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ABSTRACT. A remarkably large number of operational techniques have drawn
the attention of several researchers in the study of sequences of functions and
polynomials. Very recently, Agarwal and Chand gave a interesting new se-
quence of functions involving the , Fy .Using the same method, in this paper,
we present a new sequence of functions involving product of the ,Fj;. Some
generating relations and finite summation formula of the sequence presented
here are also considered. In the last, we use Matlab (R2012a) for each param-
eter of our main sequence, which gives the eccentric characteristics in the area
of sequences of functions or class of polynomials.

1. INTRODUCTION

The idea of representing the processes of calculus, differentiation, and integra-
tion, as operators, is called an operational technique, which is also known as an
operational calculus. Many operational techniques involve various special functions
have found some significant applications in various sub-fields of applicable mathe-
matical analysis. Many applications of operational techniques can be found in the
mathematical analysis, solving a polynomial equations and differential equations.
Since last four decades, a number of workers like Chak[2], Gould and Hopper [6],
Chatterjea[5], Singh[16], Srivastava and Singh[19], Mittal[8, 9, 10], Chandal[3, 4],
Srivastava[14], Joshi and Parjapat[7], Patil and Thakare[11] and Srivastava and
Singh[18] have made deep research of the properties, applications and different ex-
tensions of the various operational techniques.

The key element of the operational technique is to consider differentiation as an
operator D = % acting on functions. Linear differential equations can then be
recast in the form of an operator valued function F(D) of the operator D acting on
an unknown function which equals a known function. Solutions are then obtained

by making the inverse operator of F acting on the known function.
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Indeed, a remarkably large number of sequences of functions involving a variety
of special functions have been developed by many authors (see, for example, [18];
for a very recent work, see also [1, 16]). Here we aim at presenting a new sequence
of functions involving a product of the ,Fj, by using operational techniques, which
are expressed in terms of the Gauss hypergeometric function. Some generating re-
lations and finite summation formulae are also obtained.

For our purpose, we begin by recalling some known functions and earlier works.
In 1971, by Mittal [8] gave the Rodrigues formula for the generalized Lagurre poly-
nomials defined by

« 1 —Q n aTn
(1.1) T,En) (z) = Ex exp (p (x)) D [J: 7 exp (—pi (x))] ,
where py (x) is a polynomial in z of degree k.

Mittal [9] also proved the following relation for (1.1) given by
S— ]' —a—n n «
(L) T (@) = —a o exp (i (2)) T2 [0 exp (—p (@),

where s is a constant and T = x (s + zD).

In this sequel, in 1979, Srivastava and Singh [18] studied a sequence of functions
1A% (z;a,k,s) defined by

—Q

(1.3) V,ga) (z;a,k,s) = % exp {pk ()} 6" [z* exp {—p (2)}]

By using the operator 8 = x® (s + D) , where s is constant, and py (x) is a poly-
nomial in x of degree k.

oo

3 5o Pryqlyee 5 qrs &
Here, a new sequence of function {Vé’“ Protyeedr,@) (z;a,k1y ey kry Y1y oees Ury s)} .
n=
is introduced as follows:

1
(1.4) V,gpl """ Prodiyeesr,o) (z;a, ki, s kry Yy ey Yy §) i = —a @ H X

Qp; ) 3 a,s\M @ : Qp; )3
Pqu]‘ ((b:{)); yjpkj (CL‘):| (T:r’ ) € Hijq]‘ |: ((bsj.)); - yij'j (x):| )
J ]:1 J
d . .
where T° = 2% (s+xD),D = = and s are constants, 8 > 0, k; is a finite
i

a
and non-negative integer, y; € R, P, (z) are polynomials in = of degree k;, where
J=1,2,..,r. p, Fy, is a special case of the generalized hypergeometric functions of
one variable. For the sake of completeness, we recall the ,Fj,.

A generalized hypergeometric function ,F, is defined and represented as follows
(see [15, Section 1.5]):
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(1.5) qu{ } i 4 %

] n

where ()),, is the Pochhammer symbol defined (for A € C) by (see [15, p. 2 and p.
4-6)):

(1.6) " (A<A+)1)~--(A+n—1) (neN:=1{1,23, ..}
I'A+n 3
:T)\) ()\G(C\ZO)

and Z; denotes the set of non-positive integers. Note that the function ,F, con-
verges if p < ¢;p=¢g+1and |z| < 1.

