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ABSTRACT. Our aim in this paper is to introduce some idea about general-
ized relative Nevanlinna order (o, 8) and generalized relative Nevanlinna type
(a, B) of an analytic function with respect to another analytic function in the
unit disc where o and 8 are continuous non-negative functions on (—oo, +00).
So we discuss about some growth properties relating to the composition of two
analytic functions in the unit disc on the basis of generalized relative Nevan-
linna order (v, ) and generalized relative Nevanlinna type (o, 8) as compared
to the growth of their corresponding left and right factors.

1. INTRODUCTION

A function g which is analytic in the unit disc U = {z:|z| < 1} is said to
have finite Nevanlinna order |1] if there exists a number p for which the Nevanlinna
characteristic function T}, (1) of g satisfies T, (r) < (1 —r) *forall 7 in 0 < 7o (1) <
r < 1 where Ty (r) is defined as

2m

1 .
T(r,g) = %/ log™ ’g (7‘619)|d9
0

where log™ r = max(0, logr).
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The infimum of all such numbers p is called the Nevanlinna order of g. Hence
the Nevanlinna order p(g) of g is formulated as

) log Ty (1)
= limsup———9%~———.
p(9) AL ey

Similarly, the Nevanlinna lower order A(g) of g is formulated as

A(g) = lim infw.
r—1 —log(1—7)

Now let L be a class of continuous non-negative functions « defined on (—oo, 00)
such that a(z) = a(xg) > 0 for x < xg with a(z) 1 co as x — oco. Also through-
out the present paper we take a, 8 € L. Counsidering the above, Sheremeta |[5]
introduced the concept of generalized order («, 8) of an entire function. During the
past decades, several authors made close investigations on the properties of entire
functions related to generalized order (a, ) in some different directions. For the
purpose of further applications, Biswas et al. [2] have introduced the definitions
of the generalized Nevanlinna order (a, 8) and generalized Nevanlinna lower order
(a, B) of an analytic function ¢ in the unit disc U which are as follows:

Definition 1. [2] The generalized Nevanlinna order (a,B) denoted by p(, z)lg]
and generalized Nevanlinna lower order («, 3) denoted by Ao p)lg] of an analytic
function g in the unit disc U are defined as:

(exp(Ty(r))

~ a(exp(Ty(r))) ..
P(a,B) [g] = lim sup—————~ and )‘(a,ﬁ) [g] = h£n_>1nf
B (1ir> ' 5 <1ir)

r—1

Clearly P(loglog r,logr) [g] =p (g) and )‘(log log r,log ) [g] =A (g) :

Now we can introduce the definitions of the generalized relative Nevanlinna order
(c, B) and generalized relative Nevanlinna lower order («, 8) of an analytic function
g with respect to another entire function w in the unit disc U which are as follows:

Definition 2. The generalized relative Nevanlinna order (o, B) denoted by p(, 5)[9]w
and generalized relative Nevanlinna lower order («, ) denoted by \(q,)[glw of an

analytic function g with respect to another entire function w in the unit disc U are
defined as:

. r . . a
Plap)[glw = limsup——=—= and Ao, p)[glw = lim inf ————=—=
rot 6 (lir> - ﬁ <1ir)

The previous definitions are easily generated as particular cases, e.g. if w = z,
then Definition [2] reduces to Definition [1} and if a(r) = 8(r) = logr and w(z) =
exp 2z, then p(q g)[9lw = p(9) and A p)lglw = A(9).

Now one may give the definitions of generalized relative Nevanlinna hyper order
(a, 8) and generalized relative Nevanlinna logarithmic order (a, 8) of an analytic
function g with respect to another entire function w in the unit disc U in the
following way:
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Definition 3. The generalized relative Nevanlinna hyper order («, ) denoted by
Pla.p)l9lw and generalized relative Nevanlinna hyper lower order (a, ) denoted by

Ma,p)l9lw of an analytic function g with respect to entire function w in the unit
disc U are defined as:

a(log (T, " (Ty(r))))

2 log (T, ! (T,
and A(q,)[9)w ~ lim g 008 (T 1( o)
T

boa()

Definition 4. The generalized relative Nevanlinna logarithmic order («, 8) denoted
by Plas) [9lw and generalized relative Nevanlinna logarithmic lower order (o, f)

r—1

p(a,,@) [g]w = lim sup 1
8 ()

denoted by A, gy [g9]w of an analytic function g with respect to entire function w in
the unit disc U are defined as:

, a (T (Ty(r))) o (T, (Ty(r))
B(aﬁ)[g]w - lllglj?pﬁ(bgm and Aa,p)[9)w = hITIE{lfﬂ(lc)g(l».

