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Abstract
In this study, by using Fibonacci Q-matrix and Lucas Q'-matrix we define bicomplex Fibonacci Q-matrix and
bicomplex Lucas Q'-matrix. After that using this matrix representation, we give some identities.
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Bikompleks Sayilar: Fibonacci ve Fibonacci-Lucas Matrislerine Y 6nelik
Yaklasimina Ilave Katkilar

Oz
Bu c¢alismada, Fibonacci Q-matrisi ve Lucas Q'-matrisi kullanarak bikompleks Fibonacci Q-matris ve
bikompleks Lucas Q'-matrisi tanimladik. Daha sonra bu matris sunumunu kullanarak bazi 6zdeslikler verdik.

Anahtar kelimeler: Bikompleks say1, Fibonacci Q-matris, Fibonacci ve Lucas sayilar.

1. Introduction
A bicomplex number is described by
B=a+ib+jc+ijd,
where the imaginary units i, j and ij are governed by the rules: i? = j2 = —1, (ij)? = (ji)?> = +1. For
two bicomplex numbers B=a+ib+jc+ijd and B' =a'+ib" +jc' +ijd’, the addition,
subtraction and multiplication of these numbers are given by
BFB =(@aF+a)+ibFb)+jlcFcH)+ij(dFd")
and
BxB =(a+ib+jc+ijd) x (a' +ib" +jc" +ijd")

=(aa' —bb' —cc'+dd") +i(ab’ + ba' —cd' —dc")

+j(ac’+ca' —bd' —db") +ij(ad’ +da' + cb' + bc'),

respectively. The conjugates of the bicomplex number B are denoted by B‘, B/ and BY. In that case,
there are different conjugations as follows, [1]:
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Bl =a—ib + jc-ijd,
B/ =a+ib— jc-ijd, 1)
BY = a—ib —jc + ijd.

The Fibonacci and Lucas sequence are presented for all integers n by the second order
recurrence relation f,4, = fne1 + fn @nd initial conditions f, =f, =1 and [,,, = l,,41 + [, but
initial conditions /; = 1, I, = 3. Different applications of Fibonacci and Lucas numbers have been in
almost all fields of science, [2, 11].

The Fibonacci Q-matrix and Lucas Q'-matrix are presented as, [12, 15];

and Q' =

Q[ll

1 0 31]'

1 2

The nt" power of the Q-matrix and Q’-matrix are

o=o=fpr F] wa @r=g=[r ] @

Furthermore, it is clearly expressed as f,,_1 fu+1 — ;2 = (—1)" and

Qn+1Qn = Q2n+1 = On+19n = 92n+1 (3)
In this present paper, by combining bicomplex numbers and Fibonacci, Lucas numbers we

define bicomplex Fibonacci Q-matrix and bicomplex Lucas Q'-matrix. We define some properties.
The bicomplex Fibonacci and bicomplex Lucas number are given respectively by

Bfn=fatifn+1it)fnrz Fiifnes and BEy=,+ily 1 +jln o +ijln, s, (4)

where £, and #,, are the n" Fibonacci numbers, Lucas numbers and i? = j2 = —1,(ij)? = +1.
If we start from n > 0, the bicomplex Fibonacci and bicomplex Lucas number are given as;

Bfo =i+j+2ij; Bff =1+1i+2j+3ij; Bfy =1+ 2i +3j +5ij

and

Bly=2+i+3j+4ij; By =1+3i+4j+7ij; B, =3+ 4i +7j + 11ij.
2. Bicomplex Fibonacci Q-Matrix and Bicomplex Lucas Q'-Matrix

For n > 0, the n*" bicomplex Fibonacci Q,,-matrix B,, and the nt" bicomplex Lucas Q;,-matrix B;, are
defined as

Bn=0n+19n41+j9n42 +1ij0nq43 and Brll = Q;l + iQ‘;’l+1 +jQ;l+2 + ijQ;l+3 ’ (5)

where i, j and ij are arbitrary units which satisfy the relations; i2 = j2 = —1, (ij)? = +1.
Now we will give some identities on bicomplex Fibonacci Q-matrix.

Identities 1. Form,n > 0,

] , .. 7 4
B, —iBpy1 = jBuy2 + ijBpyz = _Q‘;’l [4 3]:
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B, % Brizj + Bp_1 X ‘B‘rilj—l = 507n [2 1].

