Universal Journal of Mathematics and Applications, 4 (3) (2021) 114-124

u J |\"| F\ Research paper

Universal Journal of Mathematics and Applications

Journal Homepage: www.dergipark.gov.tr/ujma
ISSN 2619-9653
DOI: https://doi.org/10.32323/ujma.953684

Refinements of Hermite-Hadamard Type Inequalities for
s-Convex Functions with Applications to Special Means

Ugur S. Kirmaci

LAtatiirk University, K.K.Education Faculty, Department of Mathematics, 25240, Erzurum, Turkey

Article Info Abstract

Keywords:  Hermite-Hadamard in- In this paper, we establish some Hermite-Hadamard type inequalities for s-convex functions
equality, convex functions, s-concave in the first and second sense. Some applications to special means for real numbers are also
functions, s-convex fuctions, Holder’s given

inequality.

2010 AMS: 26D15, 26B25
Received: 17 June 2021

Accepted: 11 October 2021
Available online: 11 October 2021

1. Introduction

Let f: I C R — Rbe a convex function on the interval / of real numbers and a,b € I with a < b. The inequality

(532) < fromc 12320

is known as Hermite-Hadamard’s inequality for convex functions [4].
In [13] and [4, pp.278]), the following concept was introduced by Orlicz.
A function f : R™ — R, where R™ = [0,0), is said to be s-convex in the first sense if:

floqu+Piv) < o’ f(u)+Bi’ f(v),

forall u,v € RT, oy, B; > Oand s € (0, 1] with a;* + B;* = 1. The class of s-convex

functions in the first sense is usually denoted with K.

In [9] and [4, pp.288]), Hudzik and Maligranda considered, among others, the class of functions which is s-convex in the second sense. This
class is defined in the following way:

f:]0,00) — R is called s-convex in the second sense if

FAx+(1=2)y) <A f(x)+(1=2)"f(y)
holds for all x,y € [0,e0),A € [0, 1] and for some fixed s € (0, 1]. The class of s-convex functions in the second sense is usually denoted with
KS.
In [5], S.S. Dragomir and S. Fitzpatrick proved a variant of Hadamard’s inequality which holds for s-convex functions in the second sense:

1
Theorem 1.1: Suppose that ﬁ fff(x)dxff (#)) < (b—a) (%)174 (M4 1+ N4) (|f"(a)| + |f(b)]) is an s-convex function in the

second sense, where s € (0,1)and let a; = |f'(a)|?,by = 2| ()P ;a2 = 2|f'(a)|" ,bs = |f'(b)|F. If £ € L{([a,b]), then the following
inequalities hold:
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The constant k = 1/(s+ 1) is the best possible in the second inequalitiy in (1.1).
In [6], S.S. Dragomir presented the following result:
Theorem 1.2: Let f : [a,b] — R be a L-Lipschitzian mapping on [a,b]. Then

ﬁ/abf( ) dx —*f(aer) fla )gf( )‘ < %L(b a) 1.2)

In [7], S.S. Dragomir et al. gave the following result:
Theorem 1.3: Suppose f : [a,b] — R is a differentiable mapping whose derivative is continuous on (a,b) and f’ € Ly ([a,b]). Then

/ £(x)dx 77f<d+b) f(“)‘gf(b)‘S (bga)Hf/H]7 (1.3)

=

where ||f'[l; = [ |f'(x)|dx.

Note that the bound of (1.3) for L-Lipschitzian is 36L(b a) [7].

In [16], Y. Shuang and F. Qi established the following results:

Theorem 1.4 ([16,Theorem 3.5]): Let f : R, = (0,00] — R be a differentiable function on R,, a,b € R, with a < b and f’ € L;(|a,b)). If

|f'|is (e, m)-convex on [0, £] for (a,m) € (0,1)* and ¢ > 1, then

? m]

/f ax _7f(a+b) f(a);rf(b)’

b—a[@-EE]

—a — g1 mo

= 4 22¢-1) {a+1’f/(a)}q+a+l
27T (29— 1)

mo
oa+1

q]l/q

,(a+b\|? ‘/‘1+ 1
2m oa+1
Theorem 1.5 ([16,Corollary 3.6]): Under the assumptions of Theorem 1.4, if &« = m = 1, then
| 3, (a+b\ fla)+f(b)
- dx— 2 _
’b—a/af(x)x 4f< 2 ) 8