1—r 1—r

Now in order to refine the growth scale namely the generalized relative Nevan-
linna order («, ), we introduce the definitions of another growth indicators, called
generalized relative Nevanlinna type (a, ) and generalized relative Nevanlinna
lower type (o, 8) respectively of an analytic function g with respect to entire func-
tion w in the unit disc U which are as follows:

Definition 5. The generalized relative Nevanlinna type (o, 5) and generalized rel-
ative Nevanlinna lower type (a, 8) of an analytic function g with respect to entire
function w in the unit disc U having finite positive generalized relative Nevanlinna

order (a, 3) (0 < Plap) 9w < oo) are defined as :

T-YT,
J(a,ﬂ)[g]w = llmjyp p(a( w (gig)la)))[g]w
T exXp (,6 lir )
and (o, p)lglw = liminf exp(a(Ty, ' (Ty (r))))

(T
r—1 (exp (5 (1iT)>>p<u,5>[g]w'

It is obvious that 0 < T4 gy[9lw < 0(a,8)[g]w < 0.

Analogously, to determine the relative growth of two analytic functions in the
unit disc U having same non zero finite generalized relative Nevanlinna lower order
(a, B), one can introduced the definition of generalized relative Nevanlinna weak
type («, 8) and generalized relative Nevanlinna upper weak type (a, 8) of an ana-
lytic function g with respect to entire function w in the unit disc U of finite positive
generalized relative Nevanlinna lower order (a, ), A(q,3)[g]w in the following way:

Definition 6. The generalized Nevanlinna upper weak type (v, 8) and generalized
Nevanlinna weak type (o, §) of an analytic function g with respect to entire function
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w in the unit disc U having finite positive generalized relative Nevanlinna lower
order («, 3) (0 < ANa,p)9lw < oo) are defined as :

xp(a(T,

(r)))
A

?(a,ﬁ)[g]w = limsup ol

r—1

(Ty
(exp( =)))

exp(a(T, " (T, (r))))
e (2

)))‘(a Alglw
T

It is obvious that 0 < 7(4 8)[9]w < T(a,8)[9lw < o0.

In this paper we study some growth properties relating to the composition of two
analytic functions in the unit disc on the basis of generalized relative Nevanlinna
order (a, 3), generalized relative Nevanlinna hyper order (o, 3), generalized relative
Nevanlinna logarithmic order («,f), generalized relative Nevanlinna type (a, )
and generalized relative Nevanlinna weak type (a, 3) as compared to the growth
of their corresponding left and right factors. Also the standard definitions and
notations relating to the theory of entire functions are not explained here, as those
are available in [1], [3] and [4].

and 7(q,p)[9le = liminf

2. MAIN RESULTS
In this section, the main results of the paper are presented.

Theorem 1. Let g be an analytic function and h,w and k be non-constant entire
functions in the unit disc U such that 0 < Aa,p)[9(P)lw < p(a,p)lg(h)]w < oo and
0 < MNa,p)lglk < prapl9le < 0o. Then

Aa,8)[9(M)]w

<hmmff¥(T51(Tq(h)(T))) < wmin AMad) 9w Pra,p)[9(h)]w

Plaplale  — ol (TN (Ty(r) — Nap) 9l Plapldl
- Mo 9(W)w Pla,p)19(R)]w i su a (T, (Tymy(r)  Plapyl9(P)]w
=me { Mag) 9k " Plas 9]k }<1H1p a0 - Maplde

