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ABSTRACT

In the article, studying the behavior of a rod strings is considered, the character of the change in
dynamic pressure in rods is studied. On the basis of the equation fluctuation of a homogeneous core,
the question on fluctuations of rod strings is studied more deeply. One of the most important problems
in the operation of sucker rod pumps is the problem of selecting a sucker rod string. The growth of
well depths requires not only a complete analysis of the operation of the existing equipment, but also
the rational operation of such wells. Many researchers have dealt with the calculation of the dynamic
forces acting on the sucker rods. Here, with the help of mathematical modeling, an analytical
expression was obtained, which allows one to study the nature of changes in dynamic stresses in the
rods (the equation 42), the problem of optimizing the choice of the dimensions and weight of the rods
is formulated.

Keywords: Bars column, Dynamic load, Dynamic voltage, Fluctuations of a homogeneous core,
Mathematical modeling, The weight of rod strings

1. INTRODUCTION

It should be noted that, in the US oilfield practice, the calculation of rod strings is based on the
maximum working stress, not on the reduced stress, as in the CIS (Commonwealth of Independent
State) countries or in the former USSR (Union of Soviet Socialist Republics). This leads to the
characteristic shortcomings that are inherent in the method of calculating rod strings abroad. The
essence of the calculation of the rod string is that for a given amount of liquid pumped out from a
certain depth a day for a given dynamic level and properties of the liquid, it is required to select such a
rod so that the working voltage in any of its sections does not exceed the maximum working for a
given size and type of rods [1, 2]. Consequently, it is necessary to investigate the behavior of the rod
string upon impact, to study the nature of the change in the dynamic stresses in the rods. Therefore, it
is advisable to study the issue of rod string vibrations upon impact in detail.

2. MATERIALS AND METHODS
The vibration equation of a homogeneous rod is written in the form [3-7]

—=a"—; ax @

where u is the displacement of the section of a bar, i.e., in our case, a rod string, along its axis, and a
function with coordinates x and t (time);

a is the speed of propagation of a longitudinal wave in the rod, depending on the modulus of elasticity
E and the density p of the rod material, a®> =E/p.
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The x-axis is assumed to be directed vertically downward. The origin of the axis is in the upper section
of the rod string. The length of the rod in the unstretched state is L, the cross-sectional area is F. The
upper end of the rod is assumed to be fixed, the lower end is free.

3. EXPERIMENTAL PROCEDURES

The problem will be solved in the following stages. Let the heavy rod strings, characterized by the
above parameters (E, F, L, p), are pre-stretched by the force Py applied to the lower section. At a
moment in time t = 0, the tensile force ceases to act and the rods begin to shrink. The lower section,
having passed the path Lo (the length of the plunger stroke), meets a rigid obstacle and stops.

It is necessary to identify and investigate the dynamic stresses arising from the sudden stop of the
lower section. We solve the problem in two stages. First, consider the vibrations of a heavy rod,
preliminarily separated from the state of equilibrium by the tensile force Po. For this, it is necessary to
solve equation (1) under certain boundary and initial conditions, which are set from the following
considerations.

Since the upper end of the rod is fixed, during the whole process u(0,t)=0. At the moment of stretching
by force Py in the intermediate section of the rod, which is spaced from the origin of coordinates by
the value x, tensile stresses act

P, a(L-x) (2)

o

O =

|
-

q is the weight of a single rod length (q =-E). Bearing in mind that
o= M ®)
We can write the following initial conditions

ou _ PR ag(L-x)
&(X’O)_EFJr EF )

or integrating from 0 to x.

Po-x+q-x(2L—x) (5)

U(x,0) =
(x.0) EF 2EF

Since at the initial moment the rods are motionless, then

%l:(L,O):O (6)

Also, one more condition must be satisfied, expressing the fact of the disappearance of the tensile load
at the lower end of the rod at t> 0, this condition has the form

ou
s = 7
aX(L,t) 0 (7)

Consider the solution of equation (1) under the following conditions:
u(x,t)=0 8)
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_Pex g-x(2L-x) 9
u(x,0) = T f(x) )
ou _ 10
at(|_,0)_o (10)
ou
a _ 11
aX(l_,t) 0 (11)

The equation is solved by the Fourier method, i.e., we set the solution in the u(x,t) = X (x)-T(t)
form. Substituting the product of X and T into the original equation (1) and dividing both sides of the
resulting equality by XT (assuming that u = 0), we obtain

X" 1 T?
_2.?=_,12 (12)

X a
where A is an arbitrary constant.
Solving the resulting system of ordinary differential equations separately for X and for T, we find that
u=(c,sinAx+c,cosix)-(c,sinlat+c,coslat) (13)

Boundary condition (8) is satisfied only for c,= 0, and condition (10) - for ¢3=0. Then the solution is
somewhat simplified

u = Acos(4at)-sin(1x) (14)
where A is a constant.