Some generating relations and finite summation formula of class of polynomials or

sequences of functions have been obtained by using the properties of the differential
d

operators. The operators T%° = % (s + D) (D = d> is based on the work of
x

Mittal [10], Patil and Thakare [11], Srivastava and Singh [18].
Some useful operational techniques are given below:

B+s

(1.7) exp (tT3*) (27 f (2)) = 2 (1 — am“t)_( o )f (x(l - aa:”’t)_l/a) ,

(1.8) exp (E1°) (z°~" f (x)) :z“(1+at)—1+(”7“)f< (1+at)1/a)

(1.9) (T%*)™ (zuv —xZ( ) (T2 () (T2 (u),

(1.10) (14+2zD)(14+a+xD) (14 2a+ xD) x
(1+3a+2D)...(1+ (m—1)a+aD) "~ =a™ <§> i
and
(1.11) (l—at)™ =(1—at)® 3. (O‘;/}) (amt)! .

2. GENERATING RELATIONS

First generating relation:
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(21) Z ‘/n(,pl“”ypmqlw"qma) (l’, a, kl? ey kT‘vylv c Yry S) "
T Hp] [ )) 0Py, (& >}x
HPJ q; |: ap{)). _yij]- (f(l—at)_l/aﬂ

Second generating relation:

oo

(2.2) Z V,Epl""’p""ql""7‘“’0‘_“") (xya,k1y ey kry Y1y ooy Yry 8) & 4"
n=0

— (1t a) L, E, [ ((Z:f))'; vilt (@} g

Jj=1
r

it { ((Zj)) — P, (m(H“t)l/a)]

j=1
Third generating relation:

[e.9]

(23) Z <m7;ﬂ|_ n) Véphm,phql,m’qha) (Z‘, a, kl? neey k'ra Y1y Yry S) A AL
n=0

(1—at)”

Tt | () w0
H { g:;;; o)

Y (PLssPradisdrs) (m(l —at) V% a ke ks ...,y,.,s)

X

Proof of the first generating relation.

We start from (1.4) and consider

(2.4) Z Y ProeesPrsiostns®) (peg py ke Y1 e Y 8) £
n=0
=z ¢ ; F, (a,) i Py x} X
jljlpJ v { (bg, ) ; i (7)

eXp tTa S H Dj q] |: J)) .; - y]PkJ (I):|
_] )

Using the operational technique (1.7), Equation (2.4) reduces to
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(2.5) Z Y (PLoessProdue @@ (g foy e Y1, e Yy 8) 2T
n=0
_ - F (apj); P (1 at 7(0‘;5)
= it | (b, ; Y Pr, (2)| 2%(1 — azt) X
=1 7

f[lijq] [ ((Z:J)) — Py, (2(1- axat)_l/a)}

= (1—az)” ) [T 5 { ((ZZ?'))E vil, (‘”’”)} :

j=1

T

which upon replacing ¢t by tz~%, yields (2.1).
Proof of the second generating relation.

Again from (1.4), we have

o
(2.6) @ Y P b a0 (g0 kK, e, 8) €

n=0

o i o]

3 3

exp(tTy %) ¢ x*~ " Hijqj [ ((ij)) b - Y Pr; (x)}
j=1 ‘

Applying the operational technique (1.8), we get

oo
(2.7) Z x_“"VTS”l""’p“ql"“’q“a_“") (@ya,k1y ooy Kry Yty ooy Yy S) "

n=0
=" H Fy, [ ((ij)) 93P, <x>} 2 (1+at) ™ 7 x
1.5 ) o )
(2.8) = (1+at) s ﬁqui [ ((ZZJ)) il (x)] g
j=1 i

jﬁijqj |: ((ZZ)) ; — y; P, (x(l + at)l/a)] .
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This proves (2.2).
Proof of the third generating relation.

