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Abstract

In this paper, we establish some Hermite-Hadamard type inequalities for s-convex functions
in the first and second sense. Some applications to special means for real numbers are also
given.

1. Introduction

Let f : I ⊂ R→ Rbe a convex function on the interval I of real numbers and a,b ∈ I with a < b. The inequality

f
(

a+b
2

)
≤ 1

b−a

∫ b

a
f (x)dx≤ f (a)+ f (b)

2
.

is known as Hermite-Hadamard’s inequality for convex functions [4].
In [13] and [4, pp.278]), the following concept was introduced by Orlicz.
A function f : R+→ R, where R+ = [0,∞), is said to be s-convex in the first sense if:

f (α1u+β1v)≤ α1
s f (u)+β1

s f (v),

for all u,v ∈ R+, α1,β1 ≥ 0and s ∈ (0,1] with α1
s +β1

s = 1. The class of s-convex
functions in the first sense is usually denoted with K1

s .
In [9] and [4, pp.288]), Hudzik and Maligranda considered, among others, the class of functions which is s-convex in the second sense. This
class is defined in the following way:
f : [0,∞)→ R is called s-convex in the second sense if

f (λx+(1−λ )y)≤ λ
s f (x)+(1−λ )s f (y)

holds for all x,y ∈ [0,∞),λ ∈ [0,1] and for some fixed s ∈ (0,1]. The class of s-convex functions in the second sense is usually denoted with
K2

s .
In [5], S.S. Dragomir and S. Fitzpatrick proved a variant of Hadamard’s inequality which holds for s-convex functions in the second sense:

Theorem 1.1: Suppose that
∣∣∣ 1

b−a
∫ b

a f (x)dx− f
(

a+b
2

)∣∣∣≤ (b−a)
( 1

8
)1− 1

q (M1/q +N1/q)(| f ′(a)|+ | f ′(b)|) is an s-convex function in the

second sense, where s ∈ (0,1)and let a1 = | f ′(a)|p ,b1 = 2 | f ′(b)|p ,a2 = 2 | f ′(a)|p ,b2 = | f ′(b)|p. If f ∈ L1([a,b]), then the following
inequalities hold:

2s−1 f
(

a+b
2

)
≤ 1

b−a

∫ b

a
f (x)dx≤ f (a)+ f (b)

s+1
. (1.1)
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The constant k = 1/(s+1) is the best possible in the second inequalitiy in (1.1).
In [6], S.S. Dragomir presented the following result:
Theorem 1.2: Let f : [a,b]→ R be a L-Lipschitzian mapping on [a,b]. Then

∣∣∣∣ 1
b−a

∫ b

a
f (x)dx− 2

3
f
(

a+b
2

)
− f (a)+ f (b)

6

∣∣∣∣≤ 5
36

L(b−a)2. (1.2)

In [7], S.S. Dragomir et al. gave the following result:
Theorem 1.3: Suppose f : [a,b]→ R is a differentiable mapping whose derivative is continuous on (a,b) and f ′ ∈ L1([a,b]). Then

∣∣∣∣ 1
b−a

∫ b

a
f (x)dx− 2

3
f
(

a+b
2

)
− f (a)+ f (b)

6

∣∣∣∣≤ (b−a)
3

∥∥ f ′
∥∥

1, (1.3)

where ‖ f ′‖1 =
∫ b

a | f ′(x)|dx.
Note that the bound of (1.3) for L-Lipschitzian is 5

36 L(b−a) [7].
In [16], Y. Shuang and F. Qi established the following results:
Theorem 1.4 ([16,Theorem 3.5]): Let f : Ro = (0,∞]→ R be a differentiable function on Ro, a,b ∈ Ro with a < b and f ′ ∈ L1([a,b]). If
| f ′|qis (α,m)-convex on [0, b

m ] for (α,m) ∈ (0,1]2 and q > 1, then∣∣∣∣ 1
b−a

∫ b

a
f (x)dx− 3

4
f
(

a+b
2

)
− f (a)+ f (b)

8

∣∣∣∣

≤ b−a
4

 (q−1)(3
2q−1
q−1 +1)

2
2(2q−1)

q−1 (2q−1)

1−1/q [
1

α +1

∣∣ f ′ (a)∣∣q + mα

α +1

∣∣∣∣ f ′(a+b
2m

)∣∣∣∣q]1/q

+

[
1

α +1

∣∣∣∣ f ′(a+b
2

)∣∣∣∣q + mα

α +1

∣∣∣∣ f ′( b
m

)∣∣∣∣q]1/q

Theorem 1.5 ([16,Corollary 3.6]): Under the assumptions of Theorem 1.4, if α = m = 1, then∣∣∣∣ 1
b−a

∫ b

a
f (x)dx− 3

4
f
(

a+b
2

)
− f (a)+ f (b)

8

∣∣∣∣

≤ (b−a)
4

 (q−1)(3
2q−1
q−1 +1)

2
2(2q−1)

q−1 (2q−1)

1− 1
q


 | f ′ (a)|q +

∣∣∣ f ′( a+b
2

)∣∣∣q
2

1/q

+


∣∣∣ f ′( a+b

2

)∣∣∣q + | f ′ (b)|q
2

1/q . (1.4)

In [17], Y. Shuang et al. gave the following results:
Theorem 1.6 ([17,Theorem 3.2]): Let f : I ⊂ Ro→ R be a differentiable function on Io, a,b ∈ I with a < b and f ′ ∈ L1([a,b]). If | f ′|qis
s-convex function on [a,b] for some fixed s ∈ (0,1] and q > 1, then∣∣∣∣ 1

b−a

∫ b

a
f (x)dx− 4

5
f
(

a+b
2

)
− f (a)+ f (b)

10

∣∣∣∣
≤ (b−a)

4

 (q−1)(4
2q−1
q−1 +1)

5
(2q−1)

q−1 (2q−1)

1− 1
q


 | f ′ (a)|q +

∣∣∣ f ′( a+b
2

)∣∣∣q
s+1

1/q

+


∣∣∣ f ′( a+b

2

)∣∣∣q + ∣∣∣ f ′(b)∣∣∣q
s+1

1/q .

