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Abstract

In this article, Darboux frame variations for timelike surfaces in semi-Riemannian mani-
folds are discussed. In addition, the Killing equations are examined by using the Darboux
frame curvature variations. Then, magnetic trajectories are generated by means of the
variational vector fields. Furthermore, parametric representations of all magnetic trajec-
tories on the de Sitter space S? are presented. Moreover, various examples of magnetic
trajectories are given in order to illustrate the theoretical results.
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1. Introduction

The magnetic field is described mathematically as a divergence free vector field in three
dimensional spaces. In three dimensional space, a Killing vector field is a vector field that
preserves the metric. Namely, B is a Killing vector field if the Lie derivative with respect
to B of the metric g vanishes, Lgg = 0. Thus, Killing vector fields are divergence free
vector fields in three dimensional space and they defines a magnetic field called as Killing
magnetic vector field, [1].

When a charged particle enters a magnetic field, the Frenet vector fields of the particle
are affected by the magnetic field €2 and release a force called the Lorentz force defined as
follows

(F(€)-m) = (¢, m), (1.1)
where the Lorentz force f associated with the magnetic vector field B is given by
F(()=Bx( (1.2)

Under the influence of the Lorentz force, the particle begins to follow a new trajectory
called the magnetic curves satisfy the following equation

F(dl) =B xd; = ledl (1.3)
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where d; is a unit tangent vector field of the magnetic curve and V is the Levi-Civita
connection.

Magnetic trajectories in Riemannian spaces are studied by Barros and Sunada, [3,16].
Magnetic curves related to the Killing magnetic field using the variational method were
determined by Barros, [2]. Then, the magnetic curves related to the Killing magnetic
curves are expanded in Euclidean and Minkowski spaces, [5,8,9]. In Minkowski 3-space,
Killing equations is computed by Giirbiiz, [10]. Then, Bozkurt et al.[4] and Ozdemir et
al.[14] introduced the Killing B-magnetic and N-magnetic curves in 3D Riemannian and
semi-Riemannian manifolds. Then, the null and pseudo null curve variations are computed
and applied to magneticcurves by Ozdemir, [13,15].

In section 1, the theory has been introduced and some studies related to the theory
have been given. In section 2, basic definitions and concepts related to the theory are in-
troduced. In section 3, Killing equations related to Darboux elements on timelike surfaces
are given. In section 4, magnetic curves on timelike surfaces are determined by means of
the Killing equations. In this section, as an applications, the parametric expressions of all
magnetic trajectories on the de Sitter space S? are also determined and various examples
are visualized by using the MAPLE program.

2. Fundamental backgrounds

Let (M, g) be a semi-Riemannian manifold, then for all { = ({1, (2,(3), n = (m1,72,713) €
X(M) the inner product is given by

(Cm) = —CGm + Cam2 + (3, (2.1)
and the cross product is defined as
¢ xn=(=Cns+Cm2, Gm — s, ~Gm + Cime)- (2.2)
For all ¢,n,v € x(M), the mixed product is given by
(¢ x n.v) =dv(¢,n,v) (2.3)

where dv denotes a volume on M. A non-zero vector ¢ € x(M) is called space-like on the
condition that (¢.¢) > 0, time-like when (¢.¢) < 0 and lightlike(null) when (¢.¢) = 0. Any
two vectors (,n € x(M) are called orthogonal provided that(¢{.n) = 0. Let {,n be two
null vectors then they are linearly dependent on thecondition that (¢.n) = 0. A curve in
Minkowski 3-space is called spacelike (resp. timelike, lightlike) curve, if its tangent vector
is a spacelike (resp. timelike, lightlike) vector, [11]. The semi-Riemannian curvature tensor
is defined by

R(Cmy = =VVogy + Vo Vev + Vig v (2.4)

Then, the sectional curvature of a non degenerated plane generated by {¢,n} is presented

by

K(C.y) = — S m)En)
(€0 nm) = (¢m)?

