Research Article GU J Sci 36(3): 1369-1380 (2023) DOI: 10.35378/gujs.957499

Gazi University n
Journal of Science R T
BARERE oo o AR AR
Illlllﬂq' e gllﬂl“
CCEET RS § T WCETCED

http://dergipark.gov.tr/gujs

Synchronization Analysis of a Master-Slave BEC System via Active Control

Eren TOSYALIY™ "2 Fatma AYDOGMUS?

! Opticianry, Vocational School of Health Services, Istanbul Bilgi University, Inonu Cad. No:72, Kustepe, 34387, Istanbul, Turkey
2 Department of Physics, Faculty of Science, Istanbul University, Balabanaga, Sehzadebasi Cad, Fatih, 34134, Istanbul, Turkey

Highlights
« This paper focuses on the dynamic of BEC systems contained different external trapping potentials.
* The phase space diagrams are constructed for master-slave systems depend on system parameters.
* The synchronization is obtained in master-slave scheme for different initial values.
» The Lyapunov characteristic exponents of the master and slave system are calculated numerically.
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1. INTRODUCTION

It is well known that a chaotic system has finite and random behaviors of a deterministic dynamic system.
It has sensitivity to initial conditions which makes them inherently unpredictable in the long term and does
not predict the evolution of physical parameters such as amplitude and period over time. Most processes in
nature show nonlinear behaviors and chaos help us understand many events in nature [1]. A BEC system
with an external potential exhibits many rich results such a nonlinear system [2,3]. The chaotic dynamics
of a BEC system depends on the applied external potential and interaction parameters between the atoms
that create the condensation [4-7]. The BEC is given by W(x,t) macroscopic wave function and it is
governed the Gross-Pitaevskii equation (GPE). This equation has a nonlinear structure and dependent on
time and space [2,7]. The nonlinear term of GPE represents particle-particle interactions [8,9].

The studies to synchronize chaotic systems are very attractive because of the importance of applications in
science and technology. After Carroll and Pecora’s idea of synchronize certain subsystems of chaotic
systems by coupling them with a signal in 1990 [10,11], have emerged different ways of synchronization
between identical and distinct chaotic systems [12-15]. Because of the critical connection between control
and synchronization, many control techniques are used to synchronize the chaotic systems [15-19].
Especially, active control technique is one of the most adequate technique widely accepted for chaos
synchronization [14,20,21]. Hanie et.al. found the coupling between different modes of oscillations in BEC
with large nonlinearity [22]. This shows us each mode of feedback carry the energy from one mode of
oscillations to others. In particular, quantum synchronization of identical and nonidentical BECs could be
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used to transfer information such as quantum signal transmission, quantum logic control, quantum
information processing and quantum networks [23]. After that, control problems of the BEC systems have
been attracted too much attention due to their rich dynamics. In order to improve and make more efficient
the control of BEC systems, we study the synchronization of BEC under tilted bichromatical optical lattice
and another external optical lattice is related to harmonic potential with constant amplitude in this paper.
We examined behaviors of systems under these optical lattice potentials by Poincare sections of phase space
and Lyapunov exponents. Active control technique is presented and applied to synchronize the given
master-slave BEC systems. We think that the studies presented in this article will contribute positively to
the works in this research area.

2. SYSTEM DESCRIPTION

A BEC is well described by classical GPE with a W(x, t) [8,9] which is macroscopic wave function. GPE
equation explains the quantum effects of BEC very well. One dimensional GPE is given following

ih W (x,0) = 22 0% W (xt) + [Vexe(¥) +g1pl ¥ (.8 P]¥(x,1), @)

T 2max?

here m is boson’s mass, # is Planck constant, V., is an external optical lattice potential trapping boson in
the BEC. Also, g, p define the interaction between atoms in the BEC and given by
93D

= — 2
9ip 21 a% Qs h Wy

where a; is the s-wave scattering length, this length is negative for attractive interaction between atoms,
and it’s positive for repulsive interaction. We take g, negative in our study. a,. = ’% and w,. is ground

state of a harmonic oscillator’s frequency.
2.1. Master System
We choose trapping potential as
Vext (x) =V(x) + Fx )

where F is the internal force, and Fx produce a tilted potential, accelerates the bosons in the x axis and
causes bosons tunnelling out of the traps [4,5,24]. Also V (x) is the optical lattice potential and given by

V(x) = V;Cos?(w;x) + V,Cos?(wyx), (3)

here V; and V, are amplitudes of the external potential. The imbrication laser beams of different frequencies
are able to produce bichromatic optical lattice potential. Therefore, bichromatic optical lattice potential can
be called as double well potential. In this paper, we put in an additional tilted force in to bichromatic
potential. That leads to accelerate bosons in the bichromatic potential. Also, bosons are able to be permitted
jumping in one trap to another trap. Figure 1 shows the bichromatic optical laser form along the x-axis.



