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generalized Aitken’s integral for Gaussians
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ABSTRACT. We introduce a method to construct general multivariate positive definite kernels on a nonempty set
X that employs a prescribed bounded completely monotone function and special multivariate functions on X. The
method is consistent with a generalized version of Aitken’s integral formula for Gaussians. In the case in which X is a
cartesian product, the method produces nonseparable positive definite kernels that may be useful in multivariate inter-
polation. In addition, it can be interpreted as an abstract multivariate version of the well-established Gneiting’s model
for constructing space-time covariances commonly highly cited in the literature. Many parametric models discussed
in statistics can be interpreted as particular cases of the method.
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1. INTRODUCTION

Let X be a nonempty set and write 1/, (C) to denote the set of all ¢ x ¢ matrices with complex
entries. A kernel K = [Kp, 5, =1 + X x X — M,(C) is positive definite if for every positive
integer N at most the cardinality of X and distinct points x1,...,zx in X, the block matrix
(Ko (2, 20)] =18, =1 Of order Ng is positive semi-definite, that is,

N
E3
(1.1) E e K(xp,x0)e, = E E ey Ko (T, ) >0,
pn,r=1 m,n=1 p,rv=1
whenever ¢4, ..., cy are column vectors in C? and ¢,, = [¢! ... ¢?]T. The star notation refers to
9 9 / 13 1z
conjugate transposition of column vectors in C. If the matrices [[Kp, n (2,0, 2.)] =1 |8, ,,—; are

all positive definite, that is, the inequalities in (1.1) are strict when at least one of the vectors c,,
is nonzero, then the positive definite kernel K is termed strictly positive definite on X. The two
classes of kernels introduced above will be denoted by PD,(X) and SPD,(X), respectively.
Kernels in these classes correspond to the standard positive definite kernels studied in [4] when
we set ¢ = 1 and identify M,(C) with C. The importance of matrix valued positive definite
kernels in their various formats may be ratified in the references [2, 18, 19, 25].

Examples of kernels in PD,(X) and SPD,(X) can be easily constructed. If A is a positive
semi-definite matrix in M,(C), then the constant kernel

K(z,2')=A, z,2'€X,
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belongs to PD,(X).If f1,..., f, are kernels in PD;(X), then the kernel K given by the formula
K(z,2") = Diag(fi(z,2'),..., fy(z,2")), =2 € X,

belongs to PD,(X). Further, if all the f,, belong to SPD;(X), then K belongs to SPD,(X).
Moving the other way around, if K is a kernel in PD,(X) and ¢ € C?, then

flr,2") =c*K(xz,2")e, z,2' € X,

defines a function in PD;(X). If ¢ # 0 and K belongs to SPD,(X), then f actually belongs to
SPD;(X).

The purpose of this paper is to introduce methods to construct abstract matrix-valued map-
pings with the additional requirement of positive definiteness and strict positive definiteness.
In many cases, the methods yield easy to handle and flexible models, once it encompasses com-
mon models found in geophysical sciences, including probabilistic weather forecasting, data
assimilation, statistical analysis of climate model output, etc. when one makes the right choice
for X and set a metric structure in it.

The method itself will be based on bounded completely monotone functions and special
matrix valued functions attached to the notion of conditional negative definiteness. Recall that
the complete monotonicity of a function f : (0,00) — R is characterized by two properties: f is
C*(0,00) and (—1)"f™(t) > 0 forn = 0,1,...and ¢ € (0,00). Throughout the paper, we will
not distinguish between a bounded completely monotone function and its unique continuous
extension to [0, co).

A kernel K = [K,, ,]! : X x X — M,(C) is conditionally negative definite if it is Hermit-

m,n=1
ian and the block matrices [[K, ,, (2, 2,,)] Y | are of negative type, that is, the quadratic

u,u:lﬁn,n:
forms (1.1) are < 0 whenever the vectors ¢, satisfy 25:1 ¢, = 0. The conditionally negative
definite kernel K is strictly conditionally negative definite if the matrices [[Kp, 5 (€0, )] =115, 1
are of strict negative type for N > 2, that is, the quadratic forms are negative whenever N > 2
and at least one ¢, is nonzero. These two classes of kernels will be denoted by CN D, (X) and
SCND,(X), respectively. Examples of kernels in CND;(X) and SCND;(X) can be found in
[4] while connections between the classes PD;(X) and CND;(X) are described in [3, 4, 10].
As for examples in the classes CND,(X) and SCND,(X), one may employ these connections
and imitate the procedures adopted for producing kernels in PD,(X) and SPD,(X) previ-
ously mentioned.

