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GENERALIZED (f,g)-DERIVATIONS OF LATTICES
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ABSTRACT. In this paper as a generalization of derivation and f-derivation on
a lattice we introduce the notion of generalized (f, g)-derivation of a lattice.
We give illustrative example. If the function g is equal to the function f then
the generalized (f, g)-derivation is the f-derivation defined in [8]. Also if we
choose the function f and g the identity functions both then the derivation we
define coincides with the derivation defined in [22].

1. INTRODUCTION

Many kind of derivations on rings, prime rings and lattices are studied by many
authors [3, 4, 5, 10, 11, 12, 13, 16]. The derivation on a lattice was defined by Szasz,
G [21]. X.L. Xin studied the derivation on a lattice and got interesting results.
After these studies the f-derivation, symmetric bi derivation and symmetric f bi-
derivation of lattices were defined and studied respectively in [8], [9] and [18]. In [§]
Ceven and Ozturk gave a generalization of derivation on a lattice which was defined
in [22]. Ceven in [9] introduced the symmetric bi derivations on lattices. The
author investigated some related properties. He characterized the distributive and
modular lattices by the trace of symmetric bi derivations. Ozbal and Firat in [18]
introduced the notion of symmetric f bi-derivation of a lattice. They characterized
the distributive lattice by symmetric f bi-derivation.

The lattice algebra has an important role and has many applications in infor-
mation theory, information retrieval, information access controls and cryptanalysis.
For more information one can see [1, 2, 6, 7, 14, 17, 19, 20, 23].

In this paper we introduce the notion of (f, g)-derivation of a lattice. We give
illustrative example. We also characterize the distributive and isotone lattices by
generalized (f, g)-derivations. We generalize the derivations defined in [8] and [22].
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2. PRELIMINARIES

Definition 2.1. [15] Let L be a nonempty set endowed with operations A and V.
If (L, A, V) satisfies the following conditions for all z,y,z € L
(HazAhx=x,zVr==
2)zAy=yAz,zVy=yVz
B) (zAy)Ahz=xA(yAz), (@Vy)Vz=zV(yV2)
4) (xANy)Vez=z, (zVy) Az ==z
then L is called a lattice.
Definition 2.2. [15] A lattice L is distributive if the identity (5) or (6) holds for
all x,y,z € L:
B)xA(yVz)=(xAy)V(xAz)
6) xV(ynz)=(zVy A(zVz2)
Definition 2.3. [19] A lattice L is called modular if it satisfies the following con-

ditions for all x,y,z € L:
(M) Ifx <z thenazV(yAz)=(xVy) Az

Definition 2.4. [15] Let (L, A, V) be a lattice. A binary relation < is defined by
z<yifandonlyif tAy=x and x Vy =1y.

Definition 2.5. [15] Let L and M be two lattices. The function ¢ : L — M
is called the lattice homomorphism if it satisfies the following conditions for all
x,y € L.
(8) g(zAy) =g(x) Ag(y)
9) g(zVy) = g(z) Vv g(y).
Lemma 2.1. Let (L,A,V) be a lattice. Define the binary relation < as in the
Definition 2.4. Then (L,<) is a poset and for any x,y € L, x Ny is the g.l.b. of
{z,y} and xV y is the L.u.b. of {x,y}.

Definition 2.6. [22] A function D : L — L on a lattice L is called a derivation on
L if D satisfies the following condition

D (xANy)=(DzAy)V (x A Dy)
The abbreviation Dx is used for D(x) in above definition.
Definition 2.7. [22] Let L be a lattice and D be a derivation on L
(i) If z <y implies Dz < Dy then D is called an isotone derivation,

(ii) If D is one to one then D is called monomorphic derivation,
(iii) If D is onto then D is called epimorphic derivation.

3. GENERALIZED (f, g)-DERIVATIONS OF LATTICES
Definition 3.1. Let L be a lattice, a function d : L — L is called generalized
(f, g)-derivation of L if there exist functions f,g: L — L such that
(3.1) d(z Ny) = (dz A fy) V (g2 A dy)
for all z,y € L.
It is obvious that if the function g equal to the function f then the generalized
(f, g)-derivation is the f-derivation defined in [8]. Also if we choose the functions

f and g the identity functions then the derivation we define in (3.1) coincides with
the derivation defined in [22].
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Example 3.1. Let L be the lattice of Figure 1 and define a function d by d0 =
0, da=a, db=a, dc=c, dl = a.

0o

FIGURE 1

Then d is not a derivation on L since a = d(bAc) # (dbAc)V (bAdc) =
(anc)V (bAc) =b. If we define f0 =0, fa=a, fb=a, fc=1, f1 =1 and
90 =0, ga =a, gb=a, gc=c, gl =1, then d is a generalized (f, g)-derivation
on L.