Theorem 1.7 ([17,Corollary 3.3]): Under the assumptions of Theorem 1.6, for s=1, then∣∣∣∣ 1
b−a

∫ b

a
f (x)dx− 4

5
f
(

a+b
2

)
− f (a)+ f (b)

10

∣∣∣∣

≤ (b−a)
4

 (q−1)(4
2q−1
q−1 +1)

5
(2q−1)

q−1 (2q−1)

1− 1
q



∣∣∣ f ′(a)∣∣∣q + ∣∣∣ f ′( a+b

2 )
∣∣∣q

2

1/q

+


∣∣∣ f ′( a+b

2 )
∣∣∣q + ∣∣∣ f ′(b)∣∣∣q

2

1/q . (1.5)

In [8], T. Du et al. gave the following results:
Theorem 1.8 [8,Corollary 2.8]): Let f : I ⊂ Ro → R be a differentiable function on Io, where a,b ∈ Io such that 0 < a < b. If t = k =
1
2 , −1 < s≤ 1 and m = 1, the inequality holds for (s,m)-convex functions:∣∣∣∣ 1

b−a

∫ b

a
f (x)dx− f (a)+ f (b)

2

∣∣∣∣≤ b−a

81− 1
q

(
1

2s+2 (s+1)(s+2)

) 1
q

×{
[∣∣∣ f ′(b)∣∣∣q +(s2s+1 +1

)∣∣∣ f ′(a)∣∣∣q] 1
q
+
[∣∣∣ f ′(a)∣∣∣q +(s2s+1 +1

)∣∣∣ f ′(b)∣∣∣q] 1
q }. (1.6)
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Theorem 1.9 ([8,Corollary 2.5]): Let f : I ⊂ Ro→ R be a differentiable function on Io, where a,b ∈ Io such that 0 < a < b. If the mapping
| f ′|p/(p−1) is (s,m)-convex on [a,b], then we get, for t = k = 1

2 and m = 1,∣∣∣∣ 1
b−a

∫ b

a
f (x)dx− f (a)+ f (b)

2

∣∣∣∣≤ b−a

(p+1)
1
p

(
1

2(s+1)

) 1
q
(

1
2

)1+ 1
p

×
{[∣∣∣ f ′(a)∣∣∣q + ∣∣∣ f ′( a+b

2 )
∣∣∣q]1/q

+
[∣∣∣ f ′( a+b

2 )
∣∣∣q + ∣∣∣ f ′(b)∣∣∣q]1/q

}
. (1.7)

In [12], U.S. Kırmacı et al. gave the following result:
Theorem 1.10 ([12,Theorem 3]): Let f : I→ R, I ⊂ [0,∞) be a differentiable function on Io such that f ′ ∈ L1([a,b]), where a,b ∈ I, a < b.
If | f ′|qis s-convex function on [a,b] for some fixed s ∈ (0,1) and q > 1, then∣∣∣∣ 1

b−a

∫ b

a
f (x)dx− f (a)+ f (b)

2

∣∣∣∣≤ b−a
2

×
{[∣∣∣ f ′(a)∣∣∣q + ∣∣∣ f ′( a+b

2 )
∣∣∣q]1/q

+
[∣∣∣ f ′( a+b

2 )
∣∣∣q + ∣∣∣ f ′(b)∣∣∣q]1/q

}
. (1.8)

In [10], author gave some inequalities for differentiable convex and concave mappings with applications to special means of real numbers.
The aim of this paper is to establish refinements inequalities of Hermite-Hadamard type for s-convex functions in the second sense.
In the development of pure and applied mathematics, convexity has played a key role. In linear programing, combinatory, orthogonal
polynomials, quantum theory, number theory, optimization theory, dynamics and in the theory of relativity, integral inequalities have various
applications.
For several recent results concerning integral inequalities for convex, quasi-convex, s-convex and (α,m)−convex functions, we refer the
reader to [1-18].
Throughout we suppose I is an interval on R and a,b,c,A,B ∈ I0 with a≤ A≤ c≤ B≤ b. (c 6= a,b), p,q ∈ R and f : I0→ R is differentiable.
(I0denotes the interior of I.)

2. Main Results

First, we give the following Lemma.
Lemma 2.1 [10]: Let f : I0 ⊂ R→ R be a differentiable mapping on I0, a,b ∈ I0 with a < b. If f ′ ∈ L1([a,b]), then we have

f (ca+(1− c)b)(B−A)+ f (a)(1−B)+ f (b)A− 1
b−a

∫ b

a
f (x)dx

= (a−b)
[∫ c

0
(t−A) f ′(ta+(1− t)b)dt +

∫ 1

c
(t−B) f ′(ta+(1− t)b)dt

]
,

where a,b,c,A,B ∈ I0 with a≤ A≤ c≤ B≤ b.

Proof: Let S:[a,b]→ R be defined by

S(t) =
{

t−A , t ∈ [0,c]
t−B , t ∈ (c,1]

,
.

Integrating by parts and using the change of the variable x = ta+(1− t)b, we have∫ 1

0
S(t) f ′(ta+(1− t)b)dt =

∫ c

0
(t−A) f ′(ta+(1− t)b)dt +

∫ 1

c
(t−B) f ′(ta+(1− t)b)dt

=
1

a−b

[
f (ca+(1− c)b)(B−A)+ f (a)(1−B)+ f (b)A− 1

b−a

∫ b

a
f (x)dx

]
.

Hence we have the conclusion.

Remark 2.2: i). Applying Lemma 2.1 for c = 1/2, then we obtain the Lemma 2.1 given by T. Du et al. in [8, (for m=1)].
ii). Applying Lemma 2.1 for A = 1

6 , B = 5
6 and c = 1/2 , then we obtain the Lemma 2.1 given by Qaisar and He in [15,(for m=1)].

iii). Applying Lemma 2.1 for A = B = c = 1
2 , then we get the Lemma 2.1 given by S.S.Dragomir and R.P. Agarwal in [3].

iv). Applying Lemma 2.1 for A = 0, B = 1 and c = 1
2 , then we get the Lemma 2.1 given by author in [11].