,(a+b\|?
r(5°)

)

_t-a [a-nett ] [ [r@elr (2] 1/q+ () o]

= 2(2¢g—1)
4 25 g 1) 2 2

(1.4)

In [17], Y. Shuang et al. gave the following results:
Theorem 1.6 ([17,Theorem 3.2]): Let £ : I C R, — R be a differentiable function on I°, a,b € I with a < b and f’ € L ([a,b]). If | f'|%is
s-convex function on [a, b] for some fixed s € (0, 1] and g > 1, then

/f d_7f<a+b) f(a)+f(b)'

=

10
_ 1-1 q41/q AN
=0 [q-putton) [ ir@r sl (8)]1) e () )
- 4 541 (2g—1) s+1 s+1
Theorem 1.7 ([17,Corollary 3.3]): Under the assumptions of Theorem 1.6, for s=1, then
1 b 4 (a+b fla)+ f(b)
—a./a f(x)dx_§f( 2 )_ 10
1-1 q ' ( ath 1/q i(atb) |4 qq1/q
-1 7 '(a) o (442) ’(b)(
<(b—a) (D@7 +1) U +‘f( i i/ (1.5)
- 4 (2¢-1) 2 2 ’

50T (29—1)

In [8], T. Du et al. gave the following results:
Theorem 1.8 [8,Corollary 2.8]): Let f : I C R, — R be a differentiable function on I°, where a,b € I° such that 0 <a < b. If t =k =
%, —1 < s <1and m= 1, the inequality holds for (s,m)-convex functions:

1

'bia (/abf(x)dX— f(a);f(b)‘ < :1_*;1 (2s+2 (s+11)(s+2));
[ O + (21 +1) |F@f] "y [lF@ + (s2+1 1) [£ O] ", (1.6)
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Theorem 1.9 ([8,Corollary 2.5]): Let f: I C R, — R be a differentiable function on I°, where a,b € I° such that 0 < a < b. If the mapping
1F'[P/P=1 is (s,m)-convex on [a,b], then we get, for t = k = 3 andm=1,

it [ 10 < e (0 ()

T (p+1)r
<l )]

In [12], U.S. Kirmac: et al. gave the following result:
Theorem 1.10 ([12,Theorem 3]): Let f: I — R, I C [0,00) be a differentiable function on I° such that /' € L;(|a,b]), where a,b € I, a < b.
If | f/|%is s-convex function on [a, b] for some fixed s € (0,1) and g > 1, then

)bia/abf(X)dxff(“);f(b)‘Sb;a

q
+

) £)

f(b)‘q}l/q}, (1.7)

a+b ) q

X{Hf,(a) q+ f/(T q] 1/q+[f/(%) i f/(w‘CI]l/‘[}' (18)
In [10], author gave some inequalities for differentiable convex and concave mappings with applications to special means of real numbers.
The aim of this paper is to establish refinements inequalities of Hermite-Hadamard type for s-convex functions in the second sense.

In the development of pure and applied mathematics, convexity has played a key role. In linear programing, combinatory, orthogonal
polynomials, quantum theory, number theory, optimization theory, dynamics and in the theory of relativity, integral inequalities have various
applications.

For several recent results concerning integral inequalities for convex, quasi-convex, s-convex and (o,m) —convex functions, we refer the
reader to [1-18].

Throughout we suppose / is an interval on R and a,b,c,A,B € I°witha <A<c¢<B<b. (c #a,b),p,qg € Rand f: I° — R is differentiable.

(I%enotes the interior of 1.)

2. Main Results

First, we give the following Lemma.
Lemma 2.1 [10]: Let f : I° C R — R be a differentiable mapping on I°, a,b € I° with a < b. If f' € L,([a,b]), then we have

fleat (1= ep)(B—A) + 7(@)(1—B) + 1A~ 5 [ peoa

o 1
=(a—b) U (z—A)f’(za+(1—t)b)dt+/ (z—B)f’(er(l—t)b)dt},
0 c
where a,b,c,A,B € 1° with a <A<c<B<b.
Proof: Let S:[a,b]— R be defined by

[ t—-A, tel0, ,
S(t)_{t—B, te(c1] .