Proof. From the definitions of A, 5)[9(h)]w, P(a,B) [9(M)]ws Aa,8) 9]k P(a,B) [g]x and
L that
1—r

we have for arbitrary positive € and for all sufficiently large values of

a(Ty ) = Aaplgh)lw —e) B((1=r)""),

1)
a<w Ty () < (pias gl +2) B =1)71), (2)
(3)
(1)

a (T, (T, ( ))) > (MNaplglk —2) B((L =) 3
and « (Tk Y ) (p(a a9k + E) B(L—r)7h. 4
Again for a sequence of values of 1~ tending to infinity,

a (T, (Tym)(r)) < ()‘(aﬁ)[g(h)]w +e) B((1—r)7h), (5)
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o (T, Ty (7)) = (pa sy lo()]w — ) B0 =), (6)
o (TTHTy(1)) < (Mapylgle +€) B((1=7) 1) (7)
and a (T (Ty(r) = (p(aplole — ) BL=7) 7). (8)

Now from and it follows for all sufficiently large values of ﬁ that

o (T H(Tyny(r))) - Aap)g(h)]w —€
@ (Tk_l(Tg(T))) - Pa,B) gk +¢€
As g (> 0) is arbitrary, we obtain that
T (T, Mo M)w
T w'( 50 (1) < Aaslg()]
r=1a (T H(Ty(r))) Pla,p) 9]k

which is the first part of the theorem.
Combining (5) and (3) , we have for a sequence of values of 1 tending to infinity

that
o (T5 Ty (1) _ Maplg(W]w +e
a (TN (Ty(r) = Neplle—e
Since € (> 0) is arbitrary it follows that
tim e & Lo ) Ao 9l
r=1 o (Ty (Ty(r)) Aa,8) 9]k

Again from and @, for a sequence of values of ﬁ tending to infinity, we
get

: 9)

(10)

o (T5 Ty (1) . Maplg(W]w =€
«(TNT,0) © Maplals 2
As e (> 0) is arbitrary, we get from above that
T, (T, Ao 2w
A w'( o) S MaplgWlu
ror o (T (Ty(r) Aen) 9]k
Now, it follows from and (| . for all sufficiently large values of 1= that
o (TJl(Tg(h) (r)) ~ Pos) [9(R)]w + €
a (T (Ty(r) = AMaplale —e
Since € (> 0) is arbitrary, we obtain that
T, \(T, N )] w
limsupa( w7(1 () (1)) A ol )]u.
ro1 o (T (Ty(r)) Ae,5) 9]k
Which is the last part of the theorem.

(11)
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Now from and (8, it follows for a sequence of values of 1L tending to
infinity that

o (T (Tyny(r))) < Pep) [9(h)]w +¢
a (T (Ty(r) = Papldle —¢
As e (> 0) is arbitrary, we obtain that

lim infa (Tq;l(Tg(h)(T))) < P(a,B) [9(M)]w .
r=1 o (TN Ty(r) ~ Pl ldlk

So combining and @, we get for a sequence of values of 1—; tending to
infinity that

(13)

@ (TJl(Tg(h) (’I"))) > p(a,ﬁ) [g(h’)]w — €
@ (Tk_l(Tg(T))) -~ Pla,B) 9]k +€
Since € (> 0) is arbitrary, it follows that

im su a (qul(Tg(h)(r))) P(aﬁ)[g(h)]w
lr_)lp a(Tlgl(Tg(T))) g P(a,g)[g]k '

So, the second part of the theorem follows from and ,the third part is
trivial and fourth part follows from

(1) and (12).
Thus the theorem follows from @D , (10) , (L)), , and . O

Remark 1. If we take 0 < Aqap)lhle < papglhle < 00” instead of 0 <
Map)l9lk < pla,pylgle < 00” and other conditions remain same, the conclusion

(14)

of Theorem remains true with “Na,p)[9lk ", “P(a,plglk” and “a (T (Ty(r)))”

replaced by “Na.p)[Plk”, “Pra,p k™ and “a (T, " (Tn(r))) " respectively in the de-
nominator.

Theorem 2. Let g be an analytic function and h,w and k be non-constant en-
tire functions in the unit disc U such that 0 < Ma,p)lglk < pa,plgle < oo and
Ma,p)[9(h)]w = 00. Then

- Ty N (Tyny(r)))
r=1 (TN (Ty(r)))

Proof. 1If possible, let the conclusion of the theorem does not hold. Then we can
find a constant A > 0 such that for a sequence of values of ﬁ tending to infinity

ATy (Tymy(r)) < A - (T (T(1))- (15)
Again from the definition of p(, g [9]k, it follows for all sufficiently large values of

1
7= that

(T (Ty(r)) < (P(a.pmlgle + €)B(

—). (16)
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From and (16)), for a sequence of values of r tending to 1,we have
_ 1
a(Ty Ty (r))) < A(p(a,plglk + 6)5(ﬁ)

(T, (Tymy (1))

B(i%)

T-YT,
o 2 T )
r—1 ﬁ( lfr)

This is a contradiction. O

i.€.,

< A(pa,p 9l +€)

= Aa,p)[9(h)]w < o0.