In the following theorems, we present generalized integral inequalities via s-
convex mappings in the first and second sense.
Theorem 2.3: Let f : I0 ⊂ R→ R be a differentiable mapping on I0 and let p > 1. If
| f ′|p/(p−1) is s-convex mapping in the second sense on [a,b] for some fixed s ∈ (0,1], then we have
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∣∣∣ 1
a−b

[
f (ca+(1− c)b)(B−A)+ f (a)(1−B)+ f (b)A− 1

b−a
∫ b

a f (x)dx
]∣∣∣

≤
[

Ap+1+(c−A)p+1

p+1

]1/p( cs+1| f ′(a)|q+(1−(1−c)s+1)| f ′(b)|q
s+1

)1/q
+
[
(B−c)p+1+(1−B)p+1

p+1

]1/p( (1−cs+1)| f ′(a)|q+(1−c)s+1| f ′(b)|q
s+1

)1/q
.

(2.1)

Proof: From Lemma 2.1, we have

∣∣∣ 1
a−b

[
f (ca+(1− c)b)(B−A)+ f (a)(1−B)+ f (b)A− 1

b−a
∫ b

a f (x)dx
]∣∣∣

≤
∫ c

0 |t−A| | f ′(ta+(1− t)b)|dt +
∫ 1

c |t−B| | f ′(ta+(1− t)b|dt.
(2.2)

Using the Hölder’s inequality for p > 1, we have

∣∣∣∣ 1
a−b

[
f (ca+(1− c)b)(B−A)+ f (a)(1−B)+ f (b)A− 1

b−a

∫ b

a
f (x)dx

]∣∣∣∣ (2.3)

≤
(∫ c

0
|t−A|p dt

)1/p(∫ c

0

∣∣ f ′(ta+(1− t)b)
∣∣q dt

)1/q
+

(∫ 1

c
|t−B|p dt

)1/p(∫ 1

c

∣∣ f ′(ta+(1− t)b
∣∣q dt

)1/q

,

where 1
p +

1
q = 1.Since | f ′|q is s- convex mapping in the second sense on [a,b], we

obtain ∫ c

0

∣∣ f ′(ta+(1− t)b)
∣∣q dt ≤

∫ c

0

[
ts ∣∣ f ′(a)∣∣q +(1− t)s ∣∣ f ′(b)∣∣q]dt =

cs+1 | f ′(a)|q +(1− (1− c)s+1) | f ′(b)|q

s+1
(2.4)

and ∫ 1

c

∣∣ f ′(ta+(1− t)b)
∣∣q dt ≤

∫ 1

c

[
ts ∣∣ f ′(a)∣∣q +(1− t)s ∣∣ f ′(b)∣∣q]dt =

(1− cs+1) | f ′(a)|q +(1− c)s+1 | f ′(b)|q

s+1
. (2.5)

Where, ∫ 1

c
tsdt =

1− cs+1

s+1
,
∫ 1

c
(1− t)sdt =

(1− c)s+1

s+1
,

∫ c

0
(1− t)sdt =

1− (1− c)s+1

s+1
,

∫ c

0
tsdt =

cs+1

s+1
.

Also, we have

Pp =
∫ c

0
|t−A|p dt =

∫ A

0
(A− t)pdt +

∫ c

A
(t−A)pdt =

Ap+1 +(c−A)p+1

p+1
, (2.6)

Mp =
∫ 1

c
|t−B|p dt =

∫ B

c
(B− t)pdt +

∫ 1

B
(t−B)pdt =

(B− c)p+1 +(1−B)p+1

p+1
. (2.7)

A combination of (2.3)-(2.7) gives the required inequality (2.1).

Corollary 2.4: Under the assumptions of Theorem 2.3,
i). When A = 0, B = 1, c = 1/2, we have∣∣∣∣ 1

b−a

∫ b

a
f (x)dx− f (

a+b
2

)

∣∣∣∣
≤ b−a

(p+1)
1
p 2

p+1
p (s+1)

1
q

[[(
1

2s+1

∣∣∣ f ′(a)∣∣∣q +(1− 1
2s+1

)∣∣∣ f ′(b)∣∣∣q) 1
q

]
+

[(
1− 1

2s+1

)∣∣∣ f ′(a)∣∣∣q +( 1
2s+1

∣∣∣ f ′(b)∣∣∣q) 1
q

]]
.

Using the fact that

n

∑
k=1

(ak +bk)
s ≤

n

∑
k=1

as
k +

n

∑
k=1

bs
k, (2.8)

for 0≤ s < 1, we obtain∣∣∣∣ 1
b−a

∫ b

a
f (x)dx− f (

a+b
2

)

∣∣∣∣≤ b−a

(p+1)
1
p 2

p+1
p (s+1)

1
q

(
1

2
(s+1)

q

+

(
1− 1

2s+1

) 1
q

)(∣∣∣ f ′(a)∣∣∣+ ∣∣∣ f ′(b)∣∣∣) .

For p > 1, then p+1 > 2 and so
1

(p+1)
1
p

<
1

2
1
p

and also
1

(s+1)
1
q

≤ 1,
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for s ∈ (0,1) , q ∈ (1,∞). Hence, we have

∣∣∣∣ 1
b−a

∫ b

a
f (x)dx− f (

a+b
2

)

∣∣∣∣≤ b−a

2.4
1
p

(
1

2
(s+1)

q

+

(
1− 1

2s+1

) 1
q

)(
∣∣∣ f ′(a)∣∣∣+ ∣∣ f ′(b)∣∣).

ii). When A = B = c = 1/2, we have∣∣∣∣ 1
b−a

∫ b

a
f (x)dx− f (a)+ f (b)

2

∣∣∣∣≤ b−a

2.4
1
p

(
1

2
(s+1)

q

+

(
1− 1

2s+1

) 1
q

)(
∣∣∣ f ′(a)∣∣∣+ ∣∣ f ′(b)∣∣).

iii). When A = 1
4 ,B = 3

4 ,c = 1/2, we have∣∣∣∣ 1
b−a

∫ b

a
f (x)dx− 1

2
( f
(

a+b
2

)
+

f (a)+ f (b)
2

)