We can write (1.4) as

(2.9) (T H [ )) CyP <x>]
(XV/rEpl ,,,, pr7q1 ..... qT’ ) (x; a/’ kl’ ""k’l‘7y1? "'?yT7S)

Lo [ i) v

j=1

or

(210)  exp (£(T59)) & (T2 Hpj [ )) P <x>]

.7"

(P1ssDr Qs Grs@) ()
Vn (5E a, k17"'7kr7y17~"7y7“78)

Hp] o] ) @)

=nlexp (tTo%) |z

(2.11) Ztﬁ!(Tﬁ’s)m*" 2T o, Fy, { ((ZSJ)) — y; Py, (m)}

j=1

m
(P1seesPrsQ1y s @rsce) (o
< [xo/v" TR (x7a7k1a"'ak7‘7y1a"'ay’ms)

Lo [ ) weto

j=1

Using the operational technique (1.7), Equation (2.11) can be written as:

(2.12) Z %m' ( m+n H »; qJ |: J))’ — yijj (I)}
m=0 9/
=nlz® (1 — az®t)” ) ! X

- Ap; )5 a;\—1/a
Hijth [ ((pr;. Y; Pr; (i(l—aw t)~Y >:|
j=1 R

VTEPI,~~~7p'r~~,q17u~,Q7';Oé) ((E (]' - al.at)il/a;avkl, "'akrvylv "'7yT78)

which, upon using (2.9), gives



A NEW SEQUENCE OF FUNCTIONS INVOLVING PjF‘Ij 179

(2 13) i tm (m 4 TL) o Vrfmp—il-;v, SPmoqL e qm Q) (gg~a kl, ey km,yl, ...,ym,s)
' — mln! ap, )
" Hpg a { N =y Py (SE)}
_(ats 1
=z (1 — az®t) (=)

X

ﬁm%{gﬁj_%&xahwﬂw”ﬂ}

Therefore, we have

(2.14) Z (m:n) Vn(fi;L DB LG, @ )(m;a,kl,...,k‘r,yl,...,yr,s) " x
Hp] (IJ|: )) y]Pk ( ):|
J
HPJ qj{ )) vy Pr; (z(l—axat)l/a)]
J

74 R L q“o‘) (x (1—az®t) ™Y a,ky, ..o by, y1, ...,yr,s) .

m=0

=(1- axat)_( a

X

Which, upon replacing ¢ by tx~¢%, proves the result (2.3).

Remark 2.1. If we give some suitable parametric replacement in (2.
(2.3) respectively, then we can arrive at the known results (see [2,
9, 11, 13, 14, 16, 17)).

@
~
ot~
S
>
N

3. FINITE SUMMATION FORMULAS

First finite summation formula.

(3.1) Vém ..... PrsGLse s Qrsct) (250, ks oy Ky s Y1y ooy U )

[eS)
1 « (
E : PLyesProqiseqr0) ¢
m' (E) anm ! (xaawklv"'ak’myl?"'72/7”78)'
m—0 m

Second finite summation formula.

(3.2 Vrgpl:~~7p'r'7QI7"~;QT')O‘) (230, k1, ooy Ky Y1, ooy Y S)

)
oo
1 o — s
= Z — (ax®)™ (6) ijl,;;"”’“q“ 2ar:P) (50, k1y ey Ky Y1y ey Ury S) -
m=0 a m

m!
Proof of the first finite summation formula.

From Equation (1.4), we have
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(3.3) v,gmmprvqh---w) (z:a, k;l,... Ky Y1y oons Yrs 8)

*“Hpj w | ) )]

ey d zae 1Hpj w7 -, )

] )

Using the operational technique (1.9), we have

(3.4) Y, ProPrsts 8@ (10 ko K 1, e Y )
H,,J w | ) wr @] e X () ey s
m=0
i
o (apj).’ —y; Py, (@) (T;J)m (xa—1)
, (bg,) ;
j=1
_ 1ot (ap,): e
T jzlijqj { (bq;); Y F, (x)} xmz::() m)! (n—m)!x 8

[(s+zD)(s+a+zD)(s+2a+2zD)...(s+ (n—m—1)a+ zD)]

o ]
[(14+2D)(1+a+2D)(1+2a+zD)..(1+ (m—1)a+zD)] (z*").

Using the result (1.9), we have

(35) V(plv“"praQMHw‘Zma) ("E, a, klv ceey kr7y17 ey Yry S)
n
1 an
_HI”J ‘IJ[ J) yJPk()];nﬂ(n_Tn)'x X
n—m—1 r (a ) N
E) (s +ia+xD) EPjFQj { (b:.); — Y P, (x):| a™ (g)m.

