus, the equality (4.2) can be written
as follows

- ds

(4.3) T = (1 — Mg )Th + A7y, 1.
Furthermore, we have
(4.4) T = cosh 8T} + sinh 077,

where 6 is the angle between the tangent vectors T and T} at the corresponding
points of x and x,. By differentiating last equation with respect to s, we get

(45) (kg + knil) 4= = (0 + Ky, ) sinh 0T}
' +(kg, cosh @ + 7,4, sinh 0)d + (6 + ky,, ) cosh 07y

From this equation and the fact that

(4.6) it = sinh T + cosh 07y,

we get

(K, sinh 0T) + koG + ky, cosh 07;) 4= = (6 + ky,, ) sinh 0T}

(4.7) +(kg, cosh @ + 7,4, sinh 0) g,
+(0 + ky, ) cosh 671y

Since the direction of g; coincides with § we have

. ds
4. = _ )
(4.8) 0 kn, + kn s,

Using the fact that T} is orthogonal to gy, from (4.3) and (4.4) we obtain

(49) ds _1— Mk _ Ay,

dsy cosh 6 sinh @

Equality (4.9) gives us

ATg,

1 _ Mo
(4.10) tanh 6 =y,

By taking the derivative of this equation and applying (4.8) we get

1 (1- )‘kgl)Q — \272 1— Xk A7, k
4.11 gy = —— g1 _ 91\ _ 911
(411) 7, A l( (1—Akg,) ( Fny K cosh 6 ) 1— Mg, |’
that is desired.

Conversely, assume that equation (4.11) holds for some non-zero constants A.
Then by using (4.9) and (4.10), (4.11) gives us
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3 .
(4.12) i (%) = Mg, (1= Ak, ) + A27g, kg,
+ (1= Mgy )2 = AN272) ke,

Let define a curve

(413) £C(81) :$1(81)+>\(81)§1(81).

We will prove that x is a Bertrand D-curve and x; is the Bertrand partner
D-curve of z. By taking the derivative of (4.13) with respect to s; twice, we get

TdS

(4.14) = (1 = Mg, )T1 + A7y, 711,

dsi

and

2 . o

(kgG + knii) (%) + T% = (=Akg, + ATy kny ) T3
(4.15) + (1= Neg, kg, +AT2) 1
+ ((1 - )\kgl)knl + )‘7.—91) ﬁl

respectively. Taking the cross product of (4.14) and (4.15) we have

3 ~
[yt + knd] (ddf) = [Mrgikg (1= Mg, ) + X273 ] T
+ (1 - )‘kgl>2kn1 + )‘7"91(1 - )‘kgl) + )‘27'91 kgl - )‘27'921]%1} §1
+ [kg, (1 = Mgy )% + M2 (1 — Ay, )] 7
By substituting (4.12) in (4.16) we get

(4.16)

3 - \3 .
arr) i+ kad) (42) = Ok (1= M)+ X272) T+ (42)
+ (kg (1 = Akg, )2 + A7 (1 = Mky,)) 7t
Taking the cross product of (4.14) with (4.17) we have

dsi dsy
(4.18) +((1- Akg1)2 —N272 ) (M2 4 kg, (1= Mkg,))

o (£2) (1= Mg, )
From (4.17) and (4.18) we obtain

[k + knf] (£)4 — kn (ﬁ)3 Aty T

(4.19)
4 3] .
(k2 —k2) (=) 7= {)\kgknggl(l — Mg, )4+ A2hy 78 Ao — Ay k2 (42 } 7
2 2
+ ki (42) [kg () = Ar2 — ko, (1 - Akgl)} 7
3
+ |:k9k91(1 - )‘kgl )25751 + )\T.¢]21kg(1 - /\ksh)% - k%(l - /\kgl) (%) :| ﬁl

Furthermore, from (4.14) and (4.17) we get
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2
(420) (#) = 0= =20,
By (42)" = ks (1= Mky,) + 272,

respectively. Substituting (4.20) in (4.19) we obtain

(4.21)
2 2 ds 4 = ds 2 3 ds 2 ( ds 3 =
(kg - kn) (E) = /\kgkagl(l - )‘klfh)disl +A k;!]deisl - /\Tglkn (E) T
3
[ (1= N 25+ X020~ M )= 8201 = M) ()]