All the major results we intend to prove here will be based on a generalization of Aitken’s
integral formula for computing Gaussians: if A is a positive definite matrix in M, (R) (the subset
of M,(C) formed by matrices with real entries only) and b is a vector in R?, then

/ o UTAu+ibTuy, md/? ebe(4A)71b'

R¢ Vvdet A

Aitken’s integral itself corresponds to the formula above in the case b = 0. A proof for the
generalized Aitken’s integral formula can be reached by mimicking the proof of Aitken’s inte-
gral in [24, p. 340] but an independent proof is available in [15]. This reference also contains
univariate results that may be considered as versions of some of the results to be described
here.

Before we proceed to the outline of the paper, it is worth mentioning that if X is actually a
cartesian product of sets, the method to be presented here lead to nonseparable kernels, i.e.,
kernels on two variables which are not mixed up, a desirable property in applications. Mean-
while, in some specific cases, the method will upgrade to a generalization of the well estab-
lished Gneiting’s contribution in [7] on the construction of kernels in PD; (R x R?). Gneiting’s
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classical result is as follows: for a bounded completely monotone function ¢ : (0, 00) — R and
a positive valued function f with a completely monotone derivative, it asserts that the formula

12 Grl@y) @y = ¢('x‘x"'2), 2,2 €RY; 4,y € RY
= \Fy—ym) ©F SRivy R,

defines a kernel G,. in PD;(R? x R?), whenever » > d/2 and || - || denotes the usual norms in
both R? and R?. The boundedness of ¢ is required in order to make ¢(0") < co. The references
[12, 13, 16, 20] include some extensions and generalizations of this important result along with
additional references on the topic.

The paper proceeds as follows. Section 2 begins with the description of two additional no-
tions to be employed in the paper, one for families of vector functions and another for families
of matrix functions, along with examples. The first major result of the paper is Theorem 2.4: it
describes a method to construct kernels in PD,(Y’) from bounded completely monotone func-
tions, special families of vector functions on Y and special families of matrix functions on Y.
Further, it provides a sufficient condition in order that the resulting kernel be in SPD,(Y). At
the end of the section, we discuss some examples and detach a relevant consequence of The-
orem 2.4. The main result in Section 3 expands Theorem 2.4 via integration with respect to a
convenient measure, a usual procedure adopted in approximation theory and statistics in or-
der to produce new positive definite functions from a family of parameterized positive definite
functions. We separate a special simpler version of the theorem in Corollary 3.3. Section 4 de-
scribes extensions of Theorems 2.4 and 3.1 that lead to kernels in PD, (X x Y). Applications
and a multivariate abstract extension of the classical Gneiting’s result are described.

2. POSITIVE DEFINITENESS ON A SINGLE SET

This section contains the first main contribution in the paper to be made explicit in Theorem
2.4. It provides a method to construct functions in PD,(Y") using completely monotonic func-
tions via Aitken’s formula. A sufficient condition for strict positive definiteness is included.
The contribution itself demands two notions for families of functions with domain Y which
we now discuss.

For a matrix function G in CND,(Y") and a vector u from C¢, the kernel

(y,y) €Y x Y = u*G(y,y )u

belongs to CN.D;(Y). Further, the kernel belongs to the class SCN D1 (Y') whenever G belongs
to SCND,(Y) and u is nonzero. Theorem 2.4 will demand a family {G,, , : m,n = 1,...,p}
for which all the matrix kernels

(1, y) €Y XY = [WTGn(y, v )ul’ u€eRY,

m,n=1"
belong to CND,(Y"). Since this is not easily achievable, the following examples are apposite.
Example 2.1. Define

G, 0) = 9m(y) + 9n(y), v,y € X,
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where gy, gn, : Y — M,(C) are functions subject to our choice. If 1, ..., yn are distinct points
inY, cy,...,cn are vectors in CP such that Zu 1¢u = 0and u € C9, then
N p N N p
Z [u G, n(yuayV) ]m n=1C = ZZCZ Z @u gm(yu)u
pov=1 n=lv=1 p=1m=1

that is, the matrix function
(1,y') € X X X = [uTGpn(y, 9/ )ul}

m,n=1

belongs to CND,(Y').

Example 2.2. Set G, ,, = 0 when m # n and pick each G,, ,, in the class CND,(Y). Keeping
the ¢, and the y,, as in Example 2.1, it is easily seen that

N P N
* P _ —m M
E Cu [UTGm,n(yua ZUV)U]m,nzl Cv = E E cpicy, uTGmm(ymyy)u <0.
wv=1 m=1 p,v=1

Thus, the matrix function
(1,9) € X x X = [uT G n(y,y')ul;

m,n=1

belongs to CND,(Y').

