MATHEMATICAL SCIENCES AND APPLICATIONS E-NOTES
VOLUME 1 No. 2 pp. 20-27 (2013) ©MSAEN

A STUDY ON SEMI-QUATERNIONS ALGEBRA IN
SEMI-EUCLIDEAN 4-SPACE

HAMID MORTAZAASL AND MEHDI JAFARI

(Communicated by Bayram SAHIN)

ABSTRACT. The aim of this paper is to study the semi-quaternions, and to
give some of their basic properties. We express De Moivre’s formula for semi-
quaternions and find roots of a semi-quaternion using this formula.

1. INTRODUCTION

The quaternion was first introduced by William Rowan Hamilton as a successor
to complex numbers. The quaternions have been used in various areas of mathe-
matics. Most recently, quaternions have enjoyed prominence in computer science,
because they are the simplest algebraic tools for describing rotations in three and
four dimensions [8]. The Euler’s and De Moivre’s formulas for the complex num-
bers are generalized for quaternions. De Moivre’s formula implies that there are
uncountably many unit quaternions satisfying 2™ = 1 for n > 2 [1]. Also, using De
Moivre’s formula to find roots of a quaternion is a more useful way. The Euler’s and
De Moivre’s formulas are also investigated for the case of dual and split quaternions
in [3,4].

A brief introduction of the semi-quaternions is provided in [5]. Dyachkova [2]
has showed that the set of all invertible elements of semi-quaternions with the
quaternion product is a Lie group. Also, she considered the degenerate scalar
product (g, p) = acbo + a1by. Thus, the semi-quaternions algebra with this product
has the 4-dimensional semi-Euclidean space structure with rank 2 semimetric.

Here, we investigate some algebraic properties of semi-quaternions. De-Moivre’s
and Euler’s formulas for these quaternions are given. De Moivre’s formula implies
that there are uncountably many unit semi-quaternions satisfying for ¢" = 1 for
n > 2. Finally, we give some examples for more clarification.
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2. PRELIMINARIES

In this section, we give a brief summary of the real quaternions. For detailed
information about these concepts, we refer the reader to [6].

Definition 2.1. A real quaternion is defined as
q = ao + aii + azj + aszk

where ao,a1,as and as are real numbers and 1,4, 7, k of ¢ may be interpreted as
the four basic vectors of Cartesian set of coordinates; and they satisfy the non-
commutative multiplication rules

i? = 2=k =ijk=-1
ij = k=—ji, jk=1i=—kj
and
ki = j=—ik.

A quaternion may be defined as a pair (Sg,V;), where S; = ao € R is scalar part
and V; = a1i+aqj+ask € R3 is the vector part of q. The quaternion product of two
quaternions p and ¢ is defined as

pq = SpSq— (Vp, Vo) + SpVg + SV, +V, AV,
where” (,)”and "A” are the inner and vector products in R3, respectively. The
norm of a quaternion is given by the sum of the squares of its components: N, =
a? + a3 + a3 + a%, N, € R. It can also be obtained by multiplying the quaternion
by its conjugate, in either order since a quaternion and its conjugate commute:
N, = qq = qq. Every non-zero quaternion has a multiplicative inverse given by its
conjugate divided by its norm: ¢~ ! = qu. The quaternion algebra H is a normed
division algebra, meaning that for any two quaternions p and ¢, Ny, = NpNg,
and the norm of every non-zero quaternion is non-zero (and positive) and therefore
the multiplicative inverse exists for any non-zero quaternion. Of course, as is well
known, multiplication of quaternions is not commutative, so that in general for any
two quaternions p and ¢, pq # gqp. This can have subtle ramifications, for example:

(pg)® = papg # p*¢*.
3. SEMI-QUATERNIONS
Definition 3.1. A semi-quaternion ¢ is a expression of form
q = 0o+ a1t + azj + ask

where ao,a1,as and ag are real numbers and i, j, k are quaternionic units which
satisfy the equalities

i? = -1, *=k=0
ij = k=—ji, jk=0=kj
and
ki = j = —ik.

The set of all semi-quaternions are denoted by H,. A semi-quaternion ¢ is a
sum of a scalar and a vector, called scalar part, S, = ao, and vector part V, =
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a1t + +asj + ask. Also, a semi-quaternion can be represented in the following way;
q = 21 + iz, where 21 = ao + azj, 220 = a1 + asj.
The addition rule for semi-quaternions is component-wise addition:

q+p = (ao+ari+azj+azk)+ (bo + bri + baj + b3k)
(ao +bo) + (a1 +b1)i + (ag +b2)j + (ag + b3)k.

