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EXTENSION OF SHI'S QUASI-UNIFORMITY TO THE FUZZY
SOFT SETS
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ABSTRACT. The purpose of this paper is to introduce Shi’s (quasi-)uniformity
structure in the context of fuzzy soft sets. We define the notion of a fuzzy
soft (quasi-)uniformity in the sense of Shi. We give the relations between a
fuzzy soft (quasi-)uniformity and a fuzzy soft cotopology. Also, we investigate
the relations between fuzzy soft remote neighborhood structures which are
generated by a given fuzzy soft uniformity structure.

1. INTRODUCTION

Most of the existing mathematical tools for formal modeling, reasoning and com-
puting are crisp, deterministic and precise in character. In 1999, Molodtsov [12]
initiated the theory of soft sets as a new mathematical tool for dealing with uncer-
tainties which traditional mathematical tools cannot handle. Later other authors
like Maji et al. [11] further studied the theory of soft sets and also introduced
the concept of fuzzy soft set which combines fuzzy sets and soft sets. Soft set and
fuzzy soft set theories have rich potential for applications in several directions (see
[1, 7, 8, 9]). Furthermore, Aygiinoglu et al. [2] studied the topological structure of
fuzzy soft sets in the sense of Sostak [14].

The theory of uniform structures is an important area of topology which in a
certain sense can be viewed as a bridge linking metrics as well as topological groups
with general topological structures. Therefore, it is not surprising that the attention
of mathematicians interested in fuzzy topology constantly addressed the problem
to give an appropriate definition of a uniformity in fuzzy context and to develop the
corresponding theory. Fuzzy versions of (quai-)uniformity theory were established
by Hutton [6], Lowen [10], Hohle [5] and Shi [13, 15]. One remarkable advantage
of Shi’s (quasi-)uniformity is that it can be directly reflect the characteristics of
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pointwise fuzzy topology, i.e., the relations between a point and its quasi-coincident
neighborhood or remote neighborhood.

The aim of this study is to handle the extension of Shi’s (quasi-)uniformity in the
context of fuzzy soft sets. This study is organized as follows. In Section 2, we give
some preliminary concepts and properties. In Section 3, we introduce the concept of
topological fuzzy soft remote neighborhood system and give the relations between
fuzzy soft cotopological spaces. In the last section, we define pointwise fuzzy soft
quasi-uniformity, induce two kinds of fuzzy soft remote neighborhood systems from
a given pointwise fuzzy soft uniformity and investigate the relations between them.

2. PRELIMINARIES

Throughout this paper, L is a complete lattice with an order reversing involution
and M is a completely distributive lattice. The least element and the greatest
element of L is denoted by 0p and 1y, respectively. Let a,b € L. An element
a € L is said to be coprime if a < bV ¢ implies that a < b or a < ¢. The set of
all coprimes of L is denoted by c¢(L). We say a is way below (wedge below) b, in
symbols, a < b (a <9b) or b > a (b a), if for every directed (arbitrary) subset
D C L,vD > b implies a < d for some d € D. Clearly if a € L is coprime, then
a < bif and only if a <b. A complete lattice L is said to be continuous (completely
distributive) if every element in L is the supremum of all elements way below (wedge
below) it (see [4]).

Let E and K be arbitrary nonempty sets viewed on the sets of parameters. A
fuzzy soft set f on X is a mapping from E into LX, ie., fo := f(e) : X — L
is an L-fuzzy set on X, for each e € E. The family of all L-fuzzy soft sets on X
is denoted by (L¥)F. By ®x and E 'x, we denote respectively the null fuzzy soft
set and absolute fuzzy soft set. The set of all coprimes of (L¥X)F is denoted by

c((L*)").
Definition 2.1. [11] For two L-fuzzy soft sets f and g on X, we say that f is an

L-fuzzy soft subset of g and write f C g if f. < g, for each e € E. f is said to be
equalto gif fCgand g C f

!

Definition 2.2. [11] (1) Union of two L-fuzzy soft sets f and g on X is an L-fuzzy
soft set h = f U g, where h, = f. V g, for each e € F.

(2) Intersection of two L-fuzzy soft sets f and g on X is an L-fuzzy soft set
h = fMg, where h, = fo A ge, for each e € E.

(3) The complement of an L-fuzzy soft set f is denoted by f’, where ' : E —
LX is a mapping given by f! = (f.), for each e € E. Clearly (f") = f.