∣∣∣∣
≤ b−a

4.4
1
p

(
1

2
(s+1)

q

+

(
1− 1

2s+1

) 1
q

)(∣∣∣ f ′(a)∣∣∣+ ∣∣∣ f ′(b)∣∣∣) .
iv). When A = 1

6 ,B = 5
6 ,c = 1/2, we get

∣∣∣∣ 1
b−a

∫ b

a
f (x)dx− 2

3
f
(

a+b
2

)
− f (a)+ f (b)

6

∣∣∣∣≤ (b−a)
(
2p+1 +1

) 1
p

6.(12)
1
p

(
1

2
(s+1)

q

+

(
1− 1

2s+1

) 1
q

)(∣∣∣ f ′(a)∣∣∣+ ∣∣∣ f ′(b)∣∣∣) .
v). When A = 1

8 , B = 7
8 ,c =

1
2 , we have

∣∣∣∣ 1
b−a

∫ b

a
f (x)dx− 3

4
f
(

a+b
2

)
− f (a)+ f (b)

8

∣∣∣∣≤ (b−a)
(
3p+1 +1

) 1
p

8.(16)
1
p

(
1

2
(s+1)

q

+

(
1− 1

2s+1

) 1
q

)(∣∣∣ f ′(a)∣∣∣+ ∣∣∣ f ′(b)∣∣∣) .
vi). When A = 1

10 ,B = 9
10 ,c =

1
2 , we have

∣∣∣∣ 1
b−a

∫ b

a
f (x)dx− 4

5
f
(

a+b
2

)
− f (a)+ f (b)

10

∣∣∣∣≤ (b−a)
(
4p+1 +1

) 1
p

10.(20)
1
p

(
1

2
(s+1)

q

+

(
1− 1

2s+1

) 1
q

)(∣∣∣ f ′(a)∣∣∣+ ∣∣∣ f ′(b)∣∣∣) .
vii). When A = 1

12 ,B = 11
12 ,c =

1
2 , we have

∣∣∣∣ 1
b−a

∫ b

a
f (x)dx− 5

6
f
(

a+b
2

)
− f (a)+ f (b)

12

∣∣∣∣≤ (b−a)
(
5p+1 +1

) 1
p

12.(24)
1
p

(
1

2
(s+1)

q

+

(
1− 1

2s+1

) 1
q

)(∣∣∣ f ′(a)∣∣∣+ ∣∣∣ f ′(b)∣∣∣) .
Theorem 2.5: Let f : I0 ⊂ R→ R be a differentiable mapping on I0 and let p > 1. If
| f ′|p/(p−1) is s-convex mapping in the first sense on[a,b] for some fixed s ∈ (0,1], then we have∣∣∣∣ 1

a−b

[
f (ca+(1− c)b)(B−A)+ f (a)(1−B)+ f (b)A− 1

b−a

∫ b

a
f (x)dx

]∣∣∣∣ (2.9)

≤ Pp
1/p
(

cs+1 | f ′(a)|q +(c(s+1)− cs+1) | f ′(b)|q

s+1

)1/q

(2.10)

+ Mp
1/p
(
(1− cs+1) | f ′(a)|q +((1− c)(s+1)− (1− cs+1)) | f ′(b)|q

s+1

)1/q

(2.11)

Where Pp and Mp are as in (2.6) and (2.7) respectively.

Proof: From Lemma 2.1 and using the Hölder’s inequality for p > 1, we get inequality (2.3). Since | f ′|qis s- convex mapping in the first
sense on [a,b], we obtain∫ c

0

∣∣ f ′(ta+(1− t)b)
∣∣q dt ≤

∫ c

0

[
ts ∣∣ f ′(a)∣∣q +(1− ts)

∣∣ f ′(b)∣∣q]dt =
cs+1 | f ′(a)|q +(c(s+1)− cs+1) | f ′(b)|q

s+1
(2.12)

and ∫ 1

c

∣∣ f ′(ta+(1− t)b)
∣∣q dt ≤

∫ 1

c

[
ts ∣∣ f ′(a)∣∣q +(1− ts)

∣∣ f ′(b)∣∣q]dt

=
(1− cs+1) | f ′(a)|q +((1− c)(s+1)− (1− cs+1)) | f ′(b)|q

s+1
, (2.13)
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where,∫ 1
c tsdt = 1−cs+1

s+1 ,
∫ 1

c (1− ts)dt = 1− c− 1−cs+1

s+1 ,
∫ c

0 (1− ts)dt = c− cs+1

s+1 ,
∫ c

0 tsdt = cs+1

s+1 . From (2.3),(2.6),(2.7),(2.12) and (2.13), we

deduce required inequality (2.9).
Theorem 2.6: Let f : I0 ⊂ R→ R be a differentiable mapping on I0 and let p > 1. If
| f ′|p/(p−1) is s-convex mapping in the second sense on [a,b] for some fixed s ∈ (0,1), then we have∣∣∣∣ 1

a−b

[
f (ca+(1− c)b)(B−A)+ f (a)(1−B)+ f (b)A− 1

b−a

∫ b

a
f (x)dx

]∣∣∣∣ ≤ Pp
1/p
(

c
| f ′ (ca+(1− c)b)|q + | f ′(b)|q

s+1

)1/q

(2.14)

+ Mp
1/p
(
(1− c)

| f ′(a)|q + | f ′ (ca+(1− c)b)|q

s+1

)1/q

.

Where Pp and Mp are as in (2.6) and (2.7) respectively.

Proof: : From Lemma 2.1 and using the Hölder’s inequality for p > 1, we get inequality (2.3). Let us substitute x = ta+(1− t)b and dx =
(a−b)dt, we get∫ c

0

∣∣ f ′ (ta+(1− t)b)
∣∣q dt ≤ 1

a−b

∫ ac+(1−c)b

b

∣∣ f ′(x)∣∣q dx =
c

(a−b)c

∫ ac+(1−c)b

b

∣∣ f ′(x)∣∣q dx

and ∫ 1

c

∣∣ f ′ (ta+(1− t)b)
∣∣q dt ≤ 1

a−b

∫ a

ac+(1−c)b

∣∣ f ′(x)∣∣q dx =
1− c

(a−b)(1− c)

∫ a

ac+(1−c)b

∣∣ f ′(x)∣∣q dx.

