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Abstract 

In this study, Palomba economic model was analyzed through difference equations. For these products given as 
capital and consumer goods in the model, their non-marketable loss rates were also taken into account. Tirivial 
and non-tirivial equilibrium points were found and local asymptotic stability (LAS) conditions of these equilibrium 
points were investigated. Although the non-trivial equilibrium point is always unstable, the stability conditions of 
the trivial equilibrium point were found. In this way, in addition to the thought put forward by Palomba, the 
absence of periodicity was expressed too. The findings were supported by numerical studies. 
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1. Introduction 
 
Both engineers, naturalists and researchers and practitioners working in the economic and social 
sciences use mathematical models of the systems, in which they study. These models, which 
are expected to be solved in any way, or which are predicted to be solved under certain 
conditions, and which are expressed through mathematical equations, give a simplified 
description of real-life problems [1]. It is seen that this modeling process is mostly done by 
using differential equations and difference equations in the literature. The application areas of 
these equations are widely used in the mathematical modeling studies in fields such as finance, 
accounting and economics in social sciences. 
The difference equation theory has been greatly developed over the last three hundred years. 
Generally, the difference equations describe the change in a variable between two periods. By 
using these equations, the relevant factors that cause changes in the values of functions in 
different time periods can be examined [2]. 
Mathematical models are widely used in economics to represent relationships between various 
quantities such as price, level of production, demand, employment and investment [3]. Palomba 
(1939) considered an economy in which only two types of goods (products) existed as capital 
and consumer goods. Palomba's proposed model has the following assumptions [4]: 
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• Two types of goods as 𝑎 and 𝑏 exist. Type-𝑎 goods are goods that enter directly and 
these are ready for immediate consumption. Type-𝑏 goods are capital goods in which 
the products of other capital goods enter directly and only the products of final goods 
enter indirectly. 

• The economy is in a dynamic state, tending to increase capital equipment. A part of 
type-𝑎 commodities is diverted from their normal destination and allocated to type -𝑏. 

• Let 𝜀$ and 𝜀% denote positive constants. 𝜀$ shows the increase coefficient of type-𝑎 
goods and −𝜀% shows the increase coefficient of type-𝑏 goods. 

• The increase coefficient of type-𝑎 goods through the type-𝑏 goods is −𝛾$ and the 
increase coefficient of type-𝑏 goods through type-𝑎 goods is 𝛾%. In here, 𝛾$ and 𝛾% are 
positive constants. 

 
Let consider 𝐶$ and 𝐶%  to show the volumes of type-𝑎 and type-𝑏 goods at time 𝑡	(𝑡 ≥ 0). The 
model consisting of two nonlinear autonomous differential equation proposed by Palomba is 

/01
/2
= 𝐶$	 𝜀$ − 𝛾$𝐶% = 𝜀$𝐶$ − 𝛾$𝐶$𝐶%

/04
/2
= −𝐶% 𝜀% − 𝛾%𝐶$ = −𝜀%𝐶% + 𝛾%𝐶$𝐶%.		

	                        (1) 

 
Palomba created his model using ordinary differential equations system and showed that a 
cyclical situation occurred in his analysis. 

 
Daşbaşı and Boztosun [5] analyzed Palomba's model using incommensurate fractional-order 
differential equations system and explained the stability of equilibrium points according to 
different states of derivative orders. 
According to the results of their model, there are followings: 
 

• Trivial equilibrium point is always unstable. 
• The positive equilibrium point is stable, when the sum of the derivative orders is 

between 0 and 2. 
• If the sum of the derivative orders is 2 or more, then the positive equilibrium point is 

unstable. 
• They showed graphically the existence of cyclical state in case of instability. 

 
In here, the Palomba model was analyzed using the difference equation system. Also, The non-
marketable loss rate of the first and second type goods were taken into account as parameters 
𝜇$ and 𝜇%, respectively. Therefore, we have proposed the model, 
 

𝑥29$ = 𝑓 𝑥2, 𝑦2 = 𝑥2 + 𝛿 𝑥2	 𝜀$ − 𝛾$𝑦2 − 𝜇$
𝑦29$ = 𝑔 𝑥2, 𝑦2 = 𝑦2 − 𝛿 𝑦2 𝜀% − 𝛾%𝑥2 + 𝜇%

																						(2) 

 
 for 𝑡 ≥ 0 by means of the difference equations. In here, it is 
 

𝜀$, 𝜀%, 𝛾$, 𝛾%, 𝛿, 𝜇$, 𝜇% > 0																																				 												(3) 
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2. Existence and Stability of Fixed Point 
 
In this section, firstly, some definitions and theorems about the stability of equilibrium points 
of difference equation systems are given, then the fixed points (equilibrium points) of the 
system (2) were investigated and the stability of these points was analyzed. 