Let p | f denote the set {g € (LX)F | p Z g I f} for p € ¢((LX)F) and
fe(LX)E.

Proposition 2.1. [11] Let A be an index set and f,g,h, fi,g; € (LX)E, for all
i € A, then we have the following properties:

(1) frf=f fuf=rf.

(2) fMg=gnf, fug=guf.

(3) fulguh)=(fug)uh, fr(gnh)=(fNg)nh.
(4) f=fu(fng), f=fn(fug).

(5) 11 (Uiea 9i) = Uiea (f M ).

(6) fU(Micagi) = Miea (f U gi).
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(7) ®x C f C Ex.

(8) (WeAfi)//: Uien f1-

9) (l_lieA fz) =Mieafi.
(10) If f E g, then g’ C f'.

Definition 2.3. [2] A mapping 7 : K — M©™)" is called an (L, M)-fuzzy (E, K)-
soft topology on X if it satisfies the following conditions for each k € K (where,
7(k) = ¢ : (LX)F — M is a mapping for each k € K).

(Ol) Tk((bX) = Tk(EX) = 1M

(02) Tk(f I_lg) > Tk(f) A Tk(Q)? for all f7g € (LX)E

(03) T(Llica fi) = Nica Tr(fi), for all f; € (LX)E i e A.

The pair (X, 7) is called an (L, M)-fuzzy (E, K)-soft topological space. The value
Ti(f) is interpreted as the degree of openness of a fuzzy soft set f with respect to
parameter k € K.

Example 2.1. Let £ = K = N be the set of natural numbers, I = [0,1] and

7 K — IT)" be defined as follows: _
17 iff:q)XaEX7
Tk(f) = {1

%>

. , Vk € K.
otherwise.

It is easy to testify that 7 is a fuzzy soft topology on X.

Definition 2.4. [2] A mappingn : K — ME is called an (L, M)-fuzzy (E, K)-
soft cotopology on X if it satisfies the following conditions for each k € K

(C1) m(®x) = m(Ex) = 1u-

(C2) me(f U g) = m(f) Am(g), for all f,g € (L¥)".

(C3) ﬂk(ﬂieAfi) 2 /\ieA nk(fl)a for all f; € (LX)Eaz € A.

The pair (X, n) is called an (L, M)-fuzzy (E, K)-soft cotopological space.

Let 7 be a fuzzy soft topology on X, then the mapping n : K — MED® defined
by nx(f) = 1 (f'), for all k € K is a fuzzy soft cotopology on X. Let n be a fuzzy soft
cotopology on X, then the mapping 7 : K — ME" defined by m(f) = n(f'),
for all k € K, is a fuzzy soft topology on X.

3. Fuzzy SOFT REMOTE NEIGHBORHOOD SYSTEM

In this section, we recall the definition of a fuzzy soft remote neighborhood
system and give the relationships between a fuzzy soft remote neighborhood system
and a fuzzy soft cotopological space. If the parameter sets F and K are both one
pointed, then the results obtained in this section coincide with Yue et al.[16].

Definition 3.1. [3] A topological fuzzy soft remote neighborhood system is a set
R = {RP | p € ¢((LX)F)} of mappings R? : K — ME™* such that for each
ke K:

(RN1) Ry (Ex) = On, Ry (Px) = Ly
(RN2) RP(f) # O implies p Z f.
(RN3) Ry(fUg) = Rp(f) A Ri(9).
(RN4) BY(f) = \/ A Rilg).

geplfrizg
(Here, RP(k) = RY : (L*)P — M is a mapping for each k € K.)
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Lemma 3.1. [3] Letn: K — MEO" be an (L, M)-fuzzy (E, K)-soft cotopology
on X. Then we have the following properties.

(1) Ry = {R? | p € c((LX)F)} is a topological fuzzy soft remote neighborhood
system, where RE is defined by

\ nele), ifpZf;
(RD)k(f) = < genls for all k € K,p € c((LX)F) and f €
O, otherwise.
(%),

(2) If n and ¢ are two (L, M)-fuzzy (E, K)-soft cotopologies on X which deter-
mine the same topological fuzzy soft remote neighborhood system, then n = (.
Lemma 3.2. [3] Let R = {RP | p € ¢((L*)E)} be a topological fuzzy soft remote
neighborhood system andn: K — ME" pe defined by follows: for allk € K and
fe@™)”,

m(f) = /\ BL(f).
PLf
Then n is an (L, M)-fuzzy (E, K)-soft cotopology on X. Furthermore, if R and

P are two topological fuzzy soft remote neighborhood systems on X which determine
the same (L, M)-fuzzy (E, K)-soft cotopology, then R = P.