This rule preserves the associativity and commutativity properties of addition. The
product of scalar and a semi-quaternion is defined in a straightforward manner. If ¢
is a scaler and q € Hg,

cg = cSq+cVy=(cao)l+ (car)i+ (caz)j + (caz)k.

The multiplication rule for semi-quaternions is defined as

ap = SqSp — 9(Vg, Vp) + SqVp + Sp Vg + Vy x Vg,
where
g(‘/qv‘/p) = Clel, ‘/p X ‘/q =02 + (0,31)1 — albg)j =+ (ale — agbl)k’.

Also, this can be written as

o —Q1 0 0 bo

| a1 ae 0 0 by
PI= 6y ag a0 —ay by
as —ao ai Ao b3

Obviously, the quaternion multiplication is associative and distributive with respect
to addition and subtraction, but the commutativity law does not hold in general.

Corollary 3.1. H, with addition and multiplication has all the properties of a
number field expect commutativity of the multiplication. It is therefore called the
skew field of quaternions.
4. SOME PROPERTIES OF SEMI-QUATERNIONS
1) The conjugate of ¢ = ao + a1% + asj + ask = Sq + V, is
7=ao— (a1t + azj +azk) = Sq — V4.

It is clear the scalar and vector part of g is denoted by S, = @ and V, = 454,

2) The norm of g is defined as N, = q7 = gq = a2 + a?.

IfN, = a2+4a? = 1, then ¢ is called a unit semi-quaternion. The set S3 containing
of all the unit semi-quaternions is the 2-fold cover of the special orthogonal group
SO(3). Tt is an analogue of the Hopf bundle [2].

Proposition 4.1. Let p,q € Hy and \,§ € R. The conjugate and norm of semi-
quaternions satisfies the following properties;
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i) 9=, i) pq =q P, iii) Aq + 0p = Aq + 0P,
i) Ngp = NyNp,  v) Nyg = A2N,.
= Niq , Ng # 0, with the following properties;

3) The inverse of ¢ is defined as ¢~

, -1 1 g -1 _
i) (ap)” =pla7t W) (M) =3¢ i) Ng= g
4) To divide a semi-quaternion p by the semi-quaternion g(# 0), one simply has
to resolve the equation
rg=p or qy=p,

with the respective solutions

and the relation N, = N, = N
5) The scalar product of two semi-quaternions p = S, +V,, and ¢ = S; + V; is
defined as

(¢,p) = Squ+g(quVp)
= S(4p)

The algebra H, has the 4-dimensional semi-Euclidean space structure sR* with
rank 2 semimetric[2].
Theorem 4.1. The scalar product has the properties;
1) (pq1,pg2) = Np(a1, q2)
2) (q1p, 2p) = Np(q1, ¢2)
3) (pq1,q2) = (q1,Pq2)
4) (pq1,q2) = (p, 2@1)-
Proof. We will proof identities (1) and (3).
(pq1.pa2) = S(pa1PGz) = S(pq13, D)
= S(2: prar) = Np S(@201)
= NP S(Q162) = Np <q17QQ>a

and
(rq1,q2) = S(pa1G2) = S(q1Gap)
S(q1 Pa2) = (q1,Pq2)-
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Theorem 4.2. The algebra Hg is isomorphic to the subalgebra of the algebra Cy
consisting of the (2 X 2)-matrices

A B
0 A’

A =
and to the subalgebra of the algebra C$ consisting of the (2 x 2)-matrices

"4 B

A:_o A

where A, B € C.
Proof. The proof can be found in [5]. O

5. DE MOIVRE’S FORMULA FOR SEMI-QAUTERNIONS
Definition 5.1. Every nonzero semi-quaternion can be written in the polar form

Qo + a1t + asj + ask
r(cos<p+E?sincp), 0<ep<2or

where r = /N, and

ai

o Vai+ad

Qo .
cosp = —, sing =
r
The unit vector W is given by

1
W = 2(a1i+a2j+a3k;), a; # 0.

ai
Since W2 = —1, We have a natural generalization of Euler’s formula for unit
semi-quaternions
Wp)?2  (We)?
e = 1wl ;,0) i ;) +
2 4 3 5
¥ ¥ ¥ ¥

= cosgo—|—wsinap.

for any real number ¢. For detalied information about Euler’s formula, see [7].