Since | f ′|qis s-convex mapping in the second sense on [a,b], using the above inequalities and by inequality (1.1), we have∫ c

0

∣∣ f ′ (ta+(1− t)b)
∣∣q dt ≤ c

| f ′ (ca+(1− c)b)|q + | f ′(b)|q

s+1
(2.15)

and ∫ 1

c

∣∣ f ′ (ta+(1− t)b)
∣∣q dt ≤ (1− c)

| f ′(a)|q + | f ′ (ca+(1− c)b)|q

s+1
. (2.16)

From (2.3),(2.6),(2.7),(2.15) and (2.16), we obtain required inequality (2.14).
Corollary 2.7: Under the assumptions of Theorem 2.6, using the inequality (2.8) and
since 1

(p+1)
1
p
< 1

2
1
p

and 1

(s+1)
1
q
≤ 1,

i). When A = 0, B = 1, c = 1/2, we have∣∣∣∣ 1
b−a

∫ b

a
f (x)dx− f (

a+b
2

)

∣∣∣∣≤ b−a

4.2
1
p

(
2
∣∣∣ f ′( a+b

2 )
∣∣∣+ ∣∣∣ f ′(a)∣∣∣+ ∣∣∣ f ′(b)∣∣∣) .

ii). When A = B = c = 1/2, we get∣∣∣∣ 1
b−a

∫ b

a
f (x)dx− f (a)+ f (b)

2

∣∣∣∣≤ b−a

4.2
1
p

(
2
∣∣∣ f ′( a+b

2 )
∣∣∣+ ∣∣∣ f ′(a)∣∣∣+ ∣∣∣ f ′(b)∣∣∣) . (2.17)

iii). When A = 1
4 ,B = 3

4 ,c = 1/2, we have∣∣∣∣ 1
b−a

∫ b

a
f (x)dx− 1

2
( f
(

a+b
2

)
+

f (a)+ f (b)
2

)

∣∣∣∣≤ b−a

8.4
1
p

(
2
∣∣∣ f ′( a+b

2 )
∣∣∣+ ∣∣∣ f ′(a)∣∣∣+ ∣∣∣ f ′(b)∣∣∣) .

iv). When A = 1
6 ,B = 5

6 ,c = 1/2, we have

∣∣∣∣ 1
b−a

∫ b

a
f (x)dx− 2

3
f
(

a+b
2

)
− f (a)+ f (b)

6

∣∣∣∣≤ (b−a)
(
2p+1 +1

) 1
p

12.6
1
p

(2
∣∣∣ f ′( a+b

2 )
∣∣∣+ ∣∣∣ f ′(a)∣∣∣++

∣∣ f ′(b)∣∣).
v). When A = 1

8 ,B = 7
8 ,c = 1/2, we have

∣∣∣∣ 1
b−a

∫ b

a
f (x)dx− 3

4
f
(

a+b
2

)
− f (a)+ f (b)

8

∣∣∣∣≤ (b−a)
(
3p+1 +1

) 1
p

16.8
1
p

(2
∣∣∣ f ′( a+b

2 )
∣∣∣+ ∣∣∣ f ′(a)∣∣∣+ +

∣∣ f ′(b)∣∣). (2.18)

vi). When A = 1
10 ,B = 9

10 ,c = 1/2, we get

∣∣∣∣ 1
b−a

∫ b

a
f (x)dx− 4

5
f
(

a+b
2

)
− f (a)+ f (b)

10

∣∣∣∣≤ (b−a)
(
4p+1 +1

) 1
p

20.10
1
p

(2
∣∣∣ f ′( a+b

2 )
∣∣∣+ ∣∣∣ f ′(a)∣∣∣+

+
∣∣ f ′(b)∣∣). (2.19)



120 Universal Journal of Mathematics and Applications

vii). When A = 1
12 ,B = 11

12 ,c = 1/2, we get

∣∣∣∣ 1
b−a

∫ b

a
f (x)dx− 5

6
f
(

a+b
2

)
− f (a)+ f (b)

12

∣∣∣∣≤ (b−a)
(
5p+1 +1

) 1
p

24.12
1
p

(
2
∣∣∣ f ′( a+b

2 )
∣∣∣+ ∣∣∣ f ′(a)∣∣∣+ ∣∣∣ f ′(b)∣∣∣) .

Remark 2.8: The followings are observed that:
i) The inequality (2.18) is a refinement of inequality (1.4) presented by Y. Shuang and
F. Qi in [16]
ii) The inequality (2.19) ) is a refinement of inequality (1.5) presented by Y. Shuang
et al. in [17]
iii) The inequality (2.17) is both a refinement of inequality (1.7) given by T. Du et al.
in [8] and the inequality (1.8) given by Kirmaci et al. in [12].
Theorem 2.9: Let f : I0 ⊂ R→ R be a differentiable mapping on I0 and let p > 1.
If | f ′|p/(p−1) is s-concave mapping on[a,b] for some fixed s ∈ (0,1), then we have

∣∣∣∣ 1
a−b

[
f (ca+(1− c)b)(B−A)+ f (a)(1−B)+ f (b)A− 1

b−a

∫ b

a
f (x)dx

]∣∣∣∣ (2.20)

≤ Pp
1/p
(

2s−1
∣∣ f ′ ( c

2 a+ 2−c
2 b
)∣∣q)1/q

+Mp
1/p
(

2s−1
∣∣ f ′ ( 1+c

2 a+ 1−c
2 b
)∣∣q)1/q

.

Where Pp and Mp are as in (2.6) and (2.7) respectively.

Proof: : From Lemma 2.1 and using the Hölder’s inequality for p > 1, we get inequality (2.3). Since | f ′|qis s-concave mapping on [a,b] and
using inequality (1.1), we have

∫ c

0

∣∣ f ′ (ta+(1− t)b)
∣∣q dt ≤ 2s−1

∣∣∣∣ f ′( c
2

a+
2− c

2
b
)∣∣∣∣q (2.21)

and ∫ 1

c

∣∣ f ′ (ta+(1− t)b)
∣∣q dt ≤ 2s−1

∣∣∣∣ f ′(1+ c
2

a+
1− c

2
b
)∣∣∣∣q . (2.22)

From (2.3),(2.6),(2.7),(2.21) and (2.22), we obtain required inequality (2.20).