1371 Eren TOSYALI, Fatma AYDOGMUS/ GU J Sci, 36(3): 1369-1380 (2023)

()

(a) (b)
Figure 1. Display of Bichromatic potential for parameter sets v; = 1,v, = 0.8, w; = 2m,w, = 5, (a)
r=0,(b)r=0.1

We consider a simple the solution of Equation (1) as below [24,25]. This solution allows us understanding
of BEC dynamics. All atoms in the BEC at T = 0 are in one state and energy. The occupancy of states is

E-
described by f(E) = 1/(e1<_ru — 1) . The ground chemical potential u is equal to ground state energy E,.

Therefore, f(E,) = oo that means all atoms in BEC fill the same lowest energy level. Hence, the phase
—iEgt —iut
factor of the eigenstate of GPE is e no=eh

Y(xt) = d)(x)e%, 4)

here ®(x) isatime independent function and p is the chemical potential. We fixed the value of the chemical
potential as a parameter in GPE after making dimensionless. Normalized ®(x) gives the total number of
bosons in the BEC, as given,

f DGOI dx = N, (5)

here N is total number of bosons in the condensate. If we substitute Equations (3) and (4) into Equation (1),
yields

2 2

nd(x) = —%ﬁcb(x) + [V, Cos?(wyx) + V,Co8%(Wyx) + Fx + g1p|P(x)[?]P(x), (6)

we can rewrite in the form such as

d*®
dx? [u; Cos?(w1x) + v, Cos? (W2x) + Ix —y + | P[] P. ")

. . . . . 2mV- 2mV.
In order to simplify the wave function we rescale dimensionless parameters as v, = % v, = %
2mp r= 2mF _ _ 2mgip

K2’ K2 N = K2

We consider a simple solution of Equation (7) as
d(x) = p(x)e®®, 8

Substituting Equation (8) into Equation (7) leads to two coupled equations,

(%)

dx?

d?¢ ¢(d_6

2
= dx) + [v;Cos?(w;x) + v,Cos2(Wyx) + Tx — v + 1|d|?]d,
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d ( de) . (9b)

e

Equation (9b) express the flow density,

do (10)
=2¢p?—.
J =207
If we substitute 2%‘)2 = 3—2 into Equation (9a), we obtain second order nonlinear differential equation as
follows,
d’¢  J? (11)

Friabr + +[v;Cos?(wyx) + vV,C052(Wox) + Tx — v + 1| d|?*] .

To obtain analytical solution of Equation (11) is hard due to its nonlinearity and complexity. Therefore, we
use numerical algorithm to solve the equation. To simplify calculation, we transform the system to first-

order by changing variableto x; = ¢ and y; = %,
a1 _ (12a)
dX - YII
d ’ 12b
e . ]—3 + [v1Cos?(Wyx) + V,Co8%2(Wyx) + Tx — vy + nlxq[?]x5. (12b)
dx  4x3

2.2. Slave System

We describe the external trap potential as,
Vexe (x) = V;Cos?(wyx) + %Z(‘)xxz- (13)

The external potential V., consists of two parts. While the first part of external potential is related to
optical lattice potential and the second part is related to harmonic potential. Here V; is the amplitude, is
a numerical quantity and w, is the wavenumber of lattice. In Figure 2, we present the evolution of the
external potential for parametersset V; = 0.1,w; =21 @) B=0 (b)) =4x107%

U

A L
@ ()

Figure 2. Display of the slave system potential for parameter sets v; = 0.1, w; =2m () =0 (b)
B=4x10"*
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We consider simple the solution of Equation (1) as below same with master system to obtain a better
understanding of BEC dynamics

—iput

Y(x, t) = d(x)e h (14)

where u is the chemical potential and ®(x) is a time independent real function. Normalized ®(x) gives
the total number of bosons in the BEC, as given,

f|<1>(x)|2 dx =N, (15)

here N is total number of bosons in the condensate. Substitution of Equations (13) and (14) into Equation
(1) give

2 2

2 9 1
WD) = =5 b, 1) + [VlCOSZ(Wlx) + 53w, + gol 0, D 0 Cx ), (16)

which can also be rewritten in the form such as

d2o , 1, ) A7)
oz [UlCos (wix) + ZBx —vY+n|P| ] D,
where (Ul =T y=23p= 2";52“”‘ M= Z'Zf"). We consider the solution of Equation (17) of the form
O (x) = p(x)e®®, (18)
Substituting Equation (18) into Equation (17) leads to coupled differential equations,
d?¢ ey’ ) 1, ) (19)
o 4)(&) + [01(305 (wix) + = Bx" -y + nlol° | $,
d de (19b)
—(2 2—) = 0.
dx( ¢ dx
Equation (19b) express the flow density,
de (20)
= 2% —.
J=2¢"-
If we substitute 2{? = Z—i into Equation (9a), we obtain second order nonlinear differential equation as
follows,
d’¢ J? (21)