Theorem 2.4 will also need special families {H,, , : m,n = 1,...,p} of vector functions
Hy, Y xY — C4. Precisely, it will require families for which all the matrix functions

. I\, 1P
(y7y/) c Y xY — [62Hm7n(y,y) ui|mn71’ UGRq,

belong to PD,(Y'). Again, this is not easy to achieve, reason why a simple example is handy.

Example 2.3. Let us set
Hyn(,y) = b (y) = hn(y), 9,y €Y,

where by, 1Y = R:, m = 1,...,p. If y1,...,yn are distinct points in Y and ¢y, ...,cy are
vectors in CP, then
2

N ) N p
A [el Hop o (Y yo) T ] Z S amet @) >0, weRry,
=1 m,n= 1 =1 el
that is, the kernels
. A% P
(y,y) EY x Y > [ele,n(y,y) u} , u€RY
m,n=1
belong to PD,(Y).
We observe that if the matrix functions
. 1\ * P
(y,y) €Y XY [esz,n(y,y) “] , u€RY,
m,n=1

belong to PD,,(Y), then each H,, ,, must be anti-symmetric in the sense that
Re Hm,n(yay/) = —Re Hm,n(ylay)a yvy/ ey.
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In particular,
ReHpn(y,y) =0, mn=1,...,p;yeY.

Finally, some specific properties of Hadamard exponentials will be needed. We recall that if
A is a matrix in M, (C), then its Hadamard exponential is the matrix

oA

R [eA'“’]q

p,v=1"

If A € M,(R) is symmetric and of negative type, then the Hadamard exponential of —A is
positive semi-definite. It is positive definite if and only if

Ay +A,, <24, p#v

These facts are proved in Lemma 2.5 in [21] albeit [14] analyzed similar properties earlier. As an
obvious consequence, we have that if A € M,(R) is of strict negative type, then the Hadamard
exponential of —A is positive definite. The recasting of this property for block matrices is as
follows: if a real symmetric block matrix A = [[Apn (1))l ,—1]7, ,—; is of negative type, then
the Hadamard exponential of —A is positive definite if and only if

(2.3) Apm (ppe) + Apn (vv) < 2450 (pv),  |m —n|+ |p—v| > 0.
Below, we will use the symbol “e” to denote the Schur product of two matrices of same size.

Theorem 2.4. Let ¢ be a bounded and completely monotone function. For each m,n in {1,...,p}, let
Gmn ' Y xY — M,(R) be a matrix function with range containing positive definite matrices only
and Hy, », 1Y xY — RY a vector function. Assume the matrix functions

(y,v) €Y XY = [uTGpn(y, vy )ul? u € RY,

m,n=1
belong to CND,,(Y') and that

(1, y) EY x Y s |€! Hma"@’y/)T“r , u€RY
m,n=1
belong to PD,(Y"). The following assertions hold for the kernel K :' Y xY — My,(R) given by the
formula

_ p
Hyoo 4, Y) T Gran (5 y) " Hinn (5 Y))

. Yy evy.
det Gm,n(yvy/) y y

K(y,y') = V(

m,n=1

(1) K belongs to PD,(Y).
(#3) If ¢ is not identically 0 and there exists an open subset U of R9 \ {0} so that

UG (YY) + Gun (YY) = 2Gmn(y,y)u <0,  (m,y) # (n,y); ue U,
then K belongs to SPD,(Y).

Proof. We begin by proving Assertion (i) in the case where ¢ is a constant function, that is, the
case in which

. .y ey.

K(y.y') = l #0) ]

det Grn(y, y)

Since each matrix G, »(y, ') is positive definite, we may apply Aitken’s integral formula to
obtain

(2.4) K(y,y) = 2(0) UR e_uTGm’”(y’y/)“dur . gy €Y.

B 7]"1/2

m,n=1

m,n=1
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If y1,...,yn are distinct points in Y and ¢y, . . ., ¢ are vectors in R?, then
3 TG
Z CTK(y;uyV 7T'J/2 Z Z CZLCZ / —u m,n yuayu)udu
wv=1 w,rv=1m,n=1

_7Tq/2 /Rq Z Z c —uT mn(y#ayu)udu.

m,n=1p,rv=1

One of the assumptions on the G, , now yields that

p N
S S e G n 0, e

m,n=1p,v=1

and Assertion (i) follows in this case. In the general case, the Bernstein-Widder Theorem ([23,
p- 3]) implies that

p

K(y’y’) — mn y Yy )TGm n(y y) 1Hm,n(y7y/) SdO’(S)]

l\/detGmnyy /Ooo

for some finite and positive measure o on [0, 00). On the other hand, the generalized Aitken’s
integral formula provides the alternative representation