Integrating by parts and using the change of the variable x = ta + (1 —t)b, we have

/.IS(t)f’(m—i-(l—z)b)dt:/.C(I—A)f’(ta—o—(l—t)b)dt—o—/.l(t—B)f’(ta—i-(l—z)b)dt
0 0 c

1

1 b
=— {f(ca+(1 —0)b)(B—A)+ f(a)(1—B) + f(b)A — E/a f(x)dx} .

Hence we have the conclusion.

Remark 2.2: i). Applying Lemma 2.1 for ¢ = 1/2, then we obtain the Lemma 2.1 given by T. Du et al. in [8, (for m=1)].

ii). Applying Lemma 2.1 for A = %, B= % and ¢ = 1/2 , then we obtain the Lemma 2.1 given by Qaisar and He in [15,(for m=1)].
iii). Applying Lemma 2.1 forA=B=c= % then we get the Lemma 2.1 given by S.S.Dragomir and R.P. Agarwal in [3].

iv). Applying Lemma 2.1 forA =0, B=1and c = %7 then we get the Lemma 2.1 given by author in [11].

In the following theorems, we present generalized integral inequalities via s-
convex mappings in the first and second sense.
Theorem 2.3: Let f : I C R — R be a differentiable mapping on I and let p > 1. If

il /(P=1) 5 s-convex mapping in the second sense on [a,b] for some fixed s € (0, 1], then we have



Universal Journal of Mathematics and Applications 117

a5 [Fleat (1= c)p)(B=4)+ (@)1= B)+ F(B)A — 5L 2 F(x)dx]|

< [APHHC,A)HI] 1/p (c-‘“\f’(a)\‘“r(l;—(llfc)”‘)\f’(b)\”’)l/q N [(B,L.)/JHHI,B)MI]]/P ((I,Cﬁl)‘f«( Q41— f (b )\11)1/(1‘

pHI pFI s+l
2.1
Proof: From Lemma 2.1, we have
75 [fleat (1= b)(B=A)+ (@)1= B)+ f(B)A — 515 7 f(x)ax] | 02
<[5 lt=Al|f (ta+(1—1)b )|dt+fc |t —B||f(ta+ (1 —1)b|dt.
Using the Holder’s inequality for p > 1, we have
1 1 b
[ fleat (1= B B-A) 4 f@(1 - B+ f0)A~ = [ fx)ax 23)
- - a
c Upr s e 1/q 1 Up s 11 1/q
s(/ |z—A\”dt) (/ |f’(za+(1—t)b)|th) +(/ |z—B\”dt) (/ |f’(za+(l—t)b|th) ,
0 0 c c
where % + é = 1.Since |f’|? is s- convex mapping in the second sense on [a,b], we
obtain
c ¢ S+1 | ¢/ q 1—(1=¢)t! ! q
[ 1+ =np)ar< [C[F| 7@+ =0 £ @) dr = © il e s+(l S @4)
and
1 1 1— s+1 U q 1— s+1 | ¢ q
/If’(m+(1—t)b)!qdrs/ [f‘!f’(a)|q+(1—t)‘*lf’(b)l"]dt:( ‘ W(a)‘sﬂ T, 25)
JC JC
Where,
-1 1— s+1 -1 1— s+1 c 1—(1— 2\ s+1 c s+1
/tfdt: ¢ ,/ (1_,)551,:&7 /(1_,)%1,:#7 /zsdzzc ‘
¢ s+1 ¢ s+1 0 s+1 0 s+1
Also, we have
c A c APHL 4 (c— A)PH]
P :/ t—Apdt:/ A—t"dt+/ t—AVdt=—— ———~ 2.6
p= [ li—avar= [ (A-rydrt [(-a) P .6
1 B 1 (ch)p+l+(173)p+l
M :/ t—det:/ B—tht+/ t—B)Pdt = . 2.7
p= [ u—sra= [ B-oras [ -5 o )
A combination of (2.3)-(2.7) gives the required inequality (2.1).
Corollary 2.4: Under the assumptions of Theorem 2.3,
i). WhenA =0, B=1, ¢ =1/2, we have
1 b a+b
oo [ rwax- (30
1 1
b—a (1 q ( 1) /(b)q>5 < 1) '(a)]? 1 AY]
< (=5 ) PO) |+ (- [y g .
(p+1)[%2%'(s+1)5 |: 2s+1 2s+1 2s5+1 2s+1
Using the fact that
n n
Z ar+by)’ g +Zbk7 (2.8)
for 0 < s < 1, we obtain
a+b b—a 1
'b /f yax—f(32)| < e 1( M+(1 2H1> )(\f +[r o).
a (p+1)p2 7 (s+1)s \2 «