Corollary 2.10: Under the assumptions of Theorem 2.9, using the inequality (2.8) and since 2(s−1)/q < 1 and 1

(p+1)
1
p
< 1

2
1
p

f or s ∈

(0,1) and q ∈ (1,∞),

i). When A = 0, B = 1, c = 1/2, we have∣∣∣∣ 1
b−a

∫ b

a
f (x)dx− f (

a+b
2

)

∣∣∣∣≤ b−a

(p+1)
1
p 2

p+1
p

2
s−1

q

[∣∣∣ f ′( a+3b
4 )
∣∣∣+ ∣∣∣ f ′( 3a+b

4 )
∣∣∣]

≤ 1

2.4
1
p

[∣∣∣ f ′( a+3b
4 )
∣∣∣+ ∣∣∣ f ′( 3a+b

4 )
∣∣∣] .

ii). When A = B = c = 1
2 , we get∣∣∣∣ 1

b−a

∫ b

a
f (x)dx− f (a)+ f (b)

2

∣∣∣∣≤ 1

2.4
1
p

[∣∣∣ f ′( a+3b
4 )
∣∣∣+ ∣∣∣ f ′( 3a+b

4 )
∣∣∣] .

iii). When A = 1
4 ,B = 3

4 ,c = 1/2, we have∣∣∣∣ 1
b−a

∫ b

a
f (x)dx− 1

2
( f
(

a+b
2

)
+

f (a)+ f (b)
2

)

∣∣∣∣
≤ b−a

4.4
1
p

[∣∣∣ f ′( a+3b
4 )
∣∣∣+ ∣∣∣ f ′( 3a+b

4 )
∣∣∣] .

iv) When A = 1
6 ,B = 5

6 ,c = 1/2, we have

∣∣∣∣ 1
b−a

∫ b

a
f (x)dx− 2

3
f
(

a+b
2

)
− f (a)+ f (b)

6

∣∣∣∣≤ (b−a)
(
2p+1 +1

) 1
p

6
1
p +1

[∣∣∣ f ′( a+3b
4 )
∣∣∣+ ∣∣∣ f ′( 3a+b

4 )
∣∣∣] .
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v). When A = 1
8 ,B = 7

8 ,c = 1/2, we have

∣∣∣∣ 1
b−a

∫ b

a
f (x)dx− 3

4
f
(

a+b
2

)
− f (a)+ f (b)

8

∣∣∣∣≤ (b−a)
(
3p+1 +1

) 1
p

8
1
p +1

[∣∣∣ f ′( a+3b
4 )
∣∣∣+ ∣∣∣ f ′( 3a+b

4 )
∣∣∣] .

vi). When A = 1
10 ,B = 9

10 ,c = 1/2, we get

∣∣∣∣ 1
b−a

∫ b

a
f (x)dx− 4

5
f
(

a+b
2

)
− f (a)+ f (b)

10

∣∣∣∣≤ (b−a)
(
4p+1 +1

) 1
p

10
1
p +1

[∣∣∣ f ′( a+3b
4 )
∣∣∣+ ∣∣∣ f ′( 3a+b

4 )
∣∣∣] .

vii). When A = 1
12 ,B = 11

12 ,c = 1/2, we get

∣∣∣∣ 1
b−a

∫ b

a
f (x)dx− 5

6
f
(

a+b
2

)
− f (a)+ f (b)

12

∣∣∣∣≤ (b−a)
(
5p+1 +1

) 1
p

12
1
p +1

[∣∣∣ f ′( a+3b
4 )
∣∣∣+ ∣∣∣ f ′( 3a+b

4 )
∣∣∣] .

Theorem 2.11: Let f : I0 ⊂ R→ R be a differentiable mapping on I0, a,b ∈ I0 with a < b and let p≥ 1. If the mapping | f ′|p is s-convex in
the first sense on [a,b] for some fixed s ∈ (0,1], then we have

∣∣∣ f (ca+(1− c)b)(B−A)+ f (a)(1−B)+ f (b)A− 1
b−a

∫ b
a f (x)dx

∣∣∣
≤ (a−b)

{
P

1− 1
p

2
[
T1 | f ′(a)|p +(P2−T1) | f ′(b)|p

]1/p
+M

1− 1
p

2
[
N1 | f ′(a)|p +(M2−N1) | f ′(b)|p

]1/p
}
,

(2.23)

where,

P2 =
A2 +(c−A)2

2
,T1 =

2
(s+1)(s+2)

As+2 + cs+1
[

c
s+2

− A
s+1

]
,

M2 =
(B− c)2 +(1−B)2

2
,N1 =

2
(s+1)(s+2)

Bs+2 + cs+1
[

c
s+2

− B
s+1

]
+

1
s+2

− B
s+1

.

Proof: From Lemma 2.1, we get the inequality (2.2). By the power-mean inequality, we obtain

∫ c

0
|t−A|

∣∣ f ′(ta+(1− t)b
∣∣dt ≤

(∫ c

0
|t−A|dt

)1− 1
p
(∫ c

0
|t−A|

∣∣ f ′(ta+(1− t)b
∣∣p dt

)1/p
(2.24)

and ∫ 1

c
|t−B|

∣∣ f ′(ta+(1− t)b
∣∣dt ≤

(∫ 1

c
|t−B|dt

)1− 1
p
(∫ 1

c
|t−B|

∣∣ f ′(ta+(1− t)b)
∣∣p dt

)1/p

. (2.25)

Since | f ′|pis s-convex in the first sense, we have∫ c

0
|t−A|

∣∣ f ′(ta+(1− t)b
∣∣p dt ≤

∫ c

0
|t−A|

(
ts ∣∣ f ′(a)∣∣p +(1− ts)

∣∣ f ′(b)∣∣p)dt (2.26)

≤ T1

∣∣∣ f ′(a)∣∣∣p +(P2−T1)
∣∣ f ′(b)∣∣p

and ∫ 1

c
|t−B|

∣∣ f ′(ta+(1− t)b
∣∣p dt ≤

∫ 1

c
|t−B|

(
ts ∣∣ f ′(a)∣∣p +(1− ts)

∣∣ f ′(b)∣∣p)dt (2.27)

≤ N1
∣∣ f ′(a)∣∣p +(M2−N1)