K(yy) = ll /[0700) (/R e Gy, )u 2 \/gHmv"(y’y/)T“du) da(s)]

m,n=1

p

774/2
m,n=1

If the y,, are as before and the ¢, are now complex vectors, the quadratic form

N

Q = Z C;K(yluyu)cv

pn,v=1
becomes

— 7Tq/2 Z Z / / 6*UTGm,n(y#a yv)uei 2\/§Hm,n(y;u yu)Tududo-(s)
[0,00) JRY

w,v=1m,n=1

— q/2/ / Z Z CmC C*G*U Gmn(yuvyu)uei2\/§Hm,n(y,uayu)Tududo—(s)'
s R4

m,n=1 p,v=1

; / p
The assumption on each (y,y') € Y x Y [ez Hpn (9, )T“] settles the positive semi-
m,n=1
definiteness of
. N P
(2.5) [ |:67’ 2\/§Hm,n(yuv yu)Tu:| ]
pv=1 m,n=1

while the Schur Product Theorem ratifies the positive semi-definiteness of each Schur product

(2.6) Hemcmm(ymyu)uhvu JP ‘Heﬂ \/gHmm(yﬂ,yl,)Tu]N r

m,n=1 w,v=1 m,n=1
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These arguments validate the inequality Q > 0.
Let us keep the notation used above to prove Assertion (i7). Assume further that the ¢, are not
all zero vectors. If there exists an open subset U of R? \ {0} so that

U (G (Y5 y) + G (V' y) = 2Gmn(y,y)]u <0, (m,y) # (n,y'); we U,

we can infer via (2.3) that the block matrix

“e—uTGm,n(ywym]N }
wv=1

m,n=1

is positive definite whenever u € U. Thus, if ¢ is constant and not identically 0, then @ > 0
by Formula (2.4). If ¢ is nonconstant, first we invoke our assumption on the H,, , in order
to see that the diagonal entries in each block matrix (2.5) are all equal to 1. An application of
Oppenheim’s inequality ([9, p. 509]) shows that the Schur product (2.6) is positive definite for
u € U and s > 0. In particular,

P N

/ Z Z CmC C e UTGm,n(yuayv)uei2\/§Hm,n(y,uay1/).ru du > O7 S Z 0
R4

n vty
m,n=1 p,v=1

Since ¢ is not the zero measure we may go one step further and infer that @ > 0. O
Remark 2.5. Theorem 17 in [22] is a very special case of Theorem 2.4-(i).
Next, we present some examples that illustrate our findings.

Example 2.6. For m = 1,...,p, let g, : ¥ — M,(R) be a function with range containing
positive definite matrices only and h,, : ¥ — RY an arbitrary function. Setting G, »(y,vy') =
am(y) + 9u (), v,y € Y and Hyy (v, Y') = hm(y) — hn(y'), v,y € Y, the assumptions in
Theorem 2.4 are satisfied. Thus, the formula

O (e (y) = hen ()T (g (y) + 9n (') (hin(y) — ha(¥)))
VAet[(gm (y) + gn ()] mon=1

defines a kernel in PD,(Y") whenever ¢ is bounded completely monotone function. The in-
equalities in Theorem 2.4-(i¢) cannot be matched in this abstract example.

P
.y ey,

Example 2.7. Form,n =1,...,p, let us set

G0, Y) = gm0, ) g, y,y' €Y,

where each g,, ., is a positive valued kernel on Y and (y,y') € Y X Y — [gmn(y,y )}m ne1
belongs to CND,(Y). Observe that for each m and n,

WG (v, 9w = |[u)Pgmn(y, '), uweERYyy €Y.

On the other hand, if ¢y,...,cy are column vectors satisfying ij:l ¢, = 0and yi,...,yn
belong to Y, then
D N D N
Yo D T o (s v )u = ul® Y Z R G (YY) <0,
m,n=1p,v=1 m,n=1 p,v

that is, each kernel
(y,y)GYXY»—)[u Gmn(y y) ]mn 1
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belongs to CND,,(Y). If the H,, ,, satisfies the assumptions of Theorem 2.4, then it is promptly
seen that the formula

1 ([ H,n (y y/)||2 g
K ’ )= |: ( : : ’ ’ ! € Y>
®.4) gm,n(y,y’)q/zq5 Imn (0 Y') ) ] nea Y

defines a matrix kernel in PD,(Y") whenever ¢ is a bounded completely monotone function.

Example 2.8. If we take H,, , as in Example 2.6, then the kernel K in Example 2.7 takes the

form . N 2N

K(%y/) _ |: . (” m(Y) nEy )i >:|

G (Y, y') Imn (YY)

This example has a structure that resembles that of Gneiting’s model in [7] for the construction

of space-time covariances. We can get even closer by setting g, , := g for all m and n, where
g:Y — (0,00) belongs to CND;(Y), a choice that leads to

" _ 1 1B (y) = P (W) 1P\ 17 ,
Kl ) = 5oy P( 9y, >:|m,n—1’ hy et

The setting adopted in both Examples 2.7 and 2.8 is a particular case of that detached in The-
orem 2.9 below. Needless to say that the theorem can be interpreted as a multivariate version
of the Gneiting’s criterion in [7].