1 1
Forp > 1, thenp+1> 2 and so - < — and also

(p+1)r 27 (s+1)7
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fors € (0,1), g € (1,). Hence, we have

1 b +b b— 1
b*d/a f(x)dx_f(az )‘ < 24;(2(A‘+1) +(1 2s+1) ‘f

ii). When A = B= ¢ =1/2, we have

1 b FFB)| _b—a, 1 1\
/af(x)dx_f(a)zf()‘ a( M_i_(1_25+1) )(f()
iii). When A %B:%,c:l/Z,wehave

Lo () L)

1
b—a 1 1 q
< 1— — (a)
T a4 (2“2” +( 2”‘) ) (I

iv). When A = %732 %,c: 1/2, we get

(b))

1 2 (a+b\ fla)+fb)] _ (b— a)(P+1+1)f7 | LN (el
‘b—a , @) *§f( 2 )* 6 ’— 6.02)} 2<x;>+(12s+1) (el
V) WhenA:%7 B:%,c:%,wehave
1o 3 (atb)  f@+fB)|_ (b-a) (3 +1)7 (1 "
'bfa/a f<x)dx_1f( 2 )_ 8 ‘S 5.(16)r zwfr(l 2s+1> (el

1 1
1 b 4 (a+b\ fla)+fb)| _(b—a) (4Pt +1)7 1 1\« @) )
'b—a/af(")d"*gf< 2 )* 0|5 000 2“2”+<lzs+1) (lrl+e))
vii). WhenA—i2 :%—l,c:%,wehave
1 1
1 b 5. (a+b\ fla)+fb)| _ (b—a)(5PT'+1)7 [ 1 1\« @ L 4
'b—a/af(x)dX78f< 2 )’ 2 }S 12.(24)7 2(“2”+<lzs+1) (Il
Theorem 2.5: Let f : I C R — R be a differentiable mapping on /% and let p > 1. If
\f’|p/(p71) is s-convex mapping in the first sense on[a, b] for some fixed s € (0, 1], then we have
1 b
Py [f(ca—l—(l—c)b)(B—A)+f(a)(l—B)+f(b)A—m/a f(x)dx] (2.9)
s+l 21,149 IS NPT AR L]
P LIS BTy o0
IS RN PRNT _ et a\ /4
A S R LS R R R0 o

Where P, and M), are as in (2.6) and (2.7) respectively.

Proof: From Lemma 2.1 and using the Holder’s inequality for p > 1, we get inequality (2.3). Since |f’|%is s- convex mapping in the first
sense on [a, b], we obtain

c c e 1 (a)]? c(s — ¢ 1 ! q
[ 1FCar=np)tan< [ [ [£/ @+ (1= |7/ (0)]] de = R &:11) ) (2.12)

and

/C1 |F (ta+ (1 —1)b) |7 dr < /cl [ £/(@)| 7+ (1 =) | £ (b)|] dt

_ (= @)+ (1 —scl(sl+l) (1=cY)|f (k)1 7 (2.13)
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where,

oSt s+1 oSt

szSdzzlgfl“, JHa=)dt=1-c— 155 [§(1—r)dt=c— S5, [§r'dt= S, From (2.3),2.6),(2.7).(2.12) and (2.13), we

deduce required inequality (2.9).
Theorem 2.6: Let f : I C R — R be a differentiable mapping on I° and let p > 1. If

Fidld /(=1 i5 s-convex mapping in the second sense on [a,b] for some fixed s € (0, 1), then we have

o pup (Mear Gmop) O
P s+1

/ / _c 1/
+ Mpl/P((170)‘f(a)|q+\fs(ial+(1 )b)\"> !