Definition 2.1 That the equilibrium point of the first-order difference equation system given as 

𝑋29$ = 𝐹 𝑋2 																																																								 						(4) 

is the point 𝑋 that satisfies the equations 𝑋 = 𝐹 𝑋 . Also, let us consider 𝐽 𝑋  to be the Jacobian 
matrix calculated at this equilibrium point. If the eigenvalues obtained from the equation 
𝑑𝑒𝑡 𝐽 𝑋 − 𝜆𝐼 = 0 satisfy the conditions 𝜆G ≠ 1 for 𝑖 = 1,2, … , 𝑛, then this point is called 
hyperbolic equilibrium, otherwise it is called non-hyperbolic equilibrium [6]. 

Theorem 2.1 (Jury Conditions, Schur-Cohn Criterion) Considering the 𝑛 –th degree 
characteristic equation of the system in (4) given as 

𝑃 𝜆 = 𝜆O + 𝑎$𝜆OP$ + 𝑎%𝜆OP% + ⋯+ 𝑎O,				 																						(5) 

it is presumed 𝜆G for 𝑖 = 1,2, … , 𝑛 as the eigenvalues obtained from the equation 𝑃 𝜆 = 0. In 
this case, the local asymptotically stability (LAS) conditions of the equilibrium point are 

𝜆G < 1.																																																																		 			(6) 

In addition, if the inequalities in Eq. (6) are satisfied, then we have followings: 

• 𝑃 1 = 1 + 𝑎$ + 𝑎% + ⋯+ 𝑎O > 0, 
• −1 O𝑃 −1 = 1 − 𝑎$ + 𝑎% − ⋯+ −1 O𝑎O > 0, 
• 𝑎O < 1	     [7]. 

 
Definition 2.2 Let's consider the difference equation system 

𝑥29$ = 𝑓 𝑥2, 𝑦2 																																																			
𝑦29$ = 𝑔 𝑥2, 𝑦2 																																																			

									(7) 

For this system, the point 𝑥, 𝑦  that satisfies the condition  

𝑥 = 𝑓 𝑥, 𝑦
𝑦 = 𝑔 𝑥, 𝑦 ,																																																											 						(8) 

is called as the equilibrium point [7]. 

Definition 2.3 Let us assumed that the functions 𝑓 𝑥, 𝑦  and 𝑔 𝑥, 𝑦  given in the system (7) 
have continuous partial derivatives for 𝑥 and 𝑦 on an open set of ℝ9

% . Also, let 𝑥, 𝑦  be the 

equilibrium point of the system and 𝐽 = 𝐽 𝑥, 𝑦 =
𝑓T 𝑥, 𝑦 𝑓U 𝑥, 𝑦
𝑔T 𝑥, 𝑦 𝑔U 𝑥, 𝑦

 be the Jacobian 

matrix at this point. The characteristic equation of the eigenvalues 𝜆G for 𝑖 = 1,2 obtained from 
the equation 𝑑𝑒𝑡 𝐽 𝑋 − 𝜆𝐼%V% = 0 is [8] 

𝜆% − 𝑇𝑟 𝐽 𝜆 + 𝐷𝑒𝑡 𝐽 = 0																																 																		(9) 
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Corollary 2.1 If the characteristic equation in Eq. (5) is taken into account for 𝑛 = 2, then 

𝑃 𝜆 = 𝜆% + 𝑎$𝜆 + 𝑎%																																					 														(10) 

is found. In here, it is 𝑎$ = −𝑇𝑟 𝐽  and 𝑎% = 𝐷𝑒𝑡 𝐽 . According to Theorem 2.1., if 

𝑇𝑟 𝐽 < 1 + 𝐷𝑒𝑡 𝐽 < 2																															 																	(11) 

is satisfied, then the point 𝑥, 𝑦  is LAS [9]. 

Proposition 2.1 The system (2) have 

• the trivial equilibrium point 𝐸[ 0,0 , and 

• the positive equilibrium point 𝐸$
\49]4

4̂
, \1P]1

1̂
, when 	

𝜀$ − 𝜇1 > 0.  
 

Proposition 2.2 The system (2) has two equilibrium points with the following dynamical 
properties:  

• the trivial equilibrium point 𝐸[ 0,0  is LAS, when 𝜀$ − 𝜇1 < 0.  

• let 𝜀$ − 𝜇1 > 0. the nontrivial equilibrium point 𝐸$
\49]4

4̂
, \1P𝜇1

1̂
 is always 

unstable point. 
 

Proof The Jacobian matrix of (2) is  

𝐽 𝑥, 𝑦 =
1 + 𝛿 𝜀$ − 𝜇$ − 𝛾$𝑦 −𝛿𝛾$𝑥

𝛿𝛾%𝑦 1 − 𝛿 𝜀% + 𝜇% − 𝛾%𝑥
		 					(12) 

through of partial derivatives. 