Thus the theorem follows.

Remark 2. If we take 0 < Aap)lhle < papglhls < 007 instead of 0 <
Map) Mk < pla,gylhle < 00” and other conditions remain same, the conclusion
of Theorem@ remains true with “a(T}, ' (T,(r)))” replaced by “a(T, (Ty(r)))” in
the denominator.

Remark 3. Theorem[d and Remark[d are also valid with “limit superior” instead
of “limit” if “Na,p)[g(h)] = o0 is replaced by “p(4 z)lg(h)] = c0” and the other
conditions remain the same.

We may now state the following theorem without proof based on Definition

Theorem 3. Let g be an analytic function and h,w and k be non-constant en-

tire functions in U such that 0 < Aa,p)[g9(R)]lw < Diapl9(h)]w < 00 and 0 <
M) 9k < Pla,pyl9lk < 00. Then

X(a,,@)[g(h)]w < liminfa(log (Til (Tg(h) (T)))) < mln{ (a0, ) [ (h)]w p(a B h) }

Paplde  — 1 a(log (T, (Ty(r)))) Napl9ls  Pa,pldl
Sm%amwm%%mwm}QMw<m( umm»_ a9
Xap)lgle  Plap ol ro1 a(log (T, H(Ty(r)))) /\(a )19k

Remark 4. If we take 0 < Aqpglhlx < Plapy bk < o0 instead of 0 <
X l9lk < Pla,pylglk < 00”7 and other conditions remain same, the conclusion of
Theorem@ remains true with “Na,5)[9)k”, “Pla.plglk” and “a(log (T, (Ty(r))))”
replaced by “Na.g)[R]k”, “Pia,py [k " and “a(log (T, (Tn(r))))” respectively in the
denominator.
We may now state the following theorem without proof based on Definition [4]

Theorem 4. Let g be an analytic function and h,w and k be non-constant entire
functions in the unit disc U such that 0 < A, gy[g(h)]w < Pla B)[g(h)]“’ < oo and

0 <Aaplglk < B(aﬂ)[g]k < 00. Then
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aplgMo (T Ty (™) [ A 90 p(a g9l
B(a”@)[g]k — r—l a(Tlgl(Tg(T))) - A(a,ﬁ)[g}k 7 76)[9]k
i Map) W Liasl9(W)]w N o (T Ty (1) _ Lragyl9Wl

= { Aapldle " P9l < limanp a (T H(Ty(r))) = Asl

Remark 5. If we take 0 < A p)[hli < Llap) [hlk < o0” instead of ‘0 <
A(aﬁ)[ e < o B)[ glk < 00” and other conditions remain same, the results of The-
orem remain true with ‘A, g)[9]k”, “B(a ﬁ)[g]k” and “a (T, " (T,(r)))” replaced

by Ao [Pk, “B(a 8) (W ” and “a (T}, (Th(r))) " respectively in the denominator.

Theorem 5. Let g be an analytic function and h,w and k be non-constant entire
functions in the unit disc U such that 0 < 74,8)[9(h)]w < 0(a,8)[9(h)]w < 00, 0 <
Gap) 9k < 0@plgle < oo and pi gy [9(h)lw = praplgle- Then

