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Abstract

In this short note, we investigate the Allen-Cahn equation with the appearance of the Caputo-Fabizzio
derivative. We obtain a local solution when the initial value is small enough. This is an equation that has
many practical applications. The power term in the nonlinear component of the source function and the
Caputo-Fabizzio operator combine to make finding the solution space more difficult than the classical prob-
lem. We discovered a new technique, connecting Hilbert scale and LP spaces, to overcome these difficulties.
Evaluation of the smoothness of the solution was also performed. The research ideas in this paper can be
used for many other models.
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1. Introduction

Let D be a C? bounded open set of RN with sufficient smooth boundary and 7' > 0. In this paper, we
consider the fractional Sobolev equation
crD%u = Au+u —u?, (x,t) €D x (0,T),
u=0, (z,t)€0dD x(0,T), (1.1)
u(z,0) =up(x), ze€D

where cpDy* is the Caputo-Fabrizio operator for fractional derivatives of order o which is defined as (see

241)

t
crDfv(t) = fl(ao)[/o Dot —s) agis) ds, for t>0,
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where we denote by the kernel D, (z) = exp (—ﬁz) and H («) satisfies H(0) = H(1) =1, (see e.g. [22,23)]).
The main goal of this note is to prove the existence of a local solution to the problem given the input data
ug in the space LP space. If « = 1, Problem is called Allen-Cahn equation with classical derivative. If
we replace Caputo-Fabizzio derivative by Caputo derivative, Problem is studied by [28]. Allen-Cahn
model was originally introduced to transform the description of boundaries in coherent solids [29].

Fractional calculus has a long history and has many applications in simulations of physical phenomena
or real life for example, mechanics, electricity, chemistry, biology,.. Many mathematical models cannot be
expressed in terms of classical derivatives because of the effects of external forces. Therefore, the introduction
of fractional calculus has important implications for modeling physical and engineering processes in cases
where classical derivatives are not available. Some works are attracting the attention of the community for
fractional differential equations, like A. Debbouche and his group [4, Bl [6], E. Karapmar et al |11, 12} [13],
14] [15], 16, [17, 18]. The Caputo-Fabrizio fractional derivative was first introduce by [22] which makes sense
to avoid singular kernels. It is detemined by the convolution of the exponential function and the first order
derivative. This operator has been widely applied to a number of derivative modes in many fields, such as
biology, physics, control systems [19] 20}, 26].

There are two main challenges and difficulties when we consider this problem. The first difficulty is that
it is difficult for us to apply the LP estimate to the semigroup heat operators because of the appearance of
the Caputo-Fabizzio operator. Indeed, in F. Weisler’s work [27], they have the advantage of using the L?
evaluation for the half heat group where we do not apply. The second challenge is that we cannot evaluate
the function u? on Hilbert scale spaces but can only estimates on LP while the Caputo-Fabizzio operator can
only handle in Hilbert scale space. Those are the hard points that we need to overcome. Our novel idea is
to connect the evaluations together by embeddings between LP and Hilbert scales. This new technique can
be applied to prove the existence of solutions to a wide range of problems.

2. Main results

Before giving the main result, we recall some knowledge about function spaces and embeddings. Note
that A = —A is a symmetric uniformly elliptic operator, hence it possesses a non-negative, non-decreasing
and discrete spectrum 0 < A\; < Ao < ... < A, 0. The corresponding eigenvectors of A are denoted by
en € D(A), which satisfy Ae,(z) = A\pen(x) for z € D. Let us introduce the Hilbert scale space, which is
given as follows

H'(D) = {f e (D). SN (freniam) < oo} ,

n=1

for any r > 0. Here the symbol (-, ) ;2(rq) denotes the inner product in L?(M). It is well-known that 7" (D)
is a Hilbert space corresponding to the following norm

oo

1flary = | D_AZ(fren)daipy: fEH(D).

n=1

In view of H"(D) = D((—A)") is a Hilbert space. Then D((—A) ) is a Hilbert space with the norm

1
o0 2
2 y—2r
||UHD((7A)—T) = <§ (v, €n)] >‘j2 ) )
n=1

where (-, -) in the latter equality denotes the duality between D((—A)™") and D((—A)").
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Lemma 1. The following inclusions hold true:

N 2N
LP(Q D(A? f - — < >
(@) = DA%, if - <o<0, p=—0r, o)
N 2N ‘
7 p ] < — < .
D(A%) — LP(Q), if 0_0<4, p_N—4o
Definition 1. The function v is called o mild solution of Problem if it satisfies that
t
o(t) = S (t)uo + / Sult — )G (u(s))ds (2.2)
0
where G(v) = v — v® and S4(t) is defined by
— —1 704)\71 —
Sa(t)f =(1+a@\,)  exp 1 +a)\nt (fren)r2pyen(z), @=1-a.
for any w € L*(D).
Lemma 2. Let f € H™2(D). Then
[sacs] : (23)
HmD) ~ 1 —« —(D) '
Proof. Using Parseval’ s equality, we get that
) 20\ 1/2
_ —2QAn 2
Hsa(t)fHH - (;A (1 +@h) " exp (1 —I—oz)\nt> <f’6”>L2<D>>
1/2
1 — 2 1
a( )\ (f, €n>L2(D)> 1 (2.4)
O

Remark 1. The hardest part about proving the theorem is that we don’t immediately get the LP estimate
for the operator S, (t). For classical problem, we are available for apply LP estimate since the ideas of [27].
However, we face the operator S, (t) as above, we have difficulty things for considering LP estimate. The
second difficulty is that we cannot evaluate the source function on Hilbert scales space.