]%b [f<ca+<1 — OB B-A)+ @1 -B)+ (A - [ ’ f(x)dx}

Where P, and M), are as in (2.6) and (2.7) respectively.

Proof: : From Lemma 2.1 and using the Holder’s inequality for p > 1, we get inequality (2.3). Let us substitute x =ta+ (1 —#) b and dx =
(a—Db)dt, we get

<, 1 ac+(1—c)b , ac+(1—c)b ,
/0 | (ta+ (1 —1)b)|7dr < a_b/b |£(x)] 7 dx = (a_cb)c/b 17()]9dx

/1 |f' (ta+(1—1)b)|?dr <

and

1 q l—c / q
dx= ————— dx.
a—>b ac+(1—c)b |f ’ * (a*b)(lfc) ac+(1—c) ‘f )| *

Since |f'|is s-convex mapping in the second sense on [a, b], using the above inequalities and by inequality (1.1), we have

\f' (ca+ (1= c)b)|* + | (B)|

c , B g
/O\f (ta+(1—1)b)|*dt < c 1 (2.15)
and
-1 U q ! (o —_c q
/ |f’(ta+(1—t)b)|th§(1—c)|f (@)l +|fs(jr”1+(1 b (2.16)
From (2.3),(2.6),(2.7),(2.15) and (2.16), we obtain required inequality (2.14).
Corollary 2.7: Under the assumptions of Theorem 2.6, using the inequality (2.8) and
since < dand —L+<1,
(p+1)? 27 (s+1)7
i). When A=0, B=1, ¢ =1/2, we have
1 /b a+b‘ b—a ()| v(us2) )
f@dx—f < 72 2]/ ) 4| f @]+ |f @)
b=a J, S W= 1O < o ()
il). WhenA = B= c=1/2, we get
)+f() b—a (222)
sl e < or @@+, @
iii). When A = ZB:% =1/2, we have
1 b 1 (a+b\  fla)+f(b),|_b- @], | A
b_a'/a f(x)d _E(f( 5 )+ 5 )§8 T ( }f +‘f +’f D
iv).WhenA:%,B:%,C:I/Z,wehave
Lo a+b) S+ (b—a) 2P +1)7 1 ety
b—a./a f( )d _7f 6 S 12 6l (2 ’ ‘f |
v).WhenA:%,B:%,c:1/2,wehave
1
1 b +b + f(b b—a) (3Pt 4+1)7 (222)
o [ a3 (50) - LSO LB ) g s Hreh @)

vi). When A = % = %,c: 1/2, we get

'bla/abf( )dx ,,f<a+b) f(a)1+0f(b)'S (b_a)z(:i);“);(z

f(%b)‘+‘f’<a> n

+|F @) (2.19)
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vii). When A = Lz = %,c: 1/2, we get

JICSIIC

ol

o ()|t

Remark 2.8: The followings are observed that:

i) The inequality (2.18) is a refinement of inequality (1.4) presented by Y. Shuang and
F. Qiin [16]

ii) The inequality (2.19) ) is a refinement of inequality (1.5) presented by Y. Shuang
etal. in [17]

iii) The inequality (2.17) is both a refinement of inequality (1.7) given by T. Du et al.
in [8] and the inequality (1.8) given by Kirmaci et al. in [12].

Theorem 2.9: Let f: I C R — R be a differentiable mapping on /% and let p > 1.

If \f’\"’/(’%l) is s-concave mapping on[a, b] for some fixed s € (0, 1), then we have

a%b{f(ca+(l—c)b)(B—A)+f(a)( B)+ A——/f a’x} (2.20)

1/q

<P 7 (21| (50t 20) %) e (21 (g2t 5em)| )

Where P, and M), are as in (2.6) and (2.7) respectively.