.y ey.

m,n=1

Theorem 2.9. Let ¢ be a bounded and completely monotone function. Let g be a positive valued kernel
in CND1(Y) and for each m,nin {1, ... p}, define

CGmn(y,y) =9y, 9) g, v,y €Y.
If Hpn 'Y XY — RYis a vector function such that the matrix functions

. p
(yay,) EY XY — |:6,L Hm’n<y’y/)Tui| , ue€ Rqa
m,n=1
belong to PD,,(Y"), then the following assertions hold for the kernel K :' Y x Y — M,(R) given by the
formula
1 || Honn (95 9112 ? /
K(y.y') = {d)( : , Y ey
( ) g(y?y/)Q/Q g<y’y/) m,n=1

(1) K belongs to PD,(Y).
(i) If ¢ is not identically 0 and g(y,y) + g(v',y") — 29(y,y') < 0 for y # ', then K belongs to
SPD,(Y).

3. AN EXTENSION OF THE MAIN RESULT VIA INTEGRATION

Here, we extend the results proved in Section 2 by introducing a scale mixture in the formula
that defines the positive definite kernels.
Our first contribution here is as follows.

Theorem 3.1. Let p be a nonzero positive measure on (0, 0o) and ¢ a bounded and completely monotone
function. For each m,n in {1,...,p}, let Gpp © Y XY — My(R) be a matrix function with range
containing positive definite matrices only, Hy, , = Y x Y — RY a vector function and {Py, ,}s>0 a
family of kernels on Y such that each function s € (0,00) — Py, ,,(y,y') is p-integrable. If the matrix
functions

(1,y) €Y XY = [WTGrn(y, v )uly, ey, uweR,
. / p
(y,9) €Y x Y = |e Hun(y,y )Tu} , u€RY
m,n=1
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and
(y7y)€YXY'_>[Pmn(yy)]mn 1 S>07

belong to CND,(Y'), PD,(Y') and PD,(Y'), respectively, then the kernel K : Y x Y — Mp,(R) given
by the formula

1
K(y,y) =
(y Y ) det Gm,n(y7 y/)
p
x ¢ (Hin 0¥ ) G (0, 9) " Huo (0, 9) 8) Py (4,5 )dp(s)
(0,00) m,n=1
belongs to PD,(Y).
Proof. Lety,...,yn be distinct pointsin Y, ¢y, ..., cy vectors in CP and set
N
Q = Z C:;K(yuvyu)cu
pr=1

Direct calculation shows that

P N Hmn Ly Juv TGmn s Jv -t Hmn Ly JV
Q:/O D3 ¢ (V5 Homn Y 9)T G (W )~ V5 Hinon (Y10, 010

(0,00) 1 =1 p,v=1 det G p (y;u yU)

Pm,n (y,uv yu)dp(s)'
As in the proof of Theorem 2.4, the matrix functions

. / p
(y)y/) cY xY |:e7z \/gHm,n(y7y )Tu:| s u e Rq, S > 0,

m,n=1

belong to PD,(Y'). However, since the assumptions on the G,,, ,, are the same as those in The-
orem 2.4, we can apply Theorem 2.4-(¢) in order to see that each matrix

N p
¢ (V3Humn (Yus Y1) TG (Yo Y0) V5 Himn (Y0 90))
3.7)
det Gm,n(yua yu) R
is positive semi-definite. As for the matrices
S N p
(3.8) |:|:Pm,n(yﬂz?yl/):| “’Vzl]m,nzl bl

they are positive semi-definite as well by our assumption on the family {P;, ,,}s>0. Thus, the
Schur Product Theorem implies that

Hmn y Yv Gmn ) V_l Hp ) IV
Z Z \[ Yy Yo ) TG s Yo) VS Hom (Y0, y )) Py (Yp,yp) >0, s>0.

m,n=1 pu,r=1 detGm,n(y#ayV)
Therefore, Q > 0. O

As for strict positive definiteness, the following consequence of Theorem 3.1 holds.

Theorem 3.2. Under the setting of Theorem 3.1, if ¢ is not identically zero, then the following additional
assertions hold for the kernel K:
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() If there exists an open subset U of R? \ {0} so that
WG (Y, Y) + G (Y ) = 2Gmn(y, ¥ )lu <0, (m,y) # (n,y); u €T,
and a p-measurable subset A of (0, c0) so that p(A) > 0 and
Prm,y) >0, me{l,....,p};y€Y;s€A,

then K belongs to SPD,(Y).
(3) If there exists a p-measurable subset A of (0, 00) so that p(A) > 0 and

,y) €Y XY = [P (4,4 )5 ey € SPDL(Y), s € A,

m,n=

then K belongs to SPD,(Y').