If the semi-Riemannian manifold M has constant sectional curvature C' then it is called

semi-Riemannian space form and the related curvature tensor is given by

R(¢ v = C{(v-C)n — (v-n)(} (2.6)

Definition 2.1. The surface S in the Minkowski 3-space E3 is a timelike surface when
the induced metric on the surface is a Lorentz metric. In other words, the normal vector
on the timelike surface is a spacelike vector [12].

(2.5)

A sphere of center py and radius r is defined by
S2(ripo) = {p € B3 : (p — po.p — po) = r2}.
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The tangent plane at p is T,M = Span{p — po}*+ and N(p) = %(p — p0). This vector is a
spacelike vector and, therefore, the surface is accepted as a timelike surface. When py is
the origin and r = 1, the surface is also called de Sitter space and denoted by

S% = {(C1>C27C3) € E? : _<12 + C22 + Cﬁ% = 1}7

[11]. De Sitter space S? is a surface analog embedded in Minkowski space R} being one of
the Euclidean spheres in mathematics and physics. It could be noted that this manifold
analog is symmetric at a maximum level and includes positive constant curvature. The
de Sitter space is named after Willem de Sitter (1872-1934) at Leiden University [6, 7].
When ¢ : U C E?2 — E3, o(U) = S is a timelike embedding surface and o : I C R — U is
a regular curve on S. A curve 7 on the surface S defined by 7(s) = ¢(a(s)) is found and
since ¢ is a timelike embedding, we could conclude a unit spacelike normal vector field
ds along the surface S. Then, we have found a orthonormal frame {d,ds,ds} which is
called the Darboux frame along the non-null curve v where da(s) = ds(s) Adi(s) is a unit
spacelike vector. Then, the Darboux frame equations of «y is given by

dll = kgdg—e’:‘kndg, (27)
dy = kydy + eTpds,
dy = kpdy + 7pda,

where kg = —e(d}.d2), kn = —e(d}.d3) and 7, = e(d5.da), € = 1 are geodesic curvature,
the asymptotic curvature, and the principal curvature of v on the surface S in E$, respec-
tively. Moreover, s is the arc-length parameter of . In particular, the following equations
are presented:

(dl.dl) = —(dg.dg) =g, (dg.dg) = 1, (dl.dg) = (dQ.dg) = (dl.dg) = 0,
[17]. Moreover, it is found as the following
do Ndy = eds, d3 ANdy = dy, d3 A dy = da, (2.8)

where € = +1.

3. Killing equations of Darboux frame for timelike surfaces in 3D semi-
Rimannian spaces

Lemma 3.1. Let ¢ : U C E?2 — E3, p(U) = S be a timelike embedding surface and
v: I CR — U be a regular curve on S in 3D semi Riemannan space form (M(C),g).
The variation of y defined by T : I x (—¢&,e) — M(C) with v(s,0) the initial curve satisfy
['(s,0) = y(s). The related variational vector field is given by B(s) = 8F St |t_ and the

speed function is defined as W (s, t) = 6F§i ) — v(s,t)T(s,t). Then, we ﬁnd the following

functions of the non-null curve v(s) :
o' (s t

)

1. Speed function v(s,t) = ‘

2. Geodesic curvature functwns kg(s
3. Normal curvature functions ky, (s
4. Torsion curvature functions 1,(s

The variations of these functions, at t = 0, are calculated as follows:

s,t),
t),
1),
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kr,
=e(R(B,d1)d1.do) — e(V7,B.do) + 7 ((=R(B,d1)di.d3) (3.2)
t=0 g
k2
+ (V3,B.d3)) + 2pky + 207"
)

k
= c(R(B, d1)ds.d3) — e(V3,B.d3) + ]?9
t=0 .
2

+ (Vng.dg)) — 25pk—g + 2pky,

(—R(B, d1)d1.ds) (3.3)

K
= —ekn(VayB.dp) = 65 (-R(B, d1)d1.dr) + (V§,B.dh)) - (3:4)
t=0 g
2 ,0/
“(Vg,B.ds) —e—.
+kg(vd1 3) Ek:g

where p = (Vg,B.d1) and R stands for the curvature tensor of M.