Proof: : From Lemma 2.1 and using the Hélder’s inequality for p > 1, we get inequality (2.3). Since |f’|%is s-concave mapping on [a, ] and
using inequality (1.1), we have

¢ 1 c 2—c \|?
/ |/ (ta+(1=10)b)|dr <2°~ f’(§a+ 3 b) (2.21)
0
and
! ! 1| o l1+c¢ 1—c¢ q
/ |f' (ta+(1=1)b)|de <2°7 | f < At — b) (2.22)
c
From (2.3),(2.6),(2.7),(2.21) and (2.22), we obtain required inequality (2.20).
Corollary 2.10: Under the assumptions of Theorem 2.9, using the inequality (2.8) and since 26-1/4 < 1 and < forse

(p+1)” 27’
(0,1) and q € (1,0),

i). WhenA =0, B=1, ¢ =1/2, we have

/bf(x)dx—f(a;b)‘ bfa FH Hf (2

].

IN

}

( 3141»[7 )

< 11 Hf,(#) +lf

2.4»
ii). WhenA = B= c= %, we get

T v

( “tt}b )

+‘f’(3“1b)

iii). When A = % = %,c: 1/2, we have

1 b 1 b b
o [ S (50) )
b—a /( at3b
< ‘(45) ,
<ol ]
iV)WhenA:%,B:g,c=l/2,wehave

‘ﬁ/ab” dx _7f(a+b) f(a)Zf(b)

S

((Buib)

+‘f( 3

1
P

()

. (bfa)(2p+l+1)% [

1
6;+1

4|y

]
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v). When A = %,B: %,c: 1/2, we have

1P 3 (a+b\ f(a)+f(b) (b—a)(3p+1+l)i (@t /( 3ath
‘b_a/af(x)dxfzf( > >f g ‘g e [f(4)+‘f(4)],
vi) WhenAzl—lO,lei,czl/Z,weget
1 4 (a+b\  fl@)+f()| _ (b—a) @+ +1)r ()| | (et
'b—a/af(x)dxfgf< 2 )* 10 ‘S Lo+ {f( |+ )]'
vii). WhenAzll—z,B:i—l,c*:l/Zweget
1 5 (a+b)  fl@)+fB)]_ (b—a) (S DT [ gy | s
'b—a/af(")dxféf< 2 )* 12 'S i {f( |+ )]'

Theorem 2.11: Let f : I° C R — R be a differentiable mapping on 1%, a,b € I° with a < b and let p > 1. If the mapping |f'|? is s-convex in
the first sense on [a, b] for some fixed s € (0, 1], then we have

[Flca+ (1= )b)(B=A)+ fla)(1 = B)+ F(B)A — 5L [ ()|

1_l7 1 1-1L 1 (223)
S(a—b){Pz VTP @ + (P =T | (B)P) P+ My [Ny | @)+ My~ Ny £ (D)) /p}7
where,
A%+ (c—A)? , ¢ A
Py — T, = As+2 s+1 _
2 I )T S o B g
(ch)z‘i’(l*B)z 5+2 s+1 c B 1 B
M, = N = B S S
2 2 T G D) (5+2) e s+2 s+1] s+2 s+1
Proof: From Lemma 2.1, we get the inequality (2.2). By the power-mean inequality, we obtain
c c 1*% c 1/p
/0|zfA|‘f’(ta+(lfz)b}dt§(/0 \th|dz> (/0 |zfA|\f’(ta+(lfz)b}pdz) (2.24)
and
1 1 -1/ 1/p
/|t—B\|f’(za+(l—t)b|dz§(/ |t—B\dt> (/ |z—B\|f’(za+(1—t)b)|Pdt) . (2.25)
c c c
Since |f'|”is s-convex in the first sense, we have
C C
/0|z—A|\f’(m+(1—z)b}"dzg/o lt—Al (& |f/(a)|]" + (1=2%) | £'(b)|") at (2.26)
’ p
STl‘f(a) +(P=T)|f (b))
and
1 1
/|t—B\|f’(m+(1—t)b|pdt§/ lt—B| (£ | (a)|” + (1=°) | £'(b)|") at (2.27)
Jc c
<N ’f’(a)|p+(M2*Nl)|f/(b)|p~
where,