Theorem 1. Let ug € LQ/?’(D) where 2 < q <6 and g > 2N. Then problem (1.1) has a local mild solution
u € XpgaNLP(0,T;LY(D)) where 0 < S <1/3 and 1 <p < %

Remark 2. Since the assumption 2 < ¢ < 6 and ¢ > 2N, we can see that 1 < N < 3. Hence, we only study
the local existence for the dimensional of the domain D is about 1 to 3.

Proof. It is obvious to see that
‘G(u) — G(v)! = ‘(u —v) — (u3 — 1)3)‘ <2(lu—v)(1 4+ ]u\Q + \U\Q). (2.5)

Using Hélder inequality, we continue to get the following estimate

L3 / ’G v1) — G(v2)

< 2(/ ’ o1 — v2])(Jv1 — vol* + Jv1 — v2)?)|”

\»Q

)

3
q )q

HG(Ul) — G(ve
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i NS
§2/ 1)1—1]2% 2 / (U12+U22§ !
(f, (o =ealf) )7 () (- e2f) )
2 2
< 2|y — vo / U1qq+/ vo|?)*
n |m@4(p(|) NED
= 2llor = vall oy {1130y + 230y (2.6)

Define the Banach space Xp, of all Bochner integrable functions w : [0,7] — L%(D) such that t°u are

bounded continuous functions, endowed with the norm

sup 7 ||u(t, )| Lap) < oc.
0<t<T

Let the function J be as follows

Ju(t) uo+/S (t —s)G(v(s))ds.
Let v,w € Xg,4. Since Sobolev embedding 7-[ (D) — L(D) for any q > 2, we get that
HJ’U—J’UJH = sup t7||Jv(.,t) — Jw(.,t)| Lo(p)

Xpa  O<t<T
< su tﬁ Tolo ) — Jw(..t )
< s 1000 = ol O] s

It is obvious to see that

H /Ot So(t — 5)G(v(s))ds — /Ot St — S)G(w(s))dsHHNq%N

(D)
1 t
< /0 Ges) - G(w(s))HHNQ_qu_Q(D)ds
¢
<CV.0) [ ewe) - G| o ds
where we note that No_6N a2
W (D) o 1T (D)
since the condition ¢ > 2N.
761\/
Based on Sobolev embedding L3 (D) < AT (D) for any q < 6, we derive that

Netws) - Go)|| s ds <@g [ ||lawes) - Gus)
0 0

H % (D)

Set the following ball
B(R) := {w . [0,T] — LI(D), H“’H < R}
If v,w € Xg, then we get
lo(, )l Lap) < S_ﬁHUHXB}q <sPR.

In view of (2.6)), we obtain

[ e - s
0

. ds
L¥ (D)

(2.7)

(2.9)

(2.10)

(2.11)

(2.12)
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! 2 2
<2 [ ute8) = w0 ) s [0 5) By + 19
t
< 4R2/ s 2u(., ) — wl(., 8)||La(pyds
0
t t
= 4R2/ s7305P lu(., s) — w(., s)||La(pyds < AR? </ 535ds> Hv — wH (2.13)
0 0 X5,
Under the condition 5 < 1/3, we know that fot s730ds is convergent. So, we get that
t ) 1 38
G(v(s) = Glw(s)| , ds<aR*—|lo—w|| . 2.14
/OH<<>> 0)] . =l vl (219
Combining - . 14)), we arrive at
. 1
Jv—JwH < | sup #1738 ) O(N, q)4R? HU—wH
H X3.,q <O<t<T ( ) 1-— 3,8 X3.,q
4C(N,q)R*T' 28
< _ 2.15
= 1-38 H” waBq (2.15)
Let us choose R,T such that
4C(N 2T1—2/3
1-38
We next evaluate
Sauo| = ]S ooy < C(N, 7S v 2.16
[Sewll, = sup 1Sattuoliom) < CN,) sup P1Suuol] oo (2.16)
By looking back Lemma , we find that
||Sa(t)u0||H%—qLN(D) S a”uOHHW(D) (2.17)
Since the condition ¢ > 2N, we remind the Sobolev embedding
Nqg—6N Ng—2N—8¢q
W (D) o 1T (D)
. This allows us to provide that the following estimate
C(N.
‘ SQUOH < OO o (2.18)
Xg.q 1-a " % (D)
The condition ¢ < 6 give us the embedding
q Ng—6N
L3(D)—H 1@ (D)
which leads to
HUOHHLZﬂ(D) < OV, @)luoll g (2.19)
Hence, we deduce that
|70, =[sawl,, < TPCW.0)luol, g (2.20)

X3,q Ba LS(D
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Let us choose T such that

R
B i
TP C(N, q)HuOHm(D 5
It follows from ([2.15)) that
7ol , = Joo-I0), + [0
Xp.q X6.q X5.q

1
Sllvlx,, + T7C(N @)lluoll 3,
for any v € X 4. This says that

HJUHXM <R (2.21)

which allows us to deduce that J is a mapping from B(R) to itself B(R). Using the Banach mapping
theorem, we conclude that J have a fixed point u in B(R).
Our aim is to investigate the regularity of the mild solution u. Indeed, we get

1
lull, . < HJu - J(O)HXM n HJ(O)HXB’Q < 5 lullx, , + TP, @)luoll, g - (2.22)

This implies that
lullx,, <2T°C(N.q)luoll g,

Hence, we find that

Hu(‘7t)HLQ(D) < 2Tﬁt7ﬁC(Na q)||uol| (2.23)

L3 (D)

The above expression allows us to obtain that

H“ B[ " < 2T7C(N, g)uol .4 "ty " (2.24)
@) \Jo

Since 1 < p < L, we deduce that the proper integral fOT t=PPdt is convergent. Therefore, we can say that
u € LP(0,T;LY(D)).
O
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