For condition (11) we find A :

% (L,t) = AAcos(Aat)-cosAL=0 (15)

Obviously, the latter can take place only for
2k +1

2

AL =

v/

where k=0, 1, 2, ...

As a result, the decision takes the form:

> 2k +1 . (2k+1
u= cos at |sin| —— X 16
2A [ 2L ” J [ 2L ”) ()

The coefficients 4, can be found by expanding the function f(x) for condition (9) in a Fourier series in
sines.

The decomposition coefficient is determined by the formula

_ 21t -sinf 2Ly Jax = A (D
Ak_LIO f(x) sm( m ﬂdeX 7 @D 17)
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3
jozsin(ZKJrlyrx]dx 8L2(-1)* __te 18)
0 2L 72 (2k+1)?  #2(2k+1)

and after simple calculations we obtain the final solution of equation (7)
0 _ k
= 82P°L > (=) > COS 2k+1ﬂatjsin[2k+17rx)+
7°EF = (2k+1) 2L 2L
2 o
+16qL 3 1 cos 2k+1ﬂathin[2k+l7rx)
7’EF = (2k +1)° 2L 2L

4, RESULTS OF RESEARCH

At the next stage of solving the problem, we will consider the dynamic stresses arising in the rod
during a sudden stop of the lower section (x = L). The study of the processes taking place in the lower
part of the rod leads to quite interesting results.

(19)

We get x = L. Then

2k +1ﬂ _ (1)

sin

Expression (19) takes the form

o0 2 o0
u(L,t)=8P°L > 1 5 cos(2k+1natj+16ql‘ > D' cos 2k+17ratj (20)
7EF &= (2k+1) 2L T°EF & (2k+1) 2L

The sum of the obtained infinite series can be found by using the method of improving the
convergence of Fourier series. The essence of the technique lies in the fact that an expansion of any
simple function in a Fourier series is taken, and then, by successive integration of both the function
itself and its expansion, new trigonometric series are obtained, the sum of which is easily found from
the integration of the original function. Let us present the final results that are directly related to the
problem under consideration.

2

iCOS(ZkJrl)T T (21)

& kt1)? 8 4

= (1)  cos(k +1) - 7
k=0 (2k +1)2

3
7 7 (22)
32 8

where 0<7<r.

Since the argument, ¢ _% af then (22) is valid only for the limits of variation of t from 0 to 2L/a, i.e.

within the travel time of the longitudinal wave from the lower end of the rod to the upper and back.
Using (22), we obtain a solution to the problem in the following form:

u(L,t) :EPOF (L—at)+%[f —(at)?] (23)

The moment of stopping of the lower section t = 7, occurs when the displacement becomes equal to
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%L+qE
EF 2EF

u(L,z) = -L, (24)

where L, is the length of the free stroke of the plunger in the pump cylinder.

Substituting (L,z,) on the left side of (23) and solving the resulting quadratic equation for ar, , we
find

. P, 2EF -q
ar; =2 1+, -1 25
7 q(/ ol j (25)

The speed of the plunger at the moment of impact is determined by differentiating (23) with respect to
t and substituting instead of T; the value calculated from (25). As a result, we get:

v .=-a- Po . 1+2E|:2q
g EF F

L, (26)

where the "-" sign indicates that the movement is in the negative direction of the x-axis.
The shock load of the rod arising at the instantaneous stop of its lower section is found proceeding

from the fact that the change in the Kinetic energy of the system of material points is associated with
the amount of motion by the following known relation

dg _dv 7)
dt - dt

where Ex is the kinetic energy; K is the amount of movement; v - the speed of the bar in the
considered section. The rod speed is determined by differentiation (19):

© 1k
u(X,,[)Z_Sq.L.a z 1 . (D" ~P, -(2k+17ratjsin[Mnxj (28)
rEF =1 (2k+D)" (2k+1)2qgL 2L 2L

Kinetic energy of the rod

L
Ek=é%sz(x0dx (29)

The operation of integrating the square of an infinite trigonometric series is facilitated by the fact that

sin(zzzlnxj is an orthogonal function in the interval (O, L), i.e.