Put a = 0 and replacing n by n —m in (3.3), we get

(36) V(ph»--,pr,(h ..... ar-0) (x'a klw" k’myla ~~~»Z/r»3)

,Hp] w| ) wm, @)

J

oL [ ) o]

j
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1 a,s\n—m - (ap-) 5
(3‘7) (Ta:’ ) PjFQj N ij (:L‘)
70— m)! H {(qu vtk }

(P1se3Prsq150050r,0) ()
. Vn_y;q, e (I7aa kla"'akmyla'“ayras)

T_[ AR

This gives
1 n—m-—1 . r (apj) :
(3-8) (n—m) I[[ (s+ia+aD) psFa (b ); Yj Pr; (x)
’ =0 j=1 qj )
_ xa(m_n) Vr?}n’zm’pmql ..... qr,0) ((E; a, kla ey km YLy oy Yrs S)

Lm0 [ ) w0

From Equations (3.5) and (3.8), we have the main result.
Proof of the second finite summation formula.

Equation (1.4) can be written as

o0

(3.9) Z VPP (g fey ke Y1 e Yy 8) £

n=0

Applying the (1.7) to the Equation (3.9), we have

(310) Z V;’(/plvmaPMQI,anr,tX) (x;CL,kla ceey krvyla ...,yr,S) tn
n=0
—a r (apj); o a 7((133)
=7 HPJ'F%‘ (bq.)' Yj P, (z)| 2% (1 — az"t) X
J=1 ’

J
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= (1 — az")

{ j')) y; P, (x )} X
Hz)a q;[ apj)_

)

—y; Pr, (:1:(1 - axat)l/“)] .

Using the result from Equatlon (1.11), Equation (3.10) reduces to

(3.11) ivy’l ----- Pro@useesdrs®) (20, Ky Ky Y1y ooy Yy 8) £
n=0
(1 — azt)~ (% )mij:o <aa5)m (axﬂ‘:'f) ];IIPJF‘IJ { v )): y; P, (x)} X
L
_g(aaﬂ)m (aa;nl'f)mxﬁjli[lpqu] { b )): y; Py, (9:)} X
exp (173°) {fﬂﬁ lillijqy { (bpj)): —y; Py, (x)} }
_gg (a;ﬁ> (aq;a;!;'mm _lejlp]FqJ { (b J): y; Py, (x)} X
(T")" {xﬂ f[lp]qu { ((Zp )): —y; Py, (fc)}}

{ . %[ > ]}

Now equating the coeflicient of t" , we get

(312) V(phm’phqhm?qma) (x'a kla krayla -'-ayﬁs)

zn:(oza ) m'(ai— 76Hpj qJ{ ap,) ; T uP ( )}X

m=0

.7

{ﬂnm (G} v o]}

Using the Equation (1.4) in (3.12), we have the result (3.2).
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4. SPECIAL CASES

(I) If we take r = 1, then the results established in equations (2.1), (2.2), (2.3),
(3.1) and (3.2) reduce to the known results in [1].

(IT) If we apply the case of Mittage-Leffler function via hypergeometric function,
1 2 -1
i.e., By =oF 41 <; — = a ; :

[ASNE L) —a’ andr:]-vyl:laplzpaql:(Ia all the
a « a o af
results established in Equations (2.1), (2.2), (2.3), (3.1) and (3.2) reduce to those
identities in [13].

(ITT) If we apply the Wright function W («,d; z) which is very special case of the
hypergeomtric function ,F, and r = 1,y1 = 1,p1 = p,q1 = ¢, all the results
established in Equations (2.1), (2.2), (2.3), (3.1) and (3.2) reduce to the results in
[12].

5. MATLAB IMPLEMENTATION

In this section, we choose p; = 2;¢; = 1;7 = 2 to establish the program of the
sequence of functions given in equation (1.4).