Proof. Let the x,, and the ¢, be as in the proof of Theorem 3.1. Further, assume at least one ¢,
is nonzero. If the assumptions in (7) hold, then Theorem 2.4-(i:) implies that each matrix (3.7)
is positive definite while the diagonal entries in the matrices in (3.8) are all positive for s € A.
Therefore, by Oppenheim’s inequality, we can assert that

i i ¢(\/gHm,n(ymyu)TGm,n(Z/;uZ/V)_l\/gHm,n(ymyu))

PnL,n(yu,yy) > O, CES A.
m,n=1 u,v=1 det Gmm(ym yu)

Since the measure p is nonzero, ) > 0. If the assumptions in (4¢) hold, we may reach the very
same conclusion once the diagonal elements in the matrices in (3.7) are given by

¢(0)
>0, m=1,....,p;u=1,...,q.
\/det Gm,m(y;u ylt)
Indeed, Oppenheim’s inequality once again would imply that @ > 0. O

A specially chosen family {G,,,, : m,n = 1,...,p} in Theorem 3.1 leads to the following
improved abstract multivariate version of Gneiting’s criterion in [7].

Corollary 3.3. Let ¢ : (0,00) — R be a bounded and completely monotone function. For m,n =
1,2,...,p0 86t Gron(4,Y) = Gmn (Y, ¥ )1q, y, ¥ €Y, where each gy, ,, is a positive valued kernel in
CND(Y),let Hy, 1 Y x Y — R? be a vector function and { Py, ,, }s>0 a family of kernels on Y such
that each function s € (0,00) — P}, ,,(y,y') is p-integrable. If the matrix functions
(1,y") €Y XY = WG (y, ¥ )ul}, 1
. / p
(/) €Y x Y s [el Hmn(yy )T“} , u€RY

m,n=1

u e RY,

and

(y,9) €Y xY = [P, (v, 9] 5> 0,

m,n=1’

belong to CND,(Y'), PD,(Y) and PD,(Y'), respectively, then the kernel K : Y x Y — Mp(R) given
by the formula

1 * (Hman ()P s :
Ky7y/ :|: / (b(’ Pﬁlny,y’dps
( ) gmym(y,y/)q/Z 0 gmm(y’y/) , ( ) ( ) —

belongs to PD,,(Y'). Further, if ¢ is not identically 0, the following two additional assertions hold:
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(@) If gmm (YY) + Gnn (YY) — 20mn(y,y') < 0 when (m,y) # (n,y') and there exists a p-
measurable subset A of (0, 00) so that p(A) > 0 and

Py on(y,y) >0, me{l,....,phsyeY;seA,

then K belongs to SPD,(Y').
(#) If there exists a p-measurable subset A of (0, 00) so that p(A) > 0 and

(v,9) €Y xY = [Py, . (y, 9]},

m,n m,n=1

belongs to SPD,(Y') for s € A, then K belongs to SPD,,(Y").

4. THE MAIN RESULTS IN THE CASE OF A PRODUCT OF SETS

An easy way to construct kernels in PD,(X x Y) is given by the product of a kernel in
PD,(X) with another one in PD,(Y'), a fact that can be ratified via the Schur Product Theo-
rem. The separable kernels produced by this method may be not suitable if one needs strong
interactions between X and Y. The main result in this section will provide a version of Theo-
rem 2.4 that leads to kernels in PD, (X x Y') and except for very particular cases, the kernels
produced by this version will be nonseparable. In particular, the aforementioned interactions
are possible. The result explains, from a mathematical point of view, some important practi-
cal models adopted in the statistical literature. The proofs will be omitted once they are very
similar to those of the theorems proved in Sections 2 and 3.

Theorem 4.1. Let ¢ : (0,00) — R be a bounded and completely monotone function. For each m,n in
{1,...,p}, let Gp o : Y XY — M,(R) be a matrix function with range containing positive definite
matrices only and H,, ,, : X x X — R a vector function. If the matrix functions

(y7y/) EY XY — [UTGm,n(ya y’)u}fnm:l, u € RY,

belong to CND,(Y') and

. / p
(r,2) € X x X v {e’Hm’”(x’m )Tu} , u€RY,

m,n=1

belong to PD,(X), then the kernel K : (X x Y)? — M,(R) given by

o (Hm,n(-ra x/)TGm,n(yv yl)_le,n(xv 37/)) g
det Gm7n(y7 y/>

K((x,y), (2',y') = [

m,n=1

belongs to PD,(X x Y).