Proposition 3.1. Let L be a lattice and d be a generalized (f, g)-derivation on L.
Then

de < fx V gz
for all x € L.
Proof. Since dx A fx < fx and gz A dz < gx then,
dr = d(zANx)
= (dz A fx)V (gz Adx)
< fxVgzx.

O

Proposition 3.2. Let d be a generalized (f,g)- derivation on a distributive lattice
L then
dx ANdy < d(zNy)
for all x,y € L.
Proof. From Proposition (3.1) we have dx < fz V gz. Since
d(zNy) = (dz A fy) v (gz A dy)
then
(dz A fy) < d(xzAy)

(3:2) (9x ANdy) < d(zNy).
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Also since
d(zAy)=d(yAz)=(dyA fz)V(gy Adr)
then
(3.3) (dy A fx) < d(z Ay)
and

(gy Ndx) < d(zNy).
Combining (3.2) and (3.3) we have
(3.4) (dy A f2) v (g2 A dy) < d (A y)
From (3.4), and since L is a distributive lattice then we get
drNdy < (fzVgz)Ady

(fx Ady) Vv (gz A dy)
d(zNy)

IN

It completes the proof. O

Proposition 3.3. Let d be a generalized (f, g)-derivation on a lattice L. Then
d(z ANy) < dxVdy
forall x,y € L.
Proof. Since dx A fy < dzx and gz A dy < dy then
d(zAy) = (dzA fy)V(g9z Ady)
< dxVdy
O

Proposition 3.4. Let d be a generalized (f,g)-derivation on a lattice L. If L has
a least element 0,such that f0 =0 and g0 = 0 then d0 = 0.

Proof. We know that dz < fa V gz for all z € L from Proposition (3.1). Since 0 is
the least element of the lattice then we get 0 < d0 < fOV g0 = 0 means d0 =0. O

Proposition 3.5. Let L be a lattice with a greatest element 1, d be a generalized
(f, g)-derivation on L and f1 = gl = 1. Then the following identities hold;

(i) If fx < dl and gx < d1 then do = fx V gx

(i) If fx > dl and gx > d1 then dx > d1

Proof. (i) Since dz =d (z A1) = (dz A f1) V (92 A dl) = dz V gx then

(3.5) gr < dx.

Similarly since dz =d (1 Az) = (d1 A fz) V (g1 Adx) = fa V dx we have
(3.6) fx <dux.

Combining (3.5) and (3.6) then we get

(3.7) gz V fx <dux.

We know dz < fz V gz from Proposition (3.1). Finally
gV fx <dz < frVgz.
This means dx = fz V gx.
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(ii) Since
dr = d(z A1)
= (dx A f1)V (gz Adl)
= drVdl
then
dx > dl

O

Definition 3.2. Let L be a lattice and d be a generalized (f, g)-derivation. Define
aset F={re€L:de= fzVgz}.

Proposition 3.6. Let L be a lattice, d be an isotone generalized (f, g)-derivation.
If x,y € F and f, g are decreasing functions, then x Vy € F.

Proof. Since x < xVy then f(xVy) < fz and since y < zVy then g (z Vy) < gy.
Then we have
fxvy) < fzvgx
glzvy) < fyVgy
Since d is an isotone generalized (f, g)-derivation then
flevy)VgVvy) < (fzVvgz)V(fyVgy)
= dxVdy
< d(xVy).

We know that d(zVy) < f(xVy)Vg(zVy). As aresult
=f

—~ —~

d(zVy) rVy)VgzVy)

and xVy € F. (]

Proposition 3.7. Let L be a lattice and d be a generalized (f, g)-derivation of L
Then the following conditions are equivalent;

(i) d is an isotone generalized (f, g)-derivation

(i) dz vV dy < d(x V y)

Proof. (1)=(2) Suppose that d is an isotone generalized (f, g)-derivation. We know
that + < zVy and y < z Vy. Since d is isotone then dz < d(zVy) and dy <
d(zVy). Hence we get de VvV dy < d(xVy).

(2)=(1) Suppose that dzVdy < d(zVy) and < y. Then we get de < dzVdy <
d(xz Vy) = dy. This means that d is an isotone derivation. O

Theorem 3.1. Let L be a lattice with greatest element 1 and d be an isotone
generalized (f, g)-derivation on L. Let f1 = gl =1 and either fo > gz or fr < gx
for all x € L. Then

de = (fz V gx) ANdl
for all x € L.
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Proof. If d is an isotone generalized (f, g)-derivation then dz < d1.

Let fx > gx. Then we have dx < fx V gx = fx. From this we get do < fz Adl.

Also

dr = d((xV1)Azx)
= [dxV1Afz]V][g(zV1)Adz]
= (d1A fz)V (g1 Adx)
= (d1A fz)V(1Adx)
= (dl1A fz)Vvdx
= dlA fax.

Since fx V gr = fx then we can get

dx = (fx V gx) ANdl.