1
Friaire + (v Cos?(wyx) + Esz —-y+ 11|<|>|2] ¢.
To simplify the numerical calculation, we rewrite the Equation (21) as first-order couple equation system

by the transformation x, = ¢ and y, = %,
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dx; (22a)
ax v
dy, J? (22b)

1
== _ 4 C 2 + - 2 _ + 2 .
22 = ot [orost i) + 387 =y + bl

3. SYNCHRONIZATION AND ACTIVE CONTROL TECHNIQUE

Active control technique is an efficient control technique for synchronization in master-slave systems [20].
A nonlinear active controller drives the controlled chaotic slave system’s states to achieve synchronize the
master system’s states. [14,16,21].

If we consider a master and slave systems described by the following

da (23)
i Aa + g(a)

and

B B+ ) + u( (24)
dx

where a and b are the state vectors, A, B are constant system matrices, g(a) and g(b) are nonlinear
functions, and u(x) is an active controller. The synchronization error in master-slave systems can be
expressed as

de_db_da_ . . @b +utd (25)
dx dx dx @ o

where e = b —a, C = B — A is the common parts of the system matrices and G(a, b) = f(a) — g(b) +
(B — B)b — (A — A)a. The aim is to design the proper active controller u(x) to synchronize systems. The
active controller should be designed to reach the system asymptotically stable at the origin. The active
control function is described by

u(x) = —G(a,b) + t(x) (26)

where t(x) = —Ke is a linear controller and K is a linear gain matrix. Inserting of Equation (26) into (25)
we obtain

d
g = Ce + 1(x), (@7)
dx

we substitute t(x) into Equation (27)

de (28)
& = (C - K)e.

If the dynamics of error function are asymptotically stable at the origin, the real parts of all eigenvalues of
matrix C — K should be negative, [26,27] and also the controlled chaotic master and slave systems are
exponentially synchronized for any initial conditions [26-28]. Using this synchronization principle, we
obtain nonlinear active controller to synchronize the master and slave BEC chaotic systems in the next
section.
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4. APPLICATION OF ACTIVE CONTROL TECHNIQUE TO BEC

Active control technique is applied to synchronize the two chaotic BEC master and slave systems in this
section. The master and slave systems are given as,

ax v

dy, J? (29D)
d—xl =3 + [v1Cos?(wyx) + v,Cos2(Wyx) + Tx — vy + 1lxq|%]x;

1
and

dx 30a
d_Xz =Yy + Uq, ( )
dy, J? (30b)

1
R C 2 - 2 _ 2 )
i 4x23+ v, Cos (wlx)+28x Y +nlx*x, +u,

uy and u, are controllers which synchronize two chaotic systems. The error dynamics are given by e; =
x, —x; and e, = y, — y;. We obtain error dynamics by subtracting Equation (30a), (30b) from Equation
(29a), (29b)

de 3la
d_xl =e; +u;(x), (312)
de, J2 7 1 (31b)

—L = — = ——y,Cos?*(W,x)x; + [V;Cos?(W,x) —V]e; + =Bx?x, — Txx
dx 4x23 4x13 2 (Wox)x1 + [Ug (wix) —v]eg 2[3 2 1

+ n(xg - x13) + uy (x).

We consider the error functions as follows,

u; (%) = 11(%), (32a)
2 2 1 32b

u,(x) = — % + % (x5 — x3) +v,C0s2(Wyx)x; — 2 Bx2x, + I'xx; + T,(x). (320)
X2 X1

The Substitution of Equation (32a) and Equation (32b) into Equation (31a) and Equation (31b) leads,

de 33a
d_xl =e; + T, (%), o
p 33b
% = +[v,Cos?(w;yx) — yley + T, (x). o

T, and T, are control inputs, and they are also as function of e; and e,. The control inputs t; and t, are
given as

-0l 6

T2 €2
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where D = [i Z] isa2 X 2 constant feedback matrix. The system as can be written as,
dey (35)
dx | _ ~[&1
dez - C [eZ]
dx

here C is is the coefficient matrix as below

C—[ 0O+a 1+b (36)
~ [viCos?(wix)—y+c 0+d|”

Because of the Routh-Hurwitz criterion [29], Lyapunov stability theory and active control technique,
master- slave BEC systems are synchronized. The particular choice of controller gains a = -1, b =
_1; d= _1IC = _(UICOSZ(Wlx) _Y);