Proof. Let ¢ : U C E? — E}, p(U) = S be a timelike embedding surface and v : I C
R — U be a regular curve on S in 3D semi-Riemannian space form M (C) and B be a
vector field along the curve «. If we compute the covariant derivative Vg of v(s,t), then
we calculate

2
B(v) = (g:;(s,t)) o = (%.vdl) (3.5)
= (Vg4 B.di)
= —wp.
Using the Darboux frame equations, we obtain,
kg = —e(Va,di.d2). (3.6)
The covariant derivative Vg of the geodesic curvature kg4 (s, t) is calculated as
Okg
B(ky) = (E(S’t» . = —e(VBVy,di.d2) — e(Vg,di1.VBd2). (3.7)
On the other hand, we compute
VBVgydi = —R(B,dy)d1 + Vg, VBd1 + V[‘/,dﬂdl (3.8)
and
[B,W] = VW -VyB (3.9)
B 0’T(s,t)  0%T'(s,t)
dtos 0s0t
= 0.
Thus, if we take the equation W = vT into account, we reach
B, vd;] = B(v)dy —vVg,B +v[B,di] = 0. (3.10)
This gives
1 1
B,d1] = —;B(v)dl, p= —;B(v) (3.11)
= pdi.

Using the eq.(3.10) and eq.(3.11) with the equation Vpd; = [B,d1] + V4, B, we find
Vi, Vedi = p'dy + pVa,di + V3, B. (3.12)



1062 K. Sahin, Z. Ozdemir

From the Darboux frame formulae, we obtain

1
do = k—(vdldl + z’fk‘ndg) (3.13)
g

If we take the covariant derivative Vg of eq.(3.13), we get

—kg Oky 1
Vady = 727(le011 + é‘kndg) + —(VBvdldl + EanBdg);
kg ot kg
Since, % = 0, we calculate
1
Vedy = ?(VBVChdl + EanBdg). (3.14)
g

Using the eqgs.(3.7)-(3.12) the expression for B(k,) becomes

Blky) = (59(5,1)

kn,
2 =e(R(B,d1)dy.d) — e(V7,B.do) + 7 (ER(B, d1)d1.ds)
t=0 g
2

kn
+(V3,B.d3)) + 2pk, + 2p7"
g

Similar calculations above we compute the following equations

Bln) = (G206, = cORB.d)drds) — (V3 Bud) + 12 (-R(B. d)dr )
2

2 kg
+(V3,Bud2)) = 2ep " + 2phs,

) ke
B(ry) = (52(5,0))| = ~eka(Va,Buda) — e (-R(B,d1)d1.dy) + (V5,B.d))
t=0 g
k.2 p/

o B.d3) —e—.
+/€g (le 3) €kg

O

Proposition 3.2. Assume that B(s) be the restriction to v(s) of a Killing vector field
B of S, then the variations of the Darboux curvature functions and speed function of ~
satisfy:

B(v) = B(ky) = B(k,) = B(7y) = 0. (3.15)
Proof. Any local flow {F;} generated by the Killing vector field B is composed of local

isometries of S. Since the variations B(v), B(k,), B(ky) and B(7,) do not depend on the
variation I but only on B(s), we can variate y(s) in the direction of B(s) as follows:

ve(s) =T(s,t) =: F(v(s)). (3.16)
The isometric function f; gives that the functions, v(s,t), kq(s,t), kn(s,t) and 74(s,t), do
not depend on t and thus we have B(v) = B(ky) = B(k,) = B(7y) = 0. O

Corollary 3.3. If v is a curve in de Sitter space S? and B is a Killing vector field along
the curve v then we have the following equations

i. (Vg,B.dy) =0,

1. —Ek‘g((—éﬁ(B, dl)dl.dQ) + (V?lleg» — (?R(B, dl)dl.dg) + (Vileg) =0,

iii. —e(Va,B.dz) + 7-(Va,B.ds) — £ ((-R(B, d1)di.dr) + (V3,B.dy)) = 0.