∣∣ f ′(b)∣∣p .
where,

P2 =
∫ c

0
|t−A|dt =

∫ A

0
(A− t)dt +

∫ c

A
(t−A)dt =

A2 +(c−A)2

2
,

T1 =
∫ c

0
|t−A| tsdt =

∫ A

0
(A− t)tsdt +

∫ c

A
(t−A)tsdt =

2
(s+1)(s+2)

As+2 + cs+1
[

c
s+2

− A
s+1

]
,

M2 =
∫ 1

c
|t−B|dt =

∫ B

c
(B− t)dt +

∫ 1

B
(t−B)dt =

(B− c)2 +(1−B)2

2
,

N1 =
∫ 1

c
|t−B| tsdt =

∫ B

c
(B− t)tsdt +

∫ 1

B
(t−B)tsdt =

2
(s+1)(s+2)

Bs+2 + cs+1
[

c
s+2

− B
s+1

]
++

1
s+2

− B
s+1

(2.28)
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and

P2−T1 =
∫ c

0
|t−A|(1− t)dt =

∫ A

0
(A− t)(1− t)dt +

∫ c

A
(t−A)(1− t)dt,

M2−N1 =
∫ 1

c
|t−B|(1− t)dt =

∫ B

c
(B− t)(1− t)dt +

∫ 1

B
(t−B)(1− t)dt.

A combination of (2.2) and (2.24)-(2.28) gives the required inequality (2.23).
Theorem 2.12: Let f : I0 ⊂ R→ R be a differentiable mapping on I0, a,b ∈ I0 with a < b and let p≥ 1. If the mapping | f ′|p is s-convex in
the second sense on [a,b] for some fixed s ∈ (0,1], then we have

∣∣∣ f (ca+(1− c)b)(B−A)+ f (a)(1−B)+ f (b)A− 1
b−a

∫ b
a f (x)dx

∣∣∣
≤ (a−b)

{
P

1− 1
p

2
[
T1 | f ′(a)|p +T2 | f ′(b)|p

]1/p
+M

1− 1
p

2
[
N1 | f ′(a)|p +N2 | f ′(b)|p

]1/p
}
,

(2.29)

where,

T2 =
A

s+1
+

2(1−A)s+2

(s+1)(s+2)
− (1− c)s+1

[
c−A
s+1

+
1− c

(s+1)(s+2)

]
− 1

(s+1)(s+2)
,

N2 =
2(1−B)s+2

(s+1)(s+2) +(1− c)s+1
[

B−c
s+1 −

1−c
(s+1)(s+2)

]
andP2,M2,T1,N1 are as in (2.28).

Proof: From Lemma 2.1, we have the inequality (2.2). By the power-mean inequality, we get inequalities (2.24) and (2.25). Since | f ′|pis
s-convex mapping in the second sense on [a,b], we have∫ c

0
|t−A|

∣∣ f ′(ta+(1− t)b
∣∣p dt ≤

∫ c

0
|t−A|

(
ts ∣∣ f ′(a)∣∣p +(1− t)s ∣∣ f ′(b)∣∣p)dt ≤ T1

∣∣ f ′(a)∣∣p +T2
∣∣ f ′(b)∣∣p (2.30)

and ∫ 1

c
|t−B|

∣∣ f ′(ta+(1− t)b
∣∣p dt ≤

∫ 1

c
|t−B|

(
ts ∣∣ f ′(a)∣∣p +(1− t)s ∣∣ f ′(b)∣∣p)dt ≤ N1

∣∣ f ′(a)∣∣p +N2
∣∣ f ′(b)∣∣p . (2.31)

Where,

T2 =
∫ c

0
|t−A|(1− t)sdt =

∫ A

0
(A− t)(1− t)sdt +

∫ c

A
(t−A)(1− t)sdt

=
A

s+1
+

2(1−A)s+2

(s+1)(s+2)
− (1− c)s+1

[
c−A
s+1

+
1− c

(s+1)(s+2)

]
− 1

(s+1)(s+2)
,

N2 =
∫ 1

c
|t−B|(1− t)sdt =

∫ B

c
(B− t)(1− t)sdt +

∫ 1

B
(t−B)(1− t)sdt

=
2(1−B)s+2

(s+1)(s+2)
+(1− c)s+1

[
B− c
s+1

− 1− c
(s+1)(s+2)

]
(2.32)

and T1,N1 are as in (2.28). A combination of (2.2),(2.24),(2.25), (2.30),(2.31) and
(2.32) gives the required inequality (2.29).
Corollary 2.13: Under the assumptions of Theorem 2.12 and using the inequality (2.8),
i) When A = 0, B = 1, c = 1/2, we have∣∣∣∣ 1

b−a

∫ b

a
f (x)dx− f (

a+b
2

)

∣∣∣∣≤ b−a

81− 1
p

[(T
1
p

1′ +N
1
p

1′ )
∣∣∣ f ′(a)∣∣∣+(T

1
p

2′ +N
1
p

2′ )
∣∣∣ f ′(b)∣∣∣], (2.33)

where,

T1′ =
1

2s+2(s+2)
, N1′ =

2s+2− s−3
2s+2(s+1)(s+2)

, T2′ =
2s+2− s−3

2s+2(s+1)(s+2)
, N2′ =

s+1
2s+2(s+1)(s+2)

.

Taking s=1 and p=1 in (2.33) yields∣∣∣∣ 1
b−a

∫ b

a
f (x)dx− f (

a+b
2

)

∣∣∣∣≤ b−a

81− 1
p

[(
1

24

1
p
+

1
12

1
p
)(
∣∣∣ f ′(a)∣∣∣+ ∣∣∣ f ′(b)∣∣∣)]

≤ b−a
8

(
∣∣∣ f ′(a)∣∣∣+ ∣∣∣ f ′(b)∣∣∣).

ii) When A = B = c = 1
2 , we have∣∣∣∣ 1

b−a

∫ b

a
f (x)dx− f (a)+ f (b)

2

∣∣∣∣≤ b−a

81− 1
p

[(T
1
p

1′′ +N
1
p

1′′)
∣∣∣ f ′(a)∣∣∣+(T

1
p

2′′ +N
1
p

2′′)
∣∣∣ f ′(b)∣∣∣], (2.34)
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where,

T1′′ =
1

2s+2(s+1)(s+2)
, N1′′ =

s2s+1 +1
2s+2(s+1)(s+2)

, T2′′ =
s2s+1 +1

2s+2(s+1)(s+2)
, N2′′ =

1
2s+2(s+1)(s+2)

.