T(a,5)9(M)]w <liminfeXp(a(lel (Tym(r)) <min{0(a,ﬁ)[g(h)]w 0 (a,8)[9(M)]w
Taplgle T ol exp(a(TH(Ty(r) (0,0 9]k (a3 9]k
- {%mg(h)}w o(a,mg(h)]w} < s &P T ™) o p ot
B Tamlde " c@plde [T 1T exp(al(T (Ty(r))) T () (9]
Proof. From the definitions of O'(a)g)[ ]k,E(aﬁ)[ 1k, O (a 7,@)[ (h)]w andﬁaﬂ)[ (h)]w,
we have for arbitrary positive € and for all sufficiently large values of 1= that
exp(a(Ty " (Ty(n) (1)) 2 (F(a,p)[9(M)]w — €) (exp(B((1—7)71))) e ‘”[g h)]”’, (17)
exp(a(Ty ! (Ty(r))) < (0(a,m 9l + &) (exp(B((1 = r) 1)) enlde(18)
exp(a(Ty ' (Ty(r)))) = (F(ap) 9]k — £) (exp(B((1 = 7) 1)) e m ¥, (19)
exp((Ty, " (Tyny (1)) < (0@, lg (W] + ) (exp(B((1—7)~1)))Pem sl (20)

Again for a sequence of values of l—ir tending to infinity, we get that

exp(a(T, " (Tym)(1)))) < @aplg()lw + ) (exp(B((L—r) 1)) emls®l
exp(a(T; (Ty(r))) < (o, [ls +€) (exp(B((1 —r)7H))emll (22)
exp(a(T, H (Ty(r)) 2 (0(am gl — ) (exp(B((L —r)~1)))Pemlde (23)

exp(a(T, (Tg(h)( )))) > (0, [9(M)]w — &) (exp(B((1 — r)71)))Pem ol - (24)
Now from (I7), (I8) and the condition p(, )[9(R)]lw = Pa,p)
all sufficiently large values of TT that
exp(a(Ty ! (Tym (1)) _ Flaplg(W)]w — €
exp(a(T; M (Ty(r) ~ aplglste

21)

[9]k, it follows for
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As e (> 0) is arbitrary, we obtain from above that
T, (T o h)w
it SO T (0)) T lohl
r=1exp(a(T ™ (Ty(r))) 9 () [9)w
Combining and and the condition p, g)[9(h)lw = p(a,p)[9]k, We get for
a sequence of values of ﬁ tending to infinity that
exp(a(Ty ! (Tym (1)) _ Flaplg(W)]w + ¢
exp(a(Ty ' (T,(r) ~ Tapldle —¢
Since € (> 0) is arbitrary, it follows from above that
T, (T o h)w
it SO () _ T lol
=l exp(a(Ty T (Th(r)) T (a9

Now from (7)), and the condition p(, 5)[9(h)]w = p(a,p) 9]k, we obtain for
a sequence of values of —— tending to infinity that

(25)

(26)

exp(a(Ty ! (Ty00 (1)) - Teaplo (W)l — <
ep(a(T; (T,(r) — Famlal te

As g (> 0) is arbitrary, we get from above that
T-1(T 7 )
hmsupeXp(a( w _1( o(m) (1)) > ) gl
r=o1 exp(a(Ty " (Ty(r)))) T ()9
In view of the condition p, 5)[9(R)|w = p(a,p)[9]k, it follows from and
for all sufficiently large values of ﬁ that
exp((Ty " (Ton(r)) _ o [g()]w +¢
exp(a(T ! (Ty(r))) ~ Tlaplole —¢

Since € (> 0) is arbitrary, we obtain that

exp(Ty, " (To(r)) _ (a9

(27)

lim su — < — (28)
ro1 exp(a(Ty (Ty(r)))) T (0,819
Now from (20)), and the condition p(, g)[9(h)]w = p(a,p) (9K, it follows for a
sequence of values of -1 tending to infinity that
exp(a(Ty ! (Tym (1)) _ F(@plg(W)]w +¢
exp(a(T; ' (Ty(r)) — c@pldle —¢
As € (> 0) is arbitrary, we obtain that
T (T h)|w
(T (T ™) _ s lshle o0

ol exp(a(TH(Ty(r)) — o lal
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So combining (18] and (24)) and in view of the condition p, )[9(h)]w = p(a g)l9lks
we get for a sequence of values of tending to infinity that

1 s

exp((Ty " (Ton(r))) _ s g()lw —e
exp(a(T;  (Ty(r) U(a,ﬁ)[ kte
Since € (> 0) is arbitrary, it follows that

limswexp(oz(ﬂp (Tom ™)) - T@plg®lu
=1 exp((TH (Ty() ~ oapldle

Thus the theorem follows from , , , , and . O

Remark 6. If we take ‘0 < G(a,p)[hlx < 0(a,p)lhlk < 00”and “p(o g)[g(h)lw
PP [hly.” instead of 0 < T(aplgle < Olaplgle < 007 and “pi, s)[g(h)]w =
P(a,p) 9]k and other conditions remain same, the results of Theorem|5 remain true
with “0(a.p) 9]k, Taplgle” and ‘exp(a(T, " (Ty(r))))” replaced by “o(a,p A",
Glap bk ” and “exp(a(T,; ' (Th(r))))” respectively in the denominator.