In Example 4.2 below, we illustrate Theorem 4.1 in the case X = Rand ¥ = S?, the unit
sphere in R4+,

Example 4.2. Define H,, ,(z,2') = hy(z) — hy(2'), z,2" € R, where each h,, : R — R? is an
arbitrary function. If § denotes the geodesic distance in 59, set

Gy y) = [m+n+0(y,y) 1y v,y €S

It is well known that (y,y’) € S? x S? — §(y,y’) belongs to CND;(S?) (see Section 4 in [1]).
Hence, each G, , has range containing positive definite matrices only. On the other hand,
according to Examples 2.7 and 2.8, each kernel

(y,9) €Y x S WG (y, Y )ul? u € RY,

m,n=1’
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belongs to C N D,,(S¢). It follows that

oY 1 ||hm($)_hn(xl)||2 :
K((z,y), (=,y") = {[m+n+5(y,y/)]q/2¢( m+n+6(y,y) ﬂm,n—l

belongs to PD,,(R x S?). The choice
hm(z) = (2,0,...,0)T, z€R;m=1,...,p,
leads to the simpler example

K((z,y), («,y) = {[m_i_n_i_i;(y’y/)}qﬂd) (m—i-(fz—i—sg/();,y/))}:@,n—l

belonging to PD,(R x S%).
A version of Theorem 3.1 for kernels acting on the product X x Y is as follows.

Theorem 4.3. Let p be a nonzero positive measure on (0, 00) and ¢ a bounded and completely monotone
function. For each m,n in {1,...,p}, let Gy 1 Y XY — M,(R) be a matrix function with range
containing positive definite matrices only, Hy, n : X x X — RY vector functions and {Py, ,}s>0 a
family of kernels on X x 'Y such that each function s € (0,00) — Py, ,,((x,y), (2',y")) is p-integrable.
If the matrix functions

(1,9) €Y XY = [WTGrn(y, v )uly, ey, u€RY,
. / p
(z,2') € X x X — [esz,n(%x )Tu , u€R?
m,n=1

and

((z,9), (&",y) €Y x Y = [P ((2,9), (&', D] =1 5> 0,

belong to CND,,(Y), PD,(Y') and PD,,(X xY'), respectively, then K = [Ky, nlh, -1
M, (R) given by the formula

Km,n((-ra y)7 (xl7 y/))

— /.
= ¢ Hm;"(
det Gm,n(y7y/) (0,00) (

belongs to PD,(X x Y).

(X xY)? =

2,0 ) G (4, 9) ™ Hinn (2, 27) 8) Py, ((2,), (2, y'))dp(s)

We now move to some specific applications of Theorem 4.3.

Example 4.4. Here, we will employ the formula deduced in Theorem 1.1 in [6]:
r2 T o—su —r?/ds v
M, (r U)_W/O e e s ds, r,u>0,
that defines the so-called Matérn function. This function is studied in details in [6]. We may

apply Theorem 3.1 with ¢(u) = exp(—u), u > 0 and dp(s) = e~ /455~ Lds. If for 2,2’ € X and
Y,y €Y we set

20mn((2,9), (@',9) = vm(2,y) + v (2,9,
where v,,, : X XY — (0, 00), for all m, and

T2Um,n(('r7 y)7 (xl7 yl))s_vm,n((xv y)’ (Z‘/, y/))
920mn((7,y), (2',y"))

‘P;L,n((xay)a (CE/,y')) =

b
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for z,z’ € X and y,y’ € Y, itis easily seen that the kernels

((z,9), (@', 9) € (X xY)? = [Py, n((2,2), (3, 9))]], s >0,

m,n=1"

belong to PD,(X x Y).If each s € (0,00) + s~ vmn(@).(="¥))/2 ig p-integrable, Theorem 4.3
implies that the formula

L(vmn((2,9), (2',y")))
det Grn(y,y')
X Mvm,n((m,y),(m’,y’))(T(Hm,n(xa xl)TGm,n(ya y/)_le,n('Ta x/))l/Q)
defines a kernel K ((z,y), (2',y")) = [Kmn((z,y), (2',¥")]E that belongs to PD,(X xY'), as

m,n=1
long as the G,,, », and the H,, ,, satisfy the assumptions of the theorem. We could also modify

the P;, ,, by introducing a matrix [, n];, ,,—, With positive entries, by setting

Kpn((z,y), (2, y)) =

r2vm,n(($, y), (@', y/))s_“mm((% V), (', y))
PTSn,n(('T7 y); ({I?/, y/)) = m,n

22Um7n((x7 y)7 (Z‘/, y/))
for z,2’ € X and y,y’ € Y, as long as the kernels

(z,9), (2",)) € (X xY)? = [Py (2, 9). (" 9))] 5 >0,

m,n=1"

stay in PD,(X x Y). In this case, the outcome of Theorem 3.1 would be that the formula