Equality (4.14) and (4.21) shows that the vectors T' and 7 lie on the plane
sp {fl,ﬁl}. So, at the corresponding points of the curves, the Darboux frame

element ¢ of x coincides with the Darboux frame element ¢ of z1, i.e, the curves
z and z; are Bertrand D-curves. O

Let now give the characterizations of Bertrand partner D-curves of the type 1
in some special cases. Assume that z(s) be an asymptotic line. Then, from (4.11)
we have the following special cases:

i) Consider that z1(s1) is a geodesic curve. Then x1(s1) is Bertrand partner
D-curve of z(s) if and only if the following equation holds,

Nig, = kn, (1= A272)
ii) Assume that x1(sy) is also an asymptotic line. Then x(s1) is Bertrand
partner D-curve of z(s) if and only if the geodesic torsion 7,4, of x1(s1) satisfies the
following equation,

7= >‘T91 k91
T 1= My,
iii) If @1 (s1) is a principal line then x;(s1) is Bertrand partner D-curve of z(s)
if and only if the geodesic curvature k,, and the normal curvature k,, of x1(s1)
satisfy the following equality,

kn, (1 —Xkg,) =0

The proofs of the statement (ii), (iii), (iv) and (v) of Theorem 4.1 and the
particular cases given above can be given by the same way of the proof of statement
(i)
Theorem 4.2. Let the pair {x,z1} be a Bertrand D-pair. Then the relations
between geodesic curvature kg, geodesic torsion 74 of x(s)and the geodesic curvature
kg, , the geodesic torsion 74, of x1(s1) are given as follows,

i) if the pair {x,x1} is a Bertrand D-pair of the type 1, then

kg - kgl = )‘(kgkgl + TQTQI)
1) if the pair {x,z1} is a Bertrand D-pair of the type 2, then

kg + kg, = —A(kgkg, + 7475,)
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1) if the pair {x,x1} is a Bertrand D-pair of the type 3, then

kg — kg, = _)‘(kgkgl - 7—97—91)
) if the pair {x,x1} is a Bertrand D-pair of the type 4, then

kg + kgl = )‘(kgkgl + TQTQI)
v) if the pair {x,z1} is a Bertrand D-pair of the type 4, then
kg — kg, = M7gTg, — kgkyg,).

Proof. 1) Suppose that the pair {z,z1} is a Bertrand D-pair of the type 1. Then
by definition from (4.13) we can write

(4.22) z1(s1) = 2(s1) — A(s1)§(s1)

for some constants A. By differentiating (4.22) with respect to s; we have

S ds = ds

4.23 Ty =1+ Xey)—T — A\ry—11
(1.23) L= (14 M) ST = o

By the definition we have
(4.24) T, = cosh #T — sinh 07

From (4.23) and (4.24) we obtain

ds . ds

(4.25) coshf = (1+ )\k:g)d—517 sinh § = )\ng—Sl

Using (4.9) and (4.25) it is easily seen that

kg — kg, = Mkgkg, + 7g7g,)-
The proofs of the statements (ii), (iii), (iv) and (v) of Theorem 4.2 can be given
by the same way of the proof of statement (i). O

From Theorem 4.2, we obtain the following special cases:

Let the pair {z,z1} be a Bertrand D-pair of the type 1. Then,

i) if one of the curves = and z; is a principal line, then the relation between the
geodesic curvatures kg and kg, is

kg = kg, = Akgky,
ii) if 2 is a geodesic curve, then the geodesic curvature of the curve x is given
by

kg = ATg7q,
iii) if « is a geodesic curve, then the geodesic curvature of the curve 7 is given

by

kg, = —A7y7g,
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relations hold:

. _ ds do
'1/) knl = knTsl — Tsl

i) Ty = = kg, sinh 0 — 75, cosh 6

Theorem 4.3. Let {x,x1} be Bertrand D-pair of the type 1. Then the following

1) kg 4= = kg, cosh 6 4 74, sinh 6
w) 74, = (—kgsinh 6 + 7, cosh 0);751

Proof. 1) Since the pair {x, 21 } is a Bertrand D-pair of the type 1, we have <f, f1> =
cosh . By differentiating this equation with respect to s; we have

. L ds = - . . . de

<<kgg ) T1> (T ki ki ) = sinh 6

Using the fact that the direction of g7 coincides with the direction of ¢ and

4.26 fl = cosh §T — sinh 07 711 = — sinh 0T + cosh 07
(4.26) ;

we easily get that

ds do
kn, =kn—— —.
! d81 Cl31

ii) By definition we have (7, 1) = 0. Differentiating this equation with respect
to s; we have

~ o ds . ~ .
<(knT + Tl]g)dslagl> + <7’l, _kg1T1 + T!Jln1> =0.
By (4.26) we obtain

d
ng—ssl = kg, sinh 6 — 74, cosh 6

iii) By differentiating the equation <f, §’1> = 0 with respect to s; we get

d B _
(O + i) 3 ) + (T, (< T i) =0
1
From (4.26) it follows that
d
k‘gd—ssl = kg, cosh + 7,4, sinh 6.
iv) By differentiating the equation (71, §) = 0 with respect to s; we obtain

al = = - = R ds
<(kn1T1 + Tglglvg> + <n1, (_kgT + Tgn)d8> - O’
1
and using the fact that direction of gi coincides with the direction of g and

T = cosh 9f1 + sinh 6774,

71 = sinh Hfl + cosh 011,
we get

Tgy = (—kgsinh 6 + 7, cosh 9)(%:1
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The statements of Theorem 4.3 for the pairs {x,z1} of the type 2, 3, 4, and 5
can be given as follows and the proofs can be easily done by the same way of the
case the pair {x,z1} is of the type 1.

For the pair {z,2,} of the type 2

i) kn, = 3% + koS i) 742 = kg, cosh 6 — 7y, sinh 6

iii) kg(f—; = kg, sinh 0 + 74, cosh 8 iv) 1,, = (k, coshf — 7, sinh G)C%i

For the pair {z,2;} of the type 3

i) kn, = kngs + 2 i) 7,45 = ky, sinh 0 — 7,, cosh 0

iii) kg;l—;l = kg, cosh 0 + 74, sinh 8 iv) 1,, = (—kgsinh 6 + 7,4 cosh 9)(1‘175"1

For the pair {z,2;} of the type 4

i) kn, = kngs — 2 i) 7,45 = ky, cosh + 7, sinh 0

iii) kg;l—;l = kg, sinh 6 + 74, cosh 8 iv) 14, = (kg cosh§ — 7, sinh G)Cg‘l—:1

For the pair {z,z,} of the type 5

i) kn, = k:ndde1 + % ii) ngdel = —kg, sinf + 74, cosf

iii) kgj—; = kg, cosf + 14, sinb iv) 14, = (kgsinb + 74 cos 9);—;

Let now {z,x1} be a Bertrand D-pair of the type 1. From the first equation of

(3.3) and by using the fact that iy = — sinh @7 + cosh 677 we have

ds \ 3
(4.27) kg, = [(1+ Akg) cosh @ — A7y sinh 0] [ky + Ak — A7)] (d;> .
1

Then we can give the following corollary.