T (x) = —e; — ey, (37a)
T, (x) = —(v;1Cos?(w;X) — y)e; — e,. (37b)
5. NUMERICAL RESULTS FOR CHAOS SYNCHRONIZATION IN BEC

Analytical solution of GPE is quite difficult and often unlikely because of the integrability of it can be
easily broken by different forms of external potentials. The nonlinearity of interactions which makes the
systems complex, so we use the numerical methods to have a view on the dynamic of the system. In Section
5, we give the simulation results for chaotic synchronization of the master (Equations (29a), (29b)) and
slave systems (Equations (30a), (30b)) by using the fourth order Runge-Kutta algorithm. The master and
slave systems given in Equation (29) and (30) are solved with step size 0.1. and length 4000. Parameters
are v; = 0.2, v, =1, B=0.0001, w; = 2m, wp, =5m, 1=-0.015 /=04, y=05and ' =0.1 .
Possible Initial conditions are chosen randomly as (x(0),y;1(0)) = (—0.56,0.3) and (x,(0),y,(0)) =
(0.6985,0.2668).

In Figure 3, we construct the Poincare sections for the master and slave systems for the fixed parameters;
v =0.2,v, =1,8=0.0001, w; =2m, w, = 5,1 =-0.015,] = 0.4,y = 0.5, = 0.1 and randomly
selected possible initial contiditions (%1(0),¥1(0)) = (=0.56,0.3) and (x,(0),y,(0)) =
(0.6985,0.2668). The systems show chaotic behavior depending on system parameters for both master and
slave systems. We also calculated LCEs for master and slave systems. We use algorithm in order to
calculate Lyapunov exponents which is given in references [30]. LCEsare A; = 0.00369066,1, = 0,15 =
—0.00369086 for master systemsand A; = 0.00394237,2, = 0,A; = —0.003942239 for slave systems.

20001 oo ; o

3000
10001 2000

1000

-1000¢

-1000¢ _2000]

-3000F

-2000}

(@)



1377 Eren TOSYALI, Fatma AYDOGMUS/ GU J Sci, 36(3): 1369-1380 (2023)

o 1000 2000 3000 4000 0 1000 2000 3000 4000
X X
(c) (d)
Figure 3. (a) Chaotic dynamics of master system in phase (b) Chaotic dynamics of slave system in phase
(c) Lyapunov Characteristic Exponents of master system (d) Lyapunov Characteristic Exponents of slave
system

Figure 4 displays that the error signals rapidly go to zero and this causes the synchronization of the master
system with the slave system for different initial values. The controller is activated at x = 0 and solved for
the initial conditions are (e;(0),e,(0)) = (0.1385,—0.0332) obtained from intial conditions are

(x1(0),¥,(0)) = (—0.56,0.3) and (x,(0),y,(0)) = (0.6985,0.2668).

—

0.05F

error

0.00

0 2 4 6 8 10 12 14
X

Figure 4. Error dynamics of (eq, e;) the controller activated at the x = 0 for (e1 (0),e, (0)) =
(0.1385,—0.0332).

In Figure 5, we build the spatial evolution diagrams of unsynchronized and synchronized master and slave
systems for the different initial conditions (x;(0),y1(0)) = (—0.56,0.3) and (x,(0),y,(0)) =
(0.6985,0.2668). The master and slave systems are solved numerically for 3500 steps with 0.1 step size.
These results are in harmony with those in Figure 4.
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Figure 5. (a) and (b) spatial evolution of unsynchronized master and slave systems (c) and (d)
synchronized master and slave systems for 470 < x < 520.

6. CONCLUSION

Chaos in BEC systems can appear when a destructive process occurs in the system and undermines the
stability of the condensates. So, knowing the structure of the system and the investigations on estimations
and controlling chaos are great significance for the creation of BEC. In this study, we firstly present the
BEC systems held two different external optical potential, after that we obtain chaotic synchronization for
our BEC. Changing the parameters of external potentials can inspect chaotic behavior of BEC and it was
observed that some system parameters defining BEC system cause the evolution of system dynamic. Also
we calculate the LCEs, are an important tool in studying chaos, for master-slave systems. The results of
LCEs confirm the presence of chaos in the systems. We apply master-slave active control technigue to
achieve synchronization of systems with different external lattice potentials in their chaotic states. As is
seen from obtained numerical results, controlled BEC system approach synchronization for any initial
condition in their chaotic states by proper controller design and the error of master-slave systems converge
to zero rapidly. The ability to design synchronized systems in chaotic BEC systems can open effective
opportunities to apply chaos to other areas. In this sense, we believe that this study will make a significant
contribution in this subject.
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