Lemma 3.3. [3] Let R = {RP | p € c((LX)F)} be a set satisfying the conditions
(RN1)-(RN3) of Definition 3.1. Then the following statements are equivalent:

(RN4) Ri() = \/ )\ Ri(9)-

geplfriLg
(RN4*) Ry (f) = \/ (Rh(9) A\ Ri(f))-
gepl|f riZg

4. Fuzzy SOFT QUASI-UNIFORMITY IN THE SENSE OF SHI

In this section, we consider the extension of Shi’s quasi-uniformity structure in
the context of fuzzy soft sets.

Let D(X, F) denote the set of all mappings A : c((LX)F) — (LX) such that
FZA(S) for all f€c((LX)F). A* is the smallest element of D(X, E), i.e., \*(f) =
Oy for all f € c((LX)F). For A\, u € D(X, E), we define the operations on D(X, E)
as follows:

(1) A < p if and only if A(f) T u(f) for all f € c((LX)F).

(2) (VY 0)(f) = ACF) U p(f) for all f € e((L¥)F).

(3) (o m)(F) = M{A(g) | g € c((LX)F) and g Z u(f)} for all f € e((L¥)F).

Then AV p € D(X,E),Aopu € D(X,E),Aopn <A Aou < pand the operators
V and ¢ satisfy the associative law.

Definition 4.1. An order-preserving mapping A € D(X, E) is said to be symmetric,
if for all f,g € ¢((LX)¥), there exists h € c¢((LX)¥) such that h [Z f' and g Z A(h)
implies that there exists p € ¢((LX)¥) such that p Z ¢’ and f Z A(p).

Let Ds(X, E) denote the set of all symmetric mappings in D(X, E).

Definition 4.2. A pointwise (L, M)-fuzzy (F, K)-soft quasi-uniformity on X is a
mapping U : K — MP&E) which satisfies the following axioms for each k € K,
(where U(k) = Uy, : D(X, E) — M is a mapping for each k € K)

(UL) Up(X*) = 11
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(U2) L{k()\ ) = Up(N) AU (p) for all A\, p € D(X, E).
(U3 \/ Ui (p) for all A € D(X, E).
HOpU> A
If U is a pointwise (L, M)-fuzzy (E, K)-soft quasi-uniformity on X, then the pair
(X,U) is called an (L, M)-fuzzy (E, K)-soft quasi-uniform space.

Definition 4.3. A mapping B : K — MPE) is called a base of one pointwise
(L, M)-fuzzy (E, K)-soft quasi-uniformity if it satisfies following conditions for each
ke K,

(B1) Be(\*) = L.

(B2) Bp(AV ) > Br(A) A Bi(p) for all A\, p € D(X, E).

(B3) Br(A) < \/ Bi(u) for all A € D(X, E).

HOp> A

Definition 4.4. A mapping © : K — MP(F) s called a subbase of one pointwise
(L, M)-fuzzy (E, K)-soft quasi-uniformity if it satisfies following conditions for each
ke K,

(SB1) @k(>\ ) =1lum.

(SB2) ©x(N) < \/ O(u) for all A € D(X, E).
[}.<>[L>)\
Theorem 4.1. (1) Let B: K — MPX.E) be an (L, M)-fuzzy (E, K)-soft base and
define for each k € K, U (A \/ Bi(p). Thus, the mapping U : K — MPE)
n>A

is a pointwise (L, M)-fuzzy (E, K)-soft quasi-uniformity on X, generated by B.
(2) Let © : K — MPE) be g subbase of one pointwise (L, M)-fuzzy (E, K)-soft
quasi-uniformity on X and define for each k € K, Br(\) = \/ /\ O (1),
(Wierpi>Xi€l
where (L) denotes ”finite union”. Then B is a base of one pointwise (L, M )-fuzzy
(E, K)-soft quasi-uniformity on X.

Proof. (1) From the definition of (L, M)-fuzzy (E, K)-soft quasi-uniformity, (U1)
is obvious and also (U2) is trivial. Now we prove (U3). From (U2), we know that
Ui(A) =V yopusr Uk(p). So, we need to prove the converse inequality.