¢ A ¢ 2 _A)2
P2=/ \t—A|dz=/ (A—t)dt+/ (th)dt:m,
0 0 A

2
Tl:/C‘I—Ahsdl:/A(A—[)[Sdt+/c(t—A)tsdt:#A&FZ_‘_C‘HJ|: c _i}
0 0 A (s+1)(s+2) 12 srll
1 i ! B— 2 1_B2
M2:/ |t—B|dt:/ (B—t)dt+/ (t—B)dtzwv
Jc Je B

! s B s ! s 5+2 s+1 ¢ B 1 B
N :/ [t —B|t dt:/ (B—1t)t dz+/B (t—B)'dt = B +c - ++ (2.28)
c c

2
(s+1)(s+2) s+2 s+1 s+2 s+1
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and

P-T :/Oc\th|(lft)dt:/OA(Aft)(lft)dt+/Ac(th)(lft)dt,

M — Ny :'/Cl|t—B|(1—t)dt:/cB(B—t)(l—t)dt+/Bl(t—B)(l—t)dt.

A combination of (2.2) and (2.24)-(2.28) gives the required inequality (2.23).
Theorem 2.12: Let f : I C R — R be a differentiable mapping on 1°, a,b € I° with a < b and let p > 1. If the mapping | f/|” is s-convex in
the second sense on [a, b] for some fixed s € (0, 1], then we have

[Flca+ (1= )b)(B=A) + fla)(1 = B)+ F(B)A — 5L [ ()|

1 1 (2.29)
< <a—b>{P2‘ PInIf @+ Bl G My N @ N |f/<b>\"]‘/f’},
where,
A 201-A)T? o1 [c—A 1—c 1
L=ih (s+1)(s+2)7(lic) LH*(s+1)(s+2)}*(s+1)(s+2)’

_ 2(1-B)’*"? +1 [ B— l—c :
N = ey + (1-¢)* [?IC _ m] andPy,M;,Ti,Nj are as in (2.28).

|Pis

Proof: From Lemma 2.1, we have the inequality (2.2). By the power-mean inequality, we get inequalities (2.24) and (2.25). Since |f’
s-convex mapping in the second sense on [a,b], we have

/Oc|t—A||f’(ta+(1—t)b}”dt g/oc lt—Al (e |f(@)|"+ (1L =0 | f'()|")dt < T1 | f'(@)|” + T | £ (B)|" (2.30)
and

/Cl|z—B\|f’(m+(1—t)b\ﬂdzg/cl|z—3\ @ |f @)+ (=0 |f(B)|")dt <Ny | (@)|” +Na | £/ (B)]7. (2.31)
Where, ‘ B

TZ:/(: \t—A|(1—t)sdt:/O (A—z)(l—z)sdt—k/Ac(t—A)(l—t)Sdt

A 2(1-A)T Loyt [e=A l1—c 1

FEST (s+1)(s+2)*( =< L—H (s+1)(s+2)}*(s+1)(s+z)’

No= [l -a= [CBn0-ya [ a-n0-oa

s+2
_ Z(I_B) +(1_C)S+l|:
(s+1)(s+2)
and T7,N; are as in (2.28). A combination of (2.2),(2.24),(2.25), (2.30),(2.31) and
(2.32) gives the required inequality (2.29).
Corollary 2.13: Under the assumptions of Theorem 2.12 and using the inequality (2.8),
i) When A=0, B=1, ¢ =1/2, we have

B—c l1—c }

s+1 _(s+l)(s+2) (2.32)

b b b— 1
[ s 15| < T )

P

1 o,
F@O\+( +N0) £ ), (2.33)

1
b—a

where,
1 2s+2 -3 2s+2 -3 1
Tym— Ny=—— ST p . 2T N S
25+2(5+2) 25t2(s+1)(s+2) 25t2(s4+1)(s+2) 25t2(s+1)(s+2)
Taking s=1 and p=1 in (2.33) yields

a+b

: a1}
[ rwan- 5] <

sl

+

' 1

1
17 /
_ (a)
b—a + 12 )(‘f

£

1
P

(£

ii) WhenA = B= ¢ = % , we have

Lo f@+S®)| _b=a b
o [ o= OO < =i

<

2o

1 1

+(Ty) +N3))