5.1. Code of new sequence of functions:

function [Vn] = pgnhypergeo(sigma,alphal,lambda,beta,mu,
delta,alpha,a,k,s,x)

%Graph of Vn(sigma,lambda,mu,alpha,a,k,s,x)V
%=Vn(sigma,lambda,mu,alpha,a,k,s,x)=(1/n!).*x." (-beta)
%.*hypergeom([sigma,lambdal ,mu,x. k).
%*hypergeom([alphal,betal ,delta,x. k)

%.*Tn. " (a,s) (x. a.*x(s+x.*D) (x. “beta)

%.*hypergeom( [sigma,lambdal ,mu,-x."k)).

%*hypergeom( [alphal,beta] ,delta,-x. k), where n=1,2,3,
syms X

#%n=input (’please enter n:’);

n=4;

W1ll= hypergeom([sigma,lambdal ,mu,-x."k);

W12= hypergeom([alphal,betal] ,delta,-x."k);
y=(x."alpha) .*W11.*W12;

for i=1:n

y=(x."a) . *(s.*y+x.*diff (y));

end

W21=hypergeom( [sigma,lambdal ,mu,x. k) ;
W22=hypergeom([alphal,betal ,delta,x. k) ;
v=(1./factorial(n)).*(1./(x. alpha)) .*W21.xW22.*y;
Vn=subs (v,x) ;

end

Plot The Graph:

hold on

hi= ezplot(pgnhypergeo(1,1,1,1,1,1,1,3,1,3,x),[-.1:.05:.1]);
h2= ezplot(pgnhypergeo(3,3,3,3,3,3,1,3,1,3,x),[-.1:.05:.1]);
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h3= ezplot (pgnhypergeo (5,
h4= ezplot(pgnhypergeo (7,
title(’V_1(a,a,a,a,a,a,l
xlabel (’x-axis’)
hold off
set(hl,’color’,’r’)
set (h2, ’color’,’b’)
set (h3, ’color’,’g’)
7k7)
1,1

,5,1,3,1,3,x),[-.1:.05:.11);
’7 133:1,3,}(),[_-1: .05: 1]),
,x);a=1,3,5,7?);ylabel(°V_1’)

w N o
H“\IU'I
w N o

N o

’

)

set(h4,’color’,
legend(’V_1(1,1, ,1,1,1,3,1,3,x)°,°v_1(3,3,3,3,3,3,1,3,1,3,x) 7,
,V_1(5,5’5’5’5’5,1’3’1’3)X)",V—1(7,7’7’7’7’7,1’3’1’3’X)’)

6. GRAPHS:

Some graphs of new sequence of functions (1.4) are established with the help of
using the above matlab program for different values of the parameters and can be
easily interpreted, which are listed at the end of the paper.

7. CONCLUSION

In this paper, we have presented a new sequence of functions involving the a
product of the ,Fy by using operational techniques. With the help of our main
sequence formula, some generating relations and finite summation formula of the
sequence are also presented here. Our sequence formula is important due to presence
of ,F,. On account of the most general nature of the ,F, a large number of
sequences and polynomials involving simpler functions can be easily obtained as
their special cases but due to lack of space we can not mention here.
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V1(a,a,a,a,a,a,a,2,1 2x)ya=1357

_I\f1(1,1,1:1,1,1,1,|2,1,2,x)

e P | —Vv,333333321200 [ P i
| V(55555552123 :

R i |—vorrrrrizazn| i [

FIGURE 1. Vi(a,a,a,a,a,a,a,2,1,2,2);a =1,3,5,7

- V,(aaaaaaa2l2xa=1357
x 10
P T - RS V(1111012120 [ SRS I 1
] ] | ——V,(3333333212x) i
V,(5555555212x)|i : :
o] R R R VT T TT721200 [T P e 7
| | | | ; ; | | |
0.1 0.08 0.06 0.04 0.02 0 0.02 0.04 0.06 0.08 01

FIGURE 2. Vs(a,a,a,a,a,a,a,2,1,2,2);a=1,3,5,7
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FIGURE 4. Vy(a,a,a,a,a,a,a,2,1,2,2);a =1,3,5,7
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FIGURE 6. V5(a,a,a,a,a,a,1,3,1,3,2);a =1,3,5,7
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FIiGure 8. Va(a,a,a,a,a,a,b,3,2,3,2);a=1,3,5,7,6=3:6
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FIGURE 9. V3(a,a,a,a,a,a,b,3,2,3,2);a=1,3,5,7;6=3:6