Let for k € K and « € ¢(M), a <Ui(N). From (B3), we have

aath(N) =\ Bw <\ '\ B

nZ>A HZAVOVZp
Then there exist v and p such that vov > p > A and a < Bi(v). Hence
o < Ui (v). Thus, a </ Uy (v). Therefore, Up(\) < \/ Us(p)
HOpZA
(2) Since (B1) is obvious and (B2) is trivial, we only prove (B3). Let k£ € K and
a € ¢(M) such that o < Bi(A). From (SB2), we have

aaB,N=\/ Aew)< \/ A V 6rw).

(Wierpi>Aiel (Wierpi> i€l viovi >p;
Then there exist {u; }ier € D(X, E) such that
(1) (Wierpi > A,
(ii) For each i € T', there exists v; such that v; o v; > p; and o < Ok(v;). Let
v = (Wierv;. Then we have vov > (U)ier(v; o v;) > (Wierp; > A Thus

vov>p
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a< \/ V  Aewwm) =\ B

vov>A (U);ervi v i€l voU>A
Therefore, By (A \/ B (1) from the arbitrariness of a. O
/_L<>,u>)\

Definition 4.5. Let U be a pointwise (L, M)-fuzzy (F, K)-soft quasi-uniformity
on X. U is called a pointwise (L, M)-fuzzy (E, K)-soft uniformity if there exists a
mapping B : K — MPXE) with B(\) = 0y for all A € D(X, E) \D (X,E) and
k € K such that B is a base of U, i.e., B satisfies (B1)-(B3) and U (A \/ By (14

u>A
for all k € K.

Lemma 4.1. Let (X,U) be an (L, M)-fuzzy (E, K)-soft quasi-uniform space and
the mapping Rfu) C K — MI e defined as follows for each k € K and f €
(L*)",

(Riu(H) =\ (X

FEX(P)
Then the set Ry = {RZ/{) | p € c((LX)E)} is a topological fuzzy soft remote
neighborhood system.

Proof. We need to prove (RN1)-(RN4) of Definition 3.1.
(RN1): (R, e(@x) = \/  Ue(N) > Up(X") = 1as and (R,))x(Ex) = Our.
2xCA(p)
(RN2): If (R?u))k(f) > Opz, then there exists A € D(X, E) such that A\(p) 3J f
and Uy (N) > 0pr. Hence, p IZ f by A € D(X, E).
(RN3): From the definition of Rf;,), we know that (Rf,))r(fUg) < (R?u)) ()N

(R
(R{y))k(g)- Conversely, let a<i((Ry, )k (f)A(RG, )k ( ))- Hence clearly, a<i(R{y,) )k (f)
and o < (R, )k(9). Since (Rfy))e(f) = Vi) Ue(N), there exists A € D(X E)
such that f C A\(p) and a < Uk(N).

Similarly, there exists ;1 € D(X, E) such that p(p) 3 f and o < Uy (). Therefore,
we have (A V p)(p) 3 fUg and o < Ur(A) AU(p) = Up(AV p). Thus o <
(R{)k(f U g)- So, (Riy)k(fUg) = (R )k(f) A (Bi)k(9)-

(RN4): From Lemma 3.3, it is enough to check (RN4*). Since for each k € K,

(Ry)k(f) = ngP\f((R](DZ/{))k(g) A Ny (B (f)) is obvious. It is sufficient to
show that the converse inequality.

Let o € ¢(M) such that o <1 (RY (u) \/ U (A \/ \/ U (1)

FEX(D) FEX(p) pop>X
There exist A\, u € D(X, E) such that f C A(p),pop > X and o < Ui (p). Let

g = p(p). Then g € p | f. Furthermore, we get

( \/ U (V) > Ui () > .
gEv(p)
Since M{u(r) | r € c((LX)E),r Z u(p)} = po u(p) 2 A(p) I f, we have p(r) 3 f
for all r IZ g = u(p). Hence,
Aoiza Bl K (F) = Avizg Viryos Ue®) = Az Us(12) > . Then,
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0 < (Rl Ji(0) Mg (R ) () Therefore, o < Vo (B2 Je(9)M iz, (R ) (1)
From the arbitrariness of «, we have for all k € K,

(REJL{)) (f )SVgEP‘f((RfZ/{)) (g )/\/\rgg( )) (f))- |

Theorem 4.2. If (X,n) is an (L, M)-fuzzy (E, K)-soft cotopological space, then
there is one (L, M)-fuzzy (E, K)-soft quasi- umformzty U" on X such that the gen-
erated fuzzy soft cotopology by U is just n, i.e., n = n

Proof. Let f € (LX)¥ and A\ : ¢((LX)F) — (LX)F be defined as follows:
[ MpEZf,
A(p) = "

Oy, otherwise.