7 o, (234
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where,
1 52541 52541 1
T = 2+2(s+1)(s+2)° N = 2F2(s+1)(s+2)° Ty = 2H2(s+1)(s+2)° Ny = 2HF2(s+1)(s+2)
Taking s=1 and p=1 in (2.34) yields
)+ﬂ) Ly, 50
'b a/ I gl—i[(48 48 ’f ‘
—4 @ '(b)
(el
iii) When A = %, B= %, c= % and s = 1, we have
1P 2 (a+b\  fla)+[f(b) SN 90 P )
'b_a[;fuwu—§f< ) IO <m0 (5) g 17+ r@D
< 5(b— a) ®)).
-
If | f'(x)| < L, then we have
| 2 (a+b\ fla)+f()| _5(b—a)

iv) When A:i0 B:%, c:%ands:l,wehave

'bi“/“bf( s _7f(a+b> f(a)I)f(b)‘ (b— a)(zlgo)]_;(;go)l/p(f(a)

17(b— a) ®)).

- 200
Remark 2.14: The followings are observed that
1)The inequality (2.34) is a refinement of inequality (1.6) presented by Du et al. in [8]
ii) The inequality (2.35) is a refinement of inequality (1.2) established by Dragomir et al. in [6] and the same as inequality (1.3) presented by
Dragomir in [7].

(b))

3. Applications To Special Means
We shall consider the means for arbitrary real numbers ,3,a#f3. We take
A(a,B) =M , a,BER, (arithmetic mean)

ﬁn+lian+] l/ﬂ .
L,(a,f) = [Hliﬁ)} ,neZ\{-1,0}, a,BE€R, a#p, (generalized log-mean)

In [9] and [4, pp 288], the following example is given:
Let s € (0,1)and a,b,c € R. We define function f : [0,00) — R as

a, t=0
f(t)f{ bt*+c, t>0
ifb>0and 0 < ¢ <a, then f € K. Hence, fora = c = 0,b = 1, we have f(t) =¢°,f:[0,1] = [0,1], f € K2.

Now, using the results of Section 2, we give some applications to special means of real
numbers.

Proposition 3.1: Leta,b€1°, 0 <a <band 0 < s < 1. Then we have, for all p > 1
. ) b— 1 s —
113 (@0) =A% (a,b)] < (o + (1= ) DAl op ),
q
.. ) Coe b— 1 - §—
i) |23 (a.) =A@ 07)| < o (gl + (1= k) DAal ! bl ).
q

Proof: The assertions follow from Corollaries 2.4-i and 2.4-ii applied to the mapping f(x) = x*, f : [0,1] — [0, 1], respectively.
Proposition 3.2: Let q, b e 1” 0<a<band0<s<1. Then we have, forall p > 1

1)|L§(a7b) Ay(a b) (|A( )|S*1 +A(|a|371 |b|x71)).
D (Aab) " +A(al " o).

ii) [L5 (a,b) —A(a®,b")] <

1+1

A : b-a)(31+1)7 _ _ _
lll) L;(a,b)— ga,b) _ (ag,b ) S s( a)g%ﬂ + ) (('A (a7b)‘s 1 +A (lals 17|b|s 1)) .
Proof: The assertions follow from Corollaries 2.7-i, 2.7-ii and 2.7-v applied to the mappingf(x) = x*, f : [0, 1] — [0, 1], respectively.
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Proposition 3.3: Leta,b€1°, 0<a<band0<s < 1. Then we have, forall p>1

1

1 1
DILS (a,b) = A%(a,b)| < “E=a(( 77 | laf TP, | BT,
2/

487 iy +Nf +N?

)

1 1 1 1
.. s(b— » » —1 » » -1
ii) |LS (a,b) — A(a®, b¥)| < & 72)A((T1?,+Nl”,,>|a|s ,(Tzi’, 2',,)|b|s ).

iii) |25 (a,b) — 2As(3a‘b) _ A(a;,bs)‘ < 5s(§67a)A <|a|s—] ’ |b|s—l> ]

Proof: The assertions follow from Corollaries 2.13-i, 2.13-ii and 2.13-iii applied to the mapping f(x) = x*, f : [0,1] — [0, 1], respectively.
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