Proof. 1t clearly stated in Proposition 3.2. g
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4. Killing magnetic curves on the timelike surfaces

Proposition 4.1. Provided that ¢ : U C E?> — E3, p(U) = S is a timelike embedding
surface and vy : I CR — U is a reqular curve on S. Therefore, the Lorentz force equations
through the Darbouzx frame {dy,ds,ds} are computed as follows

F(dy) 0 kg —cky dy
F(dg) = [ k:g 0 w ] |: do ] (4.1)
F(ds) k, ew 0 ds

where kg, ky, and 14 are geodesic curvature, asymptotic curvature, principal curvature of -y
and w(s) is a function on the surface S in E3, respectively.

Proof. Suppose that ¢ : U C E?2 — E3, o(U) = S be a spacelike embedding surface and
~v:I CR — U be a regular curve on S. Then the definition of the magnetic curves gives

F(dl) = ledl = kgdg — Ekndg. (4.2)
Then we can write
F(dg) = )\dl + ,Ltdg + fdg (4.3)
The following equation could be found:
A = ¢ F(dQ)dl) == *€(F(d1).d2) = k‘g, (44)

(
1% €(F(d2).d2) = 0,
& = (F(dg)d3) = .

These equations imply

F(dg) = k‘gdl + wds. (4.5)

Using the similar computations, we obtain
F(dg) = kpd1 + cwds. (4.6)
d

Proposition 4.2. Provided that o : U C E?> — E3, o(U) = S is a timelike embedded
surface, v : I C R — U is a regular curve on S and B is a Killing vector field along the
curve y. Theny is a magnetic curve of a magnetic field B if and only if B can be written
along v as follows

B(S) = —ecwdy — k,do + k‘gdg (47)
where € = £1, {kg, kn} Darbouzx curvatures and w(s) is a smooth function associated with
each magnetic curve of B.

Proof. We express the equation of
B(S) = pdy + ¢do + ods (48)

where 7,¢ and ¢ are certain functions along a trajectory of B. If the eqgs.(1.2)-(4.1) are
used, we calculate that 4 = —ew,¢ = —k, and § = k,. Conversely, if v satisfies the
eq.(4.8), then it satisfies B x d; = F(d1) = Vg,di. Therefore, we can say that v is a
magnetic curve of B. O

Theorem 4.3. If o : U C E? — E3, o(U) = S is a timelike embedding surface, v : I C
R — U is a reqular curve on S and B is a Killing vector field along the curve . If v is
a magnetic curve of B, then the Darboux curvatures of v satisfy the following differential
equations
knk;’ + wkpk!, — 2ek, ki 7. — ek2r! — Trwhknkg + Ek:nﬂ?k'g + ekgk;, + kgk;w — 26/6‘9]{3;7}
—51{:37'7’, — ekpkyTrw + kgT2kn = 0,

where w is constant along 7.
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Proof. If v is a magnetic curve of B, then B satisfies the eq.(4.7). Then the derivative
of the eq.(4.7) gives

VB = —ew'dy + (—k), — ewky + kg1 )da + (ky, + wky — ekn7)d3. (4.9)

Firstly, if we use the equation B(v) = 0, in Lemma 3.3, we calculate w is a constant.
Using the derivative of eq.(4.7), we compute

VB = (ko(—k), — ewhy + ky7y) + kn(kj), + whyn — €knTy))d1 (4.10)
+((—k,, — ewky + ky)" + 70 (ky + wky — eknTy))do
+((k; + wky, — ekn1) + e (—k), — ewky + ky7i))ds = 0.

Also, the Riemannian curvature tensor satisfy
R(B,d;)d; = C((d1.B)dy — (d1.d1)B). (4.11)

Then, we obtain
%(B, dl)dl = €C(knd2 — kgd3). (4.12)

If we use the eq.(4.10) and eq.(4.12), in the second equation in Lemma 3.3 and using the
Proposition 3.2, we compute

(k:’g + wky, — ekn1) +erp(—k|, — ewky + kg1) — 5%(—]6;1 —ewky + kg7y)

4.13
—e8a™ (k) + why — hnty) = 0, (4.13)
Finally, the last equation in Lemma 3.3 is found automatically. ([l

Next we give the parametric representations of the magnetic curves in de Sitter space
S? by using the MAPLE Program.