L. (2m+1 . (2n+1 0 at m=n

Ism X |sin X [dXx = (30)
0 2L 2L L/2 at m=n

or

J‘Lsin2 Mnx dx:L (31)
0 2L 2

where m and n are integers of the trigonometric series.
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Then the kinetic energy of the rod:

(32)

(ﬂ'PO jz

212 =» _1\k

Ek:8(zq L Z 1 N )" =P, N 2qL 11— cos 2k+1~7rat
7 EF L

S (2k+1)? gLk +1)? (2K +1)°

Here it was meant [8] that
a’=Eply, a=y-F

In view of the above, (32) takes the following form:

2
E, = qu‘(at}r gL (1_2 at) (33)
2EF R L R 3 L
2
dlz R .a[1+2qa-t(2+qL Z(qatj} (34)
dt 2EF R R R

Now let’s determine the amount of motion:
L
K=p FIO v(x,t)dx

Integrating (34) over x and bearing in mind that a’ = E/ p , we obtain

(=D*sin 2k+1-7rat , sin 2I(+1-7zat
8P L i 2L 16qL i 2L
r’a &

(35)
(2K +1)2 = (2k+1)7°

Using the same technique with which the expansions (21) were found, we also find

i(( 1)¢ (2k+1”atJ 7 at

3 2k+1) 2L 8 L (36)
d 2k +1 7r at Vs (at)

> -sin rat |[=2—. = -2

k:1(2k+1) 2L 16 L 32

As a result, we get a very simple expression for K:
K=(P, Jqu)-t—%qat2

@37)
Substituting (37) and (34) into (27), we find the value of the acceleration dov/dt
1+ 2qat(2+qLJ— z(qatj
dv_g. P P R (38)
a2 .at(1+qt_qatj
PO PO PO

Consequently, the dynamic load arising at the lower end of the rod string when the momentum
changes from K to 0,
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2
1+ 2qat(2+qLJ—2(qatj
P, = ‘LZL RL R R (39)
Lm 1+q7L_q7at
PR P

The time instant corresponding to the stop (t = z';) is defined (25):

%: /1+2E'P:—2q"k—1 (40)
0 0

Hence, we have:

% o T

2 2

1+2 1+2EF2qu . 2+% -2 1+2EF2qu -1
P P, P;

_qt ° ° (41)
din —7‘ % Y
[(HZEF;MJ ] [2+c4t_[1+2EFngJ J
PO PO PO
Simplifying (41), we obtain
1 42
Pan = aL| 1+ L EFal (42)
219 1+%
0 PO

5. DISCUSSION OF EXPERIMENTAL RESULTS

Calculations using the formula (42) showed that the dynamic loads arising in the rods can exceed the
weight of the rod string by 30 ... 40%. (Calculations by formula (42) were made in the author's
dissertation work. This very voluminous work is therefore not indicated in the article) [9]. In this case,
it is recommended to use the optimal technology for the production of rods from stronger steels and
materials with high yield strengths. It is also permissible to choose rods with large diameters on top or
hollow rods. It is also necessary to provide a lighter, more optimal operating mode that reduces load
cycles and forces transmitted by the booms. Fig.1 shows how the dynamic load changes depending on

the initial tensile force Py,

Fie Edt Vew Insert Tooks Desitop Window Hebp

Ndde | R ARODLA- G 08 aDd

Pin
1000/ —

Py

0 50 100 150 200

Figure 1. Change in dynamic load depending on the initial tensile force Py, rod diameter (d, mm)
1-d =22mm; 2 -d =28mm, 3 - d = 32mm.
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6. CONCLUSIONS
1. The question of vibrations of a rod string during impact was studied.

2. With the help of mathematical modeling, an analytical expression has been obtained, which allows
one to study the nature of changes in dynamic stresses in the rods, the problem of optimizing the
choice of the dimensions and weight of the rods is formulated.

3. Calculations using the formula (42) show that the dynamic loads arising in the rods can exceed the
weight of the rod string by 30 ... 40%.

4. A researcher who wants to work on this topic in the future should take into account and determine
all the acting forces on the well rods, as well as their influence, in order to ensure the constant strength
of the rods and their stabilization in a non-stationary mode.
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