Corollary 4.1. Let {z,z1} be a Bertrand D-pair of the type 1. Then the relations
between the geodesic curvature kg, of x1(s1) and the geodesic curvature kg, and the
geodesic torsion 7, of x(s) are given as follows.

i) If x is a geodesic curve, then the geodesic curvature kg, of x1(s1)is

dSl

1) If © is a principal line, then the relation between the geodesic curvatures kg,
and kg is given by

d 3
(4.28) kg, = —Ar2 <8) (cosh @ — A, sinh ).

ds \
(4.29) kg, = (kg + 2Xkg + N°kD) (d:) cosh 6.
1
If the pair {z,z1} is of the type 2, 3, 4 or 5 then the geodesic curvature of the
curve x1(s1) is given as follows
If the pair {z,z;}is of the type 2
ds \ 3
kg, = [(14 k) sinh 6 — A7, cosh 6] [—k, — Ak; + )\ng] (s)
dSl
If the pair {z,z;} is of the type 3
ds \ 3
kg, = [(1 — Akg) cosh 6 + Aty sinh 0] [ky — Ak2 + A7) ] <5>
d81

If the pair {z,z;}is of the type 4
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ds \ 3
kg, = [(1 — Akg) sinh 6 + A7, cosh 6] [—ky + )\kg - /\792] <ds)
s1

If the pair {z,z,} is of the type 5

g disl
and the statements in Corollary 4.1 are obtained by the same way.
Similarly, From the second equation of (3.3) and by using the fact that g coincides
with g1, i.e., iy = —sinh 67" + cosh 67, the geodesic torsion 7,4, of z; is given by

d 3
kgy = [(1 = Aky) cos 6+ Az, sin 6] [y — \k2 — A72] ( i >

Tg1 = [(Tg + kg ) cosh? 6 + (_kg - )‘k.g + /\T;) sinh 6 cosh

(4:30) AT kg sinh? 0] () ’

dSl

From (4.30) we can give the following corollary.
Corollary 4.2. Let {x,z1} be a Bertrand D-pair of the type 1. Then the relations
between the geodesic torsion T4, of x1(s1) and the geodesic curvature k, and the

geodesic torsion T, of x(s) are given as follows.
i) If x is a geodesic curve then the geodesic torsion of xy is

2
(4.31) T, = (74 cosh? 6 + )\7'92 sinh 6 cosh 6) <;ls> .

S1

14) If x is a principal line then the relation between 14, and ky is

2
(4.32) Tgr = — (kg + )\kg) sinh 6 cosh 6 (ds) .
d81

Furthermore, by using (4.9) and (4.10), from (4.31) and (4.32) we have the
following corollary.

Corollary 4.3. i) Let {x,z1} be a Bertrand D-pair of the type 1 and let x be a
geodesic line. Then the geodesic torsion 74, of x1(s1) is given by

(4.33) T = Tg(1 = Aky,) [(1 — Akg,) + >\2Tngl:| .

i) Let {x,x1} be a Bertrand D-pair of the type 1 and let x be a principal line.
Then the relation between the geodesic curvatures k, and kg, is given as follows

1
(4.34) kg(14 Akg)(1 — Nkg, ) = 3= constant.

When the pair {x,x;} is of the type 2, 3, 4 or 5, then the relations which give
the geodesic torsion 74, of z1(s1) are given as follows.
For the pair {z,z:} of the type 2

/ 2
Tgy = [ SiI]h2 0 — )\7gk/’g + ()\ g k'g — )‘kg)) sinh 6 cosh 9] (ds)
g1 — 79 1

For the pair {z,z;} of the type 3
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S1

ds \ 2
= [(1g — AkgTy) cosh? @ +(—kg + )\kg + )\7'3) sinh @ cosh § —\7,k, sin® 0] <dS>

For the pair {z,z;} of the type 4

Tg1

d 2
= [(7g + Meg7y) sinh® 0 — (A7 + kg + AKZ) sinh 6 cosh 6 +A7gk, cosh® 0] (d:l>

For the pair {z,z;} of the type 5

Tgl

2
= [(MkgTy — 7g) cos® 0 + (—kg + Ak, — A7;) sin 6 cos § —A7ykg sin® 6] (;S>

S1

5. CONCLUSIONS

In this paper, the definition and characterizations of Bertrand partner D-curves
in E} are given which is a new study of associated curves lying on surfaces. The
relations between the geodesic curvatures, the normal curvatures and the geodesic
torsions of these curves are given. Moreover, for a special case such as one of the
curves is a geodesic line, principal line or asymptotic line, some special relationships
are obtained in Fj.

1

2]
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