Theorem 4.4. Let v be a spacelike curve in de Sitter space S? C M then the magnetic v
has one of the following parametric representations:
.

v(s) = kicoss + kasins, kg =0, (4.14)
where ki, ko € E:f
Y(s) = h1 + has + has?, kg =c =1 (4.15)
where hi, ho, hs € E:f
L ve—is LY=o
7(8) :gl_'_nge +g3ﬁ€ ’ k?g:C?é 1, (416)
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where g1, g2, g3 € E‘i’

. kg = /2L tanh (Y222t dermleats)y,

dyhypergeom([3, =X, =], [2c1w+m+m

w ' w 2c1w
—2c1w++/2c1w++/2¢1 — ] ) tanh( V 261’(1(02—{-5) )
2c1w COSh( \/m(c2+&)) 2

VEaw—i- /o)
+dy cosh (Y2aFerta) )y TS Smh(@)

—c1w+v2ciw+\/2¢c1 — 7261w+\/ 2c1w++/2¢c1— 2C1
hyp@rgeom([ 2c1 @ 2Clw
o —2clwf+\/2clw\/cl +201] [ 701w+\/201w+\/201

2
7(3) = —201w+\/261;1f\/201 ] 1 CISF . (4.17)

2c1w (\/261W(62+S) )2

i

cosh
\/2c|iw—2—,/c1@)
( vV 201‘132(024»8) ) B A2 Lt \/Cliw ! Slnh( V2ciw™ (02+S) )

+ds3 cosh
huper eom([ crw++/2c1w++/2¢1 — 201w+\/201w+\/201 w+2c1
yperg 2c1w 2c1w

QClwam/Qq \/01 77201] [clw+\/201w+\/201—w

c1w
2clw+m+\/ﬁ} )
2c1w Cosh(\/ch'w(c2+s))

Proof. Since 7 is a curve on the de Sitter space S? the curve has the following curvatures
kg, kn =1, 74 =0.
The equations (4.13) reduce
kg + whkgky = 0. (4.18)
If we solve the differential equation, we reach

2 2
kg =cor kg =/ -~ tanh(—clwz(c2 + 8))
w

where w = const. By using the Darboux frame equation, we obtain the following differ-
ential equation

k" = kg + (kg + k)Y + gy =
If we solve the differential equation, we obtain following four cases:
i.
v(s) = k1 coss + kasins, kg =0, (4.19)
where k1, ko € ]E:f
ii.
Y(s) = h1 + has + has®, kg =c=1 (4.20)

where hq, ho, h3 € Ezl))
iii.
1 ST 1
) =gt e T e Ry = e L (42)

where g1,92,93 € E?

iv. kg = 2%tanh(iv201“'2(02+s’)), The solution of the differential equation give us the
magnetic curve parameterized as eq.(4.17). O

Theorem 4.5. If v is a timelike curve in de Sitter space S? C M then the curve y has
one of the following representations:
0.

v(s) = ar€’ + age” %, kg = 0. (4.22)
where a1, ay € IE:;’
1 1
Y(s) = by 4 bg—e—=eVE T g — VTS o — ¢ (4.23)

cz+1 cz+1
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where by, by, bg € E3 and ¢ #0 € R.
i kg = (/2 tanh(Y2a=(ets))

dyhypergeom([3, =t ==1], [201w+ 25;:; 2tw
—2c1w+V2c1™ +\/201+W] )tanh(\/ch 2(C2+S))7

2c1w

cosh(72clz(62+3) )?