(30)

Remark 7. If we take 0 < T(o,5)[9lk < T(a,p)[9le < 007 and “Pla,p) [g(h)]w =
ANa,plgli” instead of 0 < Taplgle < Ta,plgle < 00” and “pi p)lg(h)]w
Pa,B) l[9]x” and other conditions remain same, the results of Theorem [J remain
true with ‘o p)lglk” and “C(aplglk “ replaced by “T(ap)lgl” and “T(q p)lglk
respectively in the denominator.

»”

” ”

Remark 8. If we take ‘0 < T(a,p)[hlk < T(a,p)[hlk < 007 and “p(y p)[9(R)]w =
Ao,k instead of 0O < T(ap)(9le < Taplgle < 00” and “pi, plg(h)]w =
Pa,B) [g]x 7 and other conditions remain same, the results of Theorem|d remain true
with T (o p) gk, “O(aplole” and ‘exp(a(Ty " (T,(r))))” replaced by “r o g [hy",
“Tla,p)[Pe” and “exp(a(Ty, (T (r)))) " respectively in the denominator.

Now in the line of Theorem [5], one can easily prove the following theorem using
the notion of generalized Nevanlinna weak type and therefore the proof is omitted.

Theorem 6. Let g be a analytic function and h,w and k be non-constant entire
functions in the unit disc U such that 0 < 74 y[9(h)]w < T(a,8)[9(h)]w < 00, 0 <

T(a”g)[g]k < ?(a,[g)[ ]k < oo and A aﬁ)[ (h )] = /\(aﬁ)[g]k. Then
TaplgMWlo . cexple(Ty ( 9 (1)) <min{T<a,ﬁ)[Q(h)]w T (o,5)[9(M)]w
Tplgle — =1 exp(a(Ty ' (Ty(r) ~ Tp)l9e  T(ap)l9lk
< max{r(a,ﬁ) [9(M)]w T(a,8) [g(h)]w} < lim exp(a(Ty Y (Tymy (1)) - T (,8) [g(h)]w
- Tapldle " Taplde J 7 1 exp(a(T N (Ty(r) —  Tplole

Remark 9. If we take 0 < T(qp)[hlx < T(a,p)hle < 00”7 and “Nq p)[g9(h)]w =
Ma,p)[hle” instead of 0 < T(ap)l9lk < T(aplgle < 007 and N p)lg(h)]w =
Ma,p)9lk” and other conditions remain same, the results of Theorem@ remain true
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with “T(a,p)[9)k ", “Tlap)lgl” and “‘exp(a(T, " (Ty(r))))” replaced by “T(q,p Mk,
Flap bl and “exp(a(T, " (Th(r))))” respectively in the denominator.

Remark 10. If we take 0 < G(a,8)[9]k < 00,89k < 007 and “N,p)[g(h)]w =
Plap) 9k ” instead of 0 < T(ap)lgle < Taplgle < 00” and “Aap)lg(h)]w =
Ma,p)lgle” and other conditions remain same, the results of Theorem |f| remain
true with “T(o,p)[g9lx” and “T(ap)lglk” replaced by G pylgle” and ‘oo pylgln”
respectively in the denominator.

Remark 11. If we take 0 < T(4,p)[9lk < 0(a,p)lgle < 00”7 and “Na,p)[9(h)]w =
Pla,py [Pl ” instead of O < T(aplglk < T(aplgle < 007 and Nq plg(h)]w =
Aa,p)9le” and other conditions remain same, the results of Theorem@ remain true
with “T (5|97, “T(ap[gln” and “exp(e(TyH (Ty(r))))” replaced by T (o p)[hl1”,
Tl M7 and “exp(a(Ty; " (Th(r))))” respectively in the denominator.
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