1 1
By X By =(1- 2i)(Q;n+n+3 = 2jOmin+3)s
where B,ilj is the conjugation with respect to the imaginary unit ij.

Proof . We will give the proof of identity B,, — iBy4y1 — jBnsz + ijBnss = 300 [Z ;}] Using
equality (5), we have

= Qn + iQn+1 +an+2 + ian+3 - i(Qn+1 + iQn+2 +an+3 + ian+4 )
_j(Qn+2 + iQn+3 +an+4- + ian+5 ) + ij(Qn+3 + iQn+4 +an+5 + ian+6)

= Qn + Qn+2 + Qn+4 + Qn+6'

from the equality (2) and the identities f,_1 + fns1 = lp and fria + fn = 3fne2 IN[3, 5],
we can write as

ol A R A 8 R ol X Al

_ o [lnsa ln+3]
‘3[1 l

n+3 n+2

:3[ln+1 ln ][l4 l3]
ln ln—l l3 l2’

from the equality (2), we obtain

7 4

=30,0%5 =301 [, 5

Now we will prove the identity

B, X BY + B,y xBY | =50,, [2 1].

1 1

By using the equalities (1), (2) and (5), we get

=05 1+ 207 —207,, — Qh4s, (6)
if we rewrite the equality (6) from equality (3),

= Qan-2 + 2920 — 2Q2n+4 — D2n+6

=l ol e l-elf -l gl

From equality (7), we obtain

— lZn lZn—l]_ lZn+3 lZn+2]_ lZn+6 lZn+5]
lZn—l lZn—Z lZn+2 lZn+1 lZn+5 lZn+4
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—c fan+s f2n+2]
fon+z  fan+1

—c foner  fon |[f3 fz]
on f2n—1 f2 fl

=507 )
Lastly, considering equality (5), we have
Bn X Bm = (Qn9m — Qn+19m+1 — Qn+29m+2 + Qn+30m+3)
+i(Qn9m+1 + On+19m — Dn+29m+3 — Cn+39m+2)
+/(@nQm+2 + @n+29m — On+19m+3 — Dn+3%m+1)
+5(Qn9m+3 + On+39m + On+29m+1 + Qn+19m+2)
= Qm+n(Qo — 92 — Q4 + Q6) + 2iQm+n (91 — Os)
+2jQm+n(Q2 — Q) + 41jQm1nQs
= Qmin+3 = 21Qmin+3 = JQmin+3 — JQmin+3
= (1 =20 @m+n+3 = 2JQm+n+3)-
Identities 2.

3 2 . . ..
Bl —Bia = Qon|, §|(-1+100-6j+4i,

B2 4+ B2,, = —Qb, [Z ‘3‘] (1 +10i — 2j + 4i)).
Proof . From the equalities (2) and (5),
Brr1=Qon+2 — Qonsa — Q2nse + Qonts + 20(Qn+19n+2 — On+30nsa)
+2j(Qn+19n+3 — Qn+29n+4) + 25(Qn19n+4 + Qnt29n+3),
= Qon+2 = Q2n+a — Qonve T Qonvs + 20(Q2n+3 — Qons7)
+2j(Q2n+4 — Q2n+6) + 4 Q2n+s,
=—(Qan+3 + Q2n+7) — 2iQ2n45 + 2/ (Qan+a — Q2n+e) + 4UQan+s,
==Qan+s * 2iQ2n45 — 2JQan+s + 4 Q2n+s-
Similarly, we can compute
Bi=—Qon+3 *+ 21Q0n43 — 2Q2n43 + 41jQ2n43
and

Bi_1=—Qan+1 + 2iQon+1 — 2jQ2n41 + 4jQ2n1.
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Now, we have
Bii1— Bi_1 = (—Qonss + 2iQ%u45 — 2jQants + 4ijQan+s)
_(_QZn+1 + 2iQén+1 - 2jQZn+1 + 4‘ijQZn+1)
=0y, 2 1]( 1+ 10i — 6 + 4ij)
and
B2 + B2, = —0Qhni3(1+ 10i — 2j + 4ij)
—Q%n [4 3] (1 +10i — 2j + 4ij).