Then Ay € D(X, E) and Ay o Ay = As. Define U" : K — MPXE) by

\/{/\nk fz |/\<\/ 1)\f,7’L€N}

It is easy to verify that U" is an (L, M)-fuzzy (F, K)-soft quasi-uniformity on
X.

Now we prove that = n“". Noting that Ag(p) = g whenever p £ g, from the
definition of 7", we have

W = NV \/{/\nkfz )| A< Vi Mg, m €N}
p@gyE/\(p) i=1
/\ﬁk =nr(g), for each k € K.

pZg
This is to say 7" > 7. On the other hand, we have

v

W = NV \/{/\77k fi) A< ViLiAp,n €N}

nggD\(p)

< A \/{/\ ne(fi) | 9 E Ui Ap (p),n € N}
pZg 1= 1

= AVAA () |9 C U 2 pom e Ny -
pg 1=1

< A VIUZifi) 19 CUR f 2 p,m € N}
piLg

< A V() 9C f 2} =mlg), forallk e K.
pg

Theorem 4.3. Let (X,U) be an (L, M)-fuzzy (E, K)-soft quasi-uniform space and
R}, K — MEI” pe defined by follows: for each k € K and f € (L¥X)F,

(Rek(H) =\ U,

PEU,.z 51 N (1)

Then the set Ry = {RY, | p € ¢((LX)F)} is a topological (L, M)-fuzzy (E, K)-soft
remote neighborhood system.
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Proof. By Lemma 3.3, we only need to check (RN4*). Since for each k € K,

(RV)k(f) > \/ (RY)k(g) A /\ (R;)k(f)) is obvious, it is sufficient to prove the
geplf riZg
converse inequality. Let k € K and o € ¢(M) such that

a < (Rp)e(f) = \/ Up(N) = \/ \/ Uy (1)-
PEU,.z 7 N (1) PEU,.z 1 N (1) pop>A

Then there exist A\, u € D(X, E) with p Z U,z N (r) such that pop > X and
a < Ui(p). Let g = Usggp/(s). Then g € p | f. Since

Uezg i () = Urgm,g yrus) 1 (1) = Usz Uiz sy 1 (1) = Usz g (popu(s))" < sz (A(s))',
we have p Z Uyz g1/ (t). Hence,

(RY)k(f) = \/ U (X) > Ux(p) > a, for each k € K. Furthermore, we

P,z s N (T)

have
/\(Ri,)k(f): /\ \/ Up(N) > /\L{k(u) > a, for each k € K. Then
riZg rZgrZU g s N (s) riZg
@ < (RYk(9) A Nvigy(Rii(f). Therefore, a < \/ (B)w(9) A /\ (RL)r(f)),
for each k € K. From the arbitrariness of «, we ha\fe€ o e
(Ru(f) <\ (Bwla) A N\ (Bii(£))- O

geplf riZg

Theorem 4.4. If (X,U) is a pointwise (L, M)-fuzzy (E, K)-soft uniform space,
then (Ry), < (R?U))k for each k € K and p € c((LX)F).

Proof. Since U is a pointwise (L, M)-fuzzy (E, K)-soft uniformity, there exists a
base B of U such that By (\) = &x for all A € D(X, E) \ Dy(X, E) and k € K. Let
k€ K and o € ¢(M) with

a < (Ry)e(f) = \/ Up(A) = \/ \/ By (1)
pEU,.z s A (1) PEU,g g N (1) p2A
Then there exist A € D(X, E) and p € Dy(X, E) such that p £ U,z ¢/ (r). Since
u is symmetric, we have p(r) 3 f. Therefore,

a<Be(p) <\ U= (R ) (f)-
FEX(r)

From the arbitrariness of a, we have for each k € K and f € ((LX)F),

(BE)(f) < (Bh ().
Hence, we obtain the desired inequality. (I
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