L (vmn((7,9), (2',9")))
det G n(y,y')

x M”m,n((w,y)’(m”y’))(Tmm(Hm?n(xa m/)TGmm(yvy/)_le,n(mvx/))l/Q)
defines a kernel K((z,y), (z",v")) = [Kmnn((z,y), (@, y))]" in PD,(X xY), if we keep

m,n=1
the assumptions on the G,, ,, and the H,, , required in the theorem. An specific and simple
example in the space-time setting can be produced in analogy with Theorem 1 in [5]: set Y =

R?, X =R,

Kpn((z,y), (2',y)) =

Gy y)=9(ly =y 1)y vy €RGmn=1,....p,
where g : (0,00) — (0, 00) has a completely monotone derivative and
Hyn(z,2)=x—-2', z,2 eRymn=1,...,p.

Since (y,1y') € R x R? — g(|ly — ¥'||?) belongs to CND;(R?) by a result of Micchelli ([17]),

it follows that the matrix kernels (y,4') € Y x Y = [uTGpn(y, ¥ )ul}, ,—1, u € RY, belong to

CND,(R%).If we put

Um + Un
5

in which each v,, is a positive constant and properly specify [r,, ]}, ,—;, then for z,2’ € R and

v,y € R? the formula

Um,n((xay)a (xlvy/)) = 'x?xl € RJ%Z/’ € Y;man = 17 Ry 2

T;‘:L%‘F U'rLS—(Um + ’Un)/2

s / / o
Pm,n((m7y)’(w’y)) T 2Um+vn

defines kernels

((z,9), (", 9) € RxR)? = [Py ((@,9), (@4 =1, 5 >0,

) mvn:]-v"'ap,
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in PD,(R x R?). An application of Theorem 4.3 would lead to

L((vm +vn)/2) ( [l — || )

glly =yl et B g (g =y [P

with K((z,y), (2',¢)) = [Kmn((z,9), (@, 4)]h, n=1 in PD,y(R x R?). We observe that the fac-
tor T'((vym + v,,)/2) can be eliminated as long as we can specify [ryn];, ,—; in such a way that
[ on JT((Vm =+ vn) /2)]h, =1 s a positive definite matrix. Theorem 1 in [11] is another con-
struction that fits into Theorem 4.3. Details on that will be left to the readers.

Km,n((xa y)a (xla y/)) =

Example 4.5. The so-called generalized Cauchy function ([8, p. 337]) is given by

1 cv

_ —su” vd >
1+ cur) r(y)/o et stdp(s), uz0,

where ¢ > 0, v > 1,7 € (0,1] and dp(s) = s~ Lexp(— s/c). In order to apply Theorem 4.3, we
now set ¢(u) = e, u > 0 and

5\ vm (@,y)+on(z'y") ,
) ;o s>0y,y €Y,

P l(ey) @y = (2
where v, : X x Y — (0,00) is chosen in such a way that each s € (0,00) + sU=(@¥)/2 is
p-integrable. The outcome is that
L(om(z,y) + vn(2', ')

det Gm,n (ya y/)

Km,n((xv y)a (xlv y/)) =

1
(1 + C(Hmm (1’, x/)TGm,n(ya y/)ile,n@f, x/)y))”m(x,y)+vn(z/ﬁy,) ’
defines a kernel K ((z,y), (z',v")) = [Kmn((z,v), (@', y")]}, in PD,(X x Y), if we keep the

m,n=1
assumptions on the G,, ,, and the H,, , required in the theorem. Arguments similar to those

developed in the second half of Example 4.4 leads to an example aligned with Theorem 2 in

[5].

X

5. A FURTHER EXTENSION

As a final remark let us point an improvement that one can make in all the theorems proved
in this paper. If foreachmand nin {1,...,p}, G : Y XY — M (R) is a matrix function with
range containing positive definite matrices only, Theorem 2.4 justifies the following fact: if the
matrix kernels

() €Y XY = [uTGpn(y, vy )ul? u e RY,

m,n=1
belong to CND,(Y"), then the kernel K given by

p
1
K ) ! = ) ) ! 6 Y7
(v,y") [ detGm’n(%y,)] Y,y

m,n=1

belongs to PD,(Y’). Under the same setting, it follows from the Schur Product Theorem that

1 p
K ) ") = ) ) s Y;
w.v) [[det G77l7n(y7y/)]l/2:|m,n—l oy

belongs to PD,(Y) whenever ! € {1,2,...}. In particular, we can introduce the same power [/2
in the assertions of all the theorems proved in the paper.
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