Identity 3. For n > 0, The n" negabicomplex Fibonacci Q,,-matrix is

B = 1 [fn—lel_fnﬂfO fn—leO_anf—l
D Bfo—fuBfoy faeiBfoi—faBfo

Proof . Now, we will give proof of identity B_,,. We have

=0+ 10 41+ jO ni2 59 nys
B_h =0 n(Qo +iQ1+jQ, +1Q3)
= (Qn) 1 (Qo + 191 +jQ, +1jQ3)

=<mﬂ ﬁD*FH+ﬁwqiﬂ+w]

fn fn-1 i+j+2i 1+j+i
__1 [n—l _fn] Bf Bfo]
COM—fu farl [Bfo Bf-s

1 [fn—lel_anfO fn—13f0—anf—1]
OO fo 1 Bfo—fuBfor fas1Bf-a—faBfol
where Bf;, Bf, and Bf_, are bicomplex Fibonacci numbers.

3. Some Applications On Bicomplex Fibonacci Q—Matrix

Let B, be the nt* bicomplex Fibonacci Q,, -matrix, for n > 0, these number is 2" linear recurrence
sequence. Then, we suppose the sets of C, and C, are

C, = {Bn | By = Qn + 1941+ jOns2 + jOni3, Onlis nth Q-matrix }1

and

¢ ={B | B = [ 7] anpucc]

Then, there is an isomorphism between C, and C5 , in that case, we can write
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B, = (Qn:Qn+1' Qn+2:Qn+3) - B, = Qn + iQTl+1 Qn+2 + iQn+3]

Onyz2 +iQnys  On+i0n4q
Thus, we can write

Cy, ={B, | B, =a, [é (1)] + Bn (1) (1) ; @y, B is Nt complex Fibonacci Q-matrix}

and

By = 9nU1+ 9pi1Us + Opy2Us + Oy 3Uy,

where

1 0 i 0 0 j 0 i
angno 1]+Qn+1[(l) i]+Qn+2[j 6]+Qn+3[ij é]

Since detB,, # 0, there is the inverse of matrix B,, and it is in C5. Now, let’s define the n*" bicomplex
Fibonacci Q-vector 7_3)11 and the nt" bicomplex Lucas Q'-vector ﬁfl as

By = Qi1 +jQnsz + Qnss aNA By = Q1 +jQhyz + /0y, respectively.

Theorem 1. Let @n and §n+1 be bicomplex Fibonacci Q-vectors. The dot and cross product of these
vectors are defined by

< BnBnt1 >= Qn419n42 + 914291431 9n13%44

and

=i J ]
B, X Bpyq = det [Qn+1 On+2 Qn+3]
Qn+2 Qn+3 Qn+4

where in the permanent of ﬁn X §n+1, the signatures of the permutations are not taken into account,
[16].

Proof : From the equality (2 ), we obtain,

- =

< B Bnt1 >= On419n42 + On429n+3+t 904390044
= Qon+3 + Qonys + Q2nty
=0 (93+095+097)

_ fon+1 on]f4+f6+f8 fat+fs+f7
fon  fondlfs+fs+fr fot+fatfe

8 5].

=4QZI‘15 3

Now, we will calculate B,, X B,,+1,

=—i(Qn+29n+4 t On+39n+3) = J(Qn419n+a + Qnt29n+3) + J(Qn+19n+3 + Ons29n+2)
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=2(—iQ2n+6 — JQ2n+s T JQ2n+a)
=2(iQn+2 + JQ2n+3 + 1jQ2n+a) — 2i(Q2n+e + Q2n+2) — 2 (Q2n+s + Q2n+3),

finally, we have
= 2(BZn+1 —3iQn+4 _jQén+4 )

where §2n+1 is bicomplex Fibonacci vector , Q,,,4 and Q5,,,, are Fibonacci Q-matrix and Lucas
Q'-matrix, respectively.

Example 1. Let B, and B, be bicomplex Fibonacci Q-vectors such that B, = iQ, + jQ; + ijQ, and
7_§2 =003 + jQ, + ijQs. The dot product of these vectors are

< §1,§2 >= 0,03+ 0304+ 0495 =05+ Q7+ Qg

from the equality (2) and the equalities of Fibonacci numbers in [3, 5], we obtain

=307+ 97 =405

121 13
_4[13 8l
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5. Conclusion

In this present work we have given, firstly we described the bicomplex numbers with coefficients from
the Fibonacci @-matrix and Lucas Q'-matrix sequences. We have given many equations that hold an
important place in the literature on these numbers. For further studies, we plan to describe some
additional identities and properties for these new numbers.
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