Lemma 5.1. Let & be a unit vector, then we have

(cos + W sing)(costh + Wsiny) = cos(p + 1) + W sin(p + ).

Theorem 5.1. (De-Moivre’s formula) Let ¢ = eWe = cos + Wsing be a unit
semi-quaternion. Then for every integer n;

q" = cosnp + W sinne.
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Proof. We use induction on positive integers n. Assume that ¢" = cos ngp—i—ﬁ sin ny
holds. Then
"' = (cosp+ Wsing)™(cos g + W sin @)
(cosnp + U sinne)(cos ¢ + W sin )
= cos(ng + @) + W@ sin(ng + )
= cos(n+1)o+ W sin(n+1)p.

The formula holds for all integer n, since

q = cosgo—ﬂ?singp,
q = cos(—ngp) + W sin(—nyp)

= cosnp — W sin np.

O

Example 5.1. Let ¢ = —1 44— j + 2k = v/2(cos 3T + w sin 3T) Dbe a semi-

quaternion. Every powers of this quaternion are found to be with the aid of Theo-
rem 5.2 , for example, 10-th power is

¢° = 25[(30810(%%)4-?811110(%)]
= 2500 - ).

Corollary 5.1. There are uncountably many unit semi-quaternions satisfying ¢ =
1 for every integer n > 3.

27

Proof. For every unit vector ﬁ, the quaternion g = cos 2% + W sin =T is of order n.

For n =1 or n = 2, the quaternion ¢ is independent of .
|

Example 5.2. ¢ = % + (%,1,—1) = cos § + ﬁsin% is of order 8 and ¢ =
% + (@, 1,1) =cos § + wsing is of order 6.

Theorem 5.2. Let ¢ = cosp + Usingo be a unit semi-quaternion. The equation
x"™ = q has n roots

2k 2k
Tk :cosu+ﬁ>sinu7 k=0,1,....,n—1.
n n

Proof. If x™ = q, q will have the same unit vector as x. So, we assume that
x = cosy + W sin x is a root of the equation 2™ = ¢. From Theorem 5.1, we have
2" = cosny + W sinny,

Thus, we find

cosny =cosp & sinny = sinp.

So, the n—th roots of ¢q are z = cos %%Jrﬁ sin %2’” fork=0,1,...,n—1. O
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Example 5.3. Let ¢ = 14i—2j+2k = v/2(cos p+ W sin ) be a semi-quaternion.
The equation z® = ¢ has 3 roots and these are

2k 2k
T = \6/§(COS % + W sin %), k=0,1,2.

So, g = v/2(cos =+ W sin ), x = V/2(cos %Tﬂ + W sin %T“), ry = v/2(cos 117—2” +
W sin 117—2”) are the cube roots of g.

Theorem 5.3. Let q be a unit semi-quaternion with the polar form q = cosy +
Wsing. If m = 2% € Z* — {1}, then n = p( mod m) is possible if and only if
q" =q".

Proof. Let n =p( mod m). Then we have n = am + p, where a € Z.

n

q" = cosngp+ﬁsinn<p
= cos(am + p)o + W sin(am + p)p
2m ., 2m
= cos(a? +p)p+ W sm(a; +p)p
= cos(pp + 2ma) + W sin(pp + 27a)
= cospy+ W sin %
= qp_
Now suppose ¢"* = cosnp + W sin ny and ¢P = cos py + W sin py. Since ¢" = ¢?,

we have cosnp = cospy and sinnp = sin py, which means ny = py + 27a, a € Z.
Thusn:a%”+p,nzp( mod m). O

Example 5.4. Let ¢ = % + (?,71,2) be a unit semi-quaternion. From the

theorem 5.5, m = 7?—73 = 6, so we have
¢ = ¢ =4¢"=
F = FS=qg%=..
3 = qg = q15 = .,.. = —1
S o= =g =.. =1

6. CONCLUSION

In this paper, we give some of algebraic properties of the semi-quaternions and
investigate the Euler’s and De Moivre’s formulas for these quaternions. De Moivre’s
formula implies that there are uncountably many unit semi-quaternions satisfying
for ¢" =1 for n > 2. The relation between the powers of semi-quaternions is given
in Theorem 5.3.
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