Taking s=1 and p=1 in (2.34) yields∣∣∣∣ 1
b−a

∫ b

a
f (x)dx− f (a)+ f (b)

2

∣∣∣∣≤ b−a

81− 1
p

[(
1
48

1
p
+

5
48

1
p
)(
∣∣∣ f ′(a)∣∣∣+ ∣∣∣ f ′(b)∣∣∣)]

≤ b−a
8

(∣∣∣ f ′(a)∣∣∣+ ∣∣∣ f ′(b)∣∣∣) .
iii) When A = 1

6 , B = 5
6 , c = 1

2 and s = 1, we have∣∣∣∣ 1
b−a

∫ b

a
f (x)dx− 2

3
f
(

a+b
2

)
− f (a)+ f (b)

6

∣∣∣∣≤ (b−a)
(

5
72

)1− 1
p

(
90

1296
)
1/p

(
∣∣∣ f ′(a)∣∣∣+ ∣∣ f ′(b)∣∣)

≤ 5(b−a)
72

(
∣∣∣ f ′(a)∣∣∣+ ∣∣ f ′(b)∣∣).

If | f ′(x)| ≤ L, then we have∣∣∣∣ 1
b−a

∫ b

a
f (x)dx− 2

3
f
(

a+b
2

)
− f (a)+ f (b)

6

∣∣∣∣≤ 5(b−a)
36

L. (2.35)

iv) When A = 1
10 , B = 9

10 , c = 1
2 and s = 1, we have∣∣∣∣ 1

b−a

∫ b

a
f (x)dx− 8

10
f
(

a+b
2

)
− f (a)+ f (b)

10

∣∣∣∣≤ (b−a)
(

17
200

)1− 1
p

(
17
200

)
1/p

(
∣∣∣ f ′(a)∣∣∣+ ∣∣ f ′(b)∣∣)

≤ 17(b−a)
200

(
∣∣∣ f ′(a)∣∣∣+ ∣∣ f ′(b)∣∣).

Remark 2.14: The followings are observed that
i)The inequality (2.34) is a refinement of inequality (1.6) presented by Du et al. in [8]
ii) The inequality (2.35) is a refinement of inequality (1.2) established by Dragomir et al. in [6] and the same as inequality (1.3) presented by
Dragomir in [7].

3. Applications To Special Means

We shall consider the means for arbitrary real numbers α ,β ,α 6=β . We take
A(α ,β ) = α+β

2 , α ,β∈R, (arithmetic mean)

Ln(α ,β ) =
[

β n+1−αn+1

(n+1)(β−α)

]1/n
, n∈Z\{-1,0}, α ,β∈R, α 6=β , (generalized log-mean)

In [9] and [4, pp 288], the following example is given:
Let s ∈ (0,1)and a,b,c ∈ R. We define function f : [0,∞)→ R as

f (t) =
{

a, t = 0
bts + c, t > 0

if b≥ 0 and 0≤ c≤ a, then f ∈ K2
s . Hence, for a = c = 0,b = 1, we have f (t) = ts, f : [0,1]→ [0,1], f ∈ K2

s .

Now, using the results of Section 2, we give some applications to special means of real
numbers.

Proposition 3.1: Let a,b ∈ Io, 0 < a < b and 0 < s < 1. Then we have, for all p > 1

i) |Ls
s (a,b)−As(a,b)| ≤ s(b−a)

4
1
p

( 1

2
(s+1)

q
+
(
1− 1

2s+1

) 1
q )A(|a|s−1, |b|s−1).

ii) |Ls
s (a,b)−A(as,bs)| ≤ s(b−a)

4
1
p

( 1

2
(s+1)

q
+
(
1− 1

2s+1

) 1
q )A(|a|s−1, |b|s−1).

Proof: The assertions follow from Corollaries 2.4-i and 2.4-ii applied to the mapping f (x) = xs, f : [0,1]→ [0,1], respectively.
Proposition 3.2: Let a,b ∈ Io, 0 < a < b and 0 < s < 1. Then we have, for all p > 1
i)|Ls

s (a,b)−As(a,b)| ≤ s(b−a)

2
1
p +1

(|A(a,b)|s−1 +A(|a|s−1, |b|s−1)).

ii) |Ls
s (a,b)−A(as,bs)| ≤ s(b−a)

2
1
p +1

(|A(a,b)|s−1 +A(|a|s−1, |b|s−1)).

iii)
∣∣∣ Ls

s(a,b)−
3As(a,b)

4 − A(as,bs)
8

∣∣∣≤ s(b−a)(3p+1+1)
1
p

8
1
p +1

(
(
|A(a,b)|s−1 +A

(
|a|s−1, |b|s−1

))
.

Proof: The assertions follow from Corollaries 2.7-i, 2.7-ii and 2.7-v applied to the mapping f (x) = xs, f : [0,1]→ [0,1], respectively.
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Proposition 3.3: Let a,b ∈ Io, 0 < a < b and 0 < s < 1. Then we have, for all p≥ 1

i)|Ls
s (a,b)−As(a,b)| ≤ s(b−a)

4.8−
1
p

A(

T
1
p

1′+N
1
p

1′

 |a|s−1,

T
1
p

2′+N
1
p

2′

 |b|s−1).

ii) |Ls
s (a,b)−A(as,bs)| ≤ s(b−a)

4.8−
1
p

A(
(

T
1
p

1′′
+N

1
p

1′′

)
|a|s−1,

(
T

1
p

2′′
+N

1
p

2′′

)
|b|s−1).

iii)
∣∣∣Ls

s(a,b)−
2As(a,b)

3 − A(as,bs)
6

∣∣∣≤ 5s(b−a)
36 A

(
|a|s−1, |b|s−1

)
.

Proof: The assertions follow from Corollaries 2.13-i, 2.13-ii and 2.13-iii applied to the mapping f (x) = xs, f : [0,1]→ [0,1], respectively.
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