Now suppose that gz > fz. Then dx < fxVgr = gz. From this we get dx < gxAdl.
Also

dr = d(xzAN(zV1)
= [deANf(zVv1)]V[gzAd(zV1)
= (dz A f1)V(gx Adl)
= dzV (g ANdl)
gxr Ndl.

Since gx > fx then fz V gxr = gr and

dx = (fxz V gx) Ndl.

This completes the proof. ([l

If

4. CONCLUSION

In this study we introduced the notion of generalized (f, g)-derivation of a lattice.
the function ¢ is equal to the function f then the (f,g)-derivation is the f-

derivation defined in [8]. Also if we choose the function f and g the identity
functions both, then the derivation we define coincides with the derivation defined
n [22].

il
[2
3
4
5
6

[7

REFERENCES

] A.J. Bell, The co-information lattice, 4th Int. Symposium on Independent ComponentvAnal-
ysis and Blind Signal Seperation (ICA2003), Nara, Japan, 2003, 921-926.

] A. Honda and M. Grabisch, Entropy of capacities on lattices and set systems, Inform. Sci.
176 (2006), no. 23, 3472-3489.

] Asci, M., Kecilioglu O., Davvaz B. On Symmetric f bi-derivations of Lattices. J. Combin.
Math. Combin. Comput. 83, (2012), pp. 243-253..

] Asci, M., Kecilioglu O., Ceran §. Permuting Tri (f,g) derivations on Lattices. Ann. Fuzzy
Math. Inform. (AFMI). Vol 1, No.2 (2011), pp. 189-196. .

| Ceran, . Asci, M. Symmetric bi-(o, ) derivations of prime and semi prime gamma rings.
Bull. Korean Math. Soc. 43 (2006), no. 1, 9-16.

| C. Carpineto and G. Romano, Information retrieval through hybrid navigation of lattice
representations, International Journal of Human-Computers Studies 45 (1996), 553-578.

] C. Degang, Z. Wenxiu, D. Yeung, and E. C. C. Tsang, Rough approximations on a complete
completely distributive lattice with applications to generalized rough sets, Inform. Sci. 176
(2006), no. 13, 1829-1848.



62

(8]

[9]
(10]

(11]
[12]

[13]
(14]

[15]

MUSTAFA ASCI AND SAHIN CERAN

Ceven, Y. Oztﬁrk, M. A. On f-derivations of lattices. Bull. Korean Math. Soc. 45 (2008), no.
4, 701-707.

Ceven, Y. Symmetric bi derivations of Lattices, Quaestiones Mathematicae, 32(2009), 1-5
Ceven, Y. Oztiirk, M. A. Some properties of symmetric bi-(o, 7)-derivations in near-rings.
Commun. Korean Math. Soc. 22 (2007), no. 4, 487-491.

Davey, B. A.; Priestley, H. A. Introduction to lattices and order. Second edition. Cambridge
University Press, New York, 2002. xii4+298 pp. ISBN: 0-521-78451-4

E. Posner, Derivations in prime rings, Proc. Amer. Math. Soc. 8 (1957), 1093-1100.

Ferrari, Luca On derivations of lattices. Pure Math. Appl. 12 (2001), no. 4, 365-382.

G. Durfee, Cryptanalysis of RSA using algebraic and lattice methods, A dissertation submit-
ted to the department of computer sciences and the committe on graduate studies of Stanford
University (2002), 1-114.

G. Birkhoof, Lattice Theory, American Mathematical Society, New York, 1940.

[16] H. E. Bell and L. C. Kappe, Rings in which derivations satisfy certain algebraic conditions,

Acta Math. Hungar. 53 (1989), no. 3-4, 339-346.

[17] J. Zhan and Y. L. Liu, On f-derivations of BCI-algebras, Int. J. Math. Math. Sci. (2005), no.

11, 1675-1684.

[18] Ozbal, S.A, Firat, A. Symmetric f bi Derivations of Lattices. Ars Combin. 97 (2010) in press.
[19] R. Balbes and P. Dwinger, Distributive Lattices, University of Missouri Press, Columbia,

Mo., 1974.

[20] R. S. Sandhu, Role hierarchies and constraints for lattice-based access controls, Proceedings

of the 4th Europan Symposium on Research in Computer Security, Rome, Italy, 1996, 65—79.

[21] Szész, G. Derivations of lattices. Acta Sci. Math. (Szeged) 37 (1975), 149-154.
[22] X. L. Xin, T. Y. Li, and J. H. Lu, On derivations of lattices, Inform. Sci. 178 (2008), no. 2,

307-316.

[23] Y. B. Jun and X. L. Xin, On derivations of BCI-algebras, Inform. Sci. 159 (2004), no. 3-4,

167-176.

PAMUKKALE UNIVERSITY SCIENCE AND ARTS FACULTY DEPARTMENT OF MATHEMATICS KINIKLI

DenNizL TURKEY

E-mail address: mustafa.asci@yahoo.com
E-mail address: sceran@pau.edu.tr