N
+dy cosh(Y2AZe2ts) ) TR T i (V2aE(eats)

hypergeom (|- == 2aztdate %mwﬁzq V%o ¥m2e

72C1W\f+\/f\/017++261] [~ —qtﬂ—%—f—m

(s) = —2clw+¢ﬁfm] 1 “;” o (4.24)
21w Cosh(\/2c1w2(62+s))2

_VZawmii-yerw)
+ds cosh(@) Vo sinh(@)

clw+\/201w+\/2c1+w _ 2c1w+V2c1w+V2c1 +w+2cy
hypergeom([= e e
201W\[+\/2c1 Velw 201] [c1w+\/2clw+\/201+w

2c1 ™ c1w

201w+\/201w+\/201+w} 1 )
2c1w COSh(1/2c11(62+s) )2

Proof. Since v is a curve on the de Sitter space S? the curve has the following curvatures
kg, kpn =1, 74 =0.
The equations (4.13) reduce
k:g + wkyk, = 0.
If we solve the differential equation, we get

2 2
kg=corky= ,/ﬂ ‘canh(—clw2(c2 + 8))
w

where w = const. From the Darboux frame equation, we get:
kgy" — k" + (—k3 — kg)y' — Ky = 0.
If we solve the differential equation, we obtain the following three cases
i.
v(s) = a1e’ + aze™®, kg = 0. (4.25)
where a1, a9 € Ei’
ii.

v(s) = b1 + bg\/cjﬁems + b3cgl+16ms7 kg =c, (4.26)
where by, by, b3 € E} and ¢ # 0 € R.
ili. kg = 2%tanh(@), the solution of the differential equation give us the
magnetic curves parameterized as eq.(4.24). O

5. Examples

Example 5.1. In order to illustrate, we have considered a spacelike curve on the de sitter
space S? defined by
71(s) = (0, cos s, sin s).
Therefore, the curve v will have the following Darboux curvatures:
kg(s) =0, kn(s) =1, 17, =0.

We could express that v is a magnetic curve. Therefore, the Killing magnetic vector field
is calculated as
B(s) = (1, wsin s, w cos s).
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The magnetic curve is visualized in Figure 1.

Figure 1. A charged particle motion (black ) along a spacelike magnetic trajec-
tory 71 (blue) in the magnetic field B (red) on the de Sitter space S?.

Example 5.2. If we choose a; = (0, %, —%) and ag = (0, %, %) we will have the following

timelike magnetic curve on the de Sitter space S% parameterized by

1 1 1 1
Y2(s) = (ies - 56_8, 565 + 56_5, 0).

Therefore, the Darboux frame equations would be as follows:
kg(s) =0, kn(s) =1, 7, =0.

We could express that o is a magnetic curve. Therefore, the Killing magnetic vector field
is calculated as

1 1
B(s) = (w§es + wie*‘g,wies — wie*‘s, 1).

The magnetic curve is visualized in Figure 2.
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Figure 2. A charged particle motion (black ) along a timelike magnetic trajectory
72 (blue) in the magnetic field B (red) on the de Sitter space S3.

Example 5.3. If we choose h; = (0,—1,0), ha = (0,0,1) and hg = (%, %,0) we will have

the following spacelike magnetic curve on the de Sitter space S? parameterized by

)

2
S S
’73:(_ _135)

272
The curve will have the following Darboux curvatures:

kg(s) =1, kn(s) =1, 7, =0.

We calculate that o = 0 and therefore v is a magnetic curve. Then, the Killing magnetic
vector field calculated as

B(s) = (—ws —1,—ws — 1, —ws).

The magnetic curve is visualized in Figure 3.
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Figure 3. A charged particle motion (black ) along a spacelike magnetic trajec-
tory 3 (blue) in the magnetic field B (red) on the de Sitter space S?.

Example 5.4. If we choose the following timelike curve on the de Sitter space S? param-
eterized by

—COos s

V0.21°

Ny = —1.1cosssir(1)(2\/10.21/1.1)s + sin s cos (M/l.l)s,

1.1cosscos (v0.21/1.1)s : .
o1 + sin ssin (v/0.21/1.1)s

The curve will have the following Darboux curvatures:

kg(s) = cots, kn(s) =1, 74 = 0.

Then from the eq.(4.18), we calculate that @ = 2 and therefore 7 is a magnetic curve in
the Killing magnetic vector field calculated as

B(s) = 2d; + cot sdy — ds.

The magnetic curve is visualized in Figure 3.
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Figure 4. A charged particle motion (black ) along a spacelike magnetic trajec-
tory 44 (blue) in the magnetic field B (red) on the de Sitter space S3.
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