• The Jacobian matrix in Eq. (12) calculated at the equilibrium point 𝐸[ 0,0  is 

𝐽 𝐸[ 0,0 =
1 + 𝛿 𝜀$ − 𝜇1 0

0 1 − 𝛿 𝜀% + 𝜇%
. In addition, the characteristic equation 

for this point is 
 

𝜆% − 1 + 𝛿 𝜀$ − 𝜇1 + 1 − 𝛿 𝜀% + 𝜇% 𝜆 + 1 + 𝛿 𝜀$ − 𝜇1 1 − 𝛿 𝜀% + 𝜇% = 0 

(13) 
 

and the eigenvalues are found as 𝜆$ = 1 + 𝛿 𝜀$ − 𝜇1  and 𝜆% = 1 − 𝛿 𝜀% + 𝜇% .  It is 
obvious that the eigenvalues are positive real numbers due to Eq. (3). According to the stability 
conditions of the equilibrium point in Eq. (6), if  
 

− %
_
< 𝜀$ − 𝜇1 < 0     (14a) 																																 						
𝜀% + 𝜇% < %

_
						       (14b) 
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then it is 𝜆$ < 1 and 𝜆% < 1. Consequently, 𝐸[ is LAS.  When the inequalities in (14a) and 
(14b) are evaluated together, the stability condition of this point can be considered as 
 

0 < 𝜇1 − 𝜀$ 	and	 𝜇% + 𝜀% < %
_
.														 																				(15) 

 
• Let 𝜀$ − 𝜇1 > 0. In this case, 𝐸$ exists. The Jacobian matrix evaluated at 

𝐸$
\49]4

4̂
, \1P𝜇1

1̂
 becomes 𝐽 𝐸$ =

1 −𝛿𝛾$
\49]4

4̂

𝛿𝛾%
\1P𝜇1

1̂
1

 and thus the characteristic 

equation is 
 

𝜆% − 2𝜆 + 1 + 𝛿% 𝜀$ − 𝜇1 𝜀% + 𝜇% = 0. 																							(16) 
 

According to Corollary 2.1, the stability conditions are not met. Therefore, 𝐸$ is unstable point. 
Proof is completed. As a result of the stability analysis, the following Table can be reached. 

 

Table 1. Existence and LAS conditions of equilibrium points of system (2) 

Equilibrium point Existence condition LAS condition 
𝐸[ 0,0  Always exists If 0 < 𝜇$ − 𝜀$ 	and	 𝜇% + 𝜀% < %

_
 

𝐸$
𝜀% + 𝜇%
𝛾%

,
𝜀$ − 𝜇$
𝛾$

 𝜀$ − 𝜇$ > 0 Unstable 

 

Corollary 2.2 Let 𝜀$ = 𝜇1. By Eq. (16), characteristic equation is 

𝜆% − 2𝜆 + 1 = 0.																																															 								(17) 

Therefore, the eigenvalues are 𝜆$ = 𝜆% = 1, and so, 𝐸$
\4+]4

4̂
, 0  hyperbolic equilibrium 

point. 

Corollary 2.3 𝐸[ is unstable point, when 𝐸$ exists. Therefore, these equilibrium points can not 
be stable at together. This situation is also seen in the Table 1. 

 
 
3. Numerical Studies 
 
In this section, the system (2) is graphically shown by giving the values to the parameters used 
in the system to support the qualitative analysis results shown in Table 1. These values are 
shown in Table 2. 
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Table 2. The considered values of the parameters. 

Parameters Values 
For Fig. 1 For Fig. 2 

𝛿 .4 .4 
𝜀$ .9 1.1 
𝛾$ .01 .01 
𝜇$ 1 1 
𝜀% .1 .1 
𝛾% .1 .1 
𝜇% .5 .5 

Initial conditions 𝑥(1) = 3 and 𝑦(1) = 2 
 

From first column values in Table 2, 𝐸$ is not exists due to 𝜀$ − 𝜇1 = .9 − 1 = −.1 < 0. It 

is clear that 0 < 𝜇1 − 𝜀$

.$

	and	 𝜇% + 𝜀%
.e

< %
_

f

 in Eq. (15) is satisfied. Therefore, the trivial 

equilibrium point 𝐸[ 0,0  is LAS. Fig. 1 shows this situation. 
 

 

Fig. 1. For first column values in Table 2., time-dependent changes in quantities of the first and second 
products 
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From second column values in Table 2, the nontrivial equilibrium point is found as 𝐸$ 6,10 . 
Inequalities in Eq. (15) is not satisfied. Therefore, 𝐸[ is unstable point. The existence of periodic 
orbits can be seen in Fig. 2. 

 

 

Fig.2. For second column values in Table 2, time-dependent changes in quantities of the first and 
second products 

 
 
 
4. Result and Discussion 
 
Palomba was the first to use the Lotka-Volterra equations. According to the results of the 
analysis of the model where he proposed through the ordinary differential equations, he 
explained that the volumes of goods will be in a cyclical state [4]. 

Daşbaşı and Boztosun [5] studied the Palomba model using incommensurate fractional-order 
differential equation system in Caputo meaning. They showed the order of derivatives in the 
equations expressing the first and second type goods with 𝛼$ and 𝛼%, respectively. Also, they 
expressed the existence and stability of the fixed points of the system. In the case of 0 <
𝛼$, 𝛼% < 1, the volumes of these products approach positive values depending on time. 
Contrary to the cyclical situation, stability analysis of the positive equilibrium point under 
certain conditions was made and shown with graphs. 

In here, the Palomba economic model was modeled by difference equation systems and then 
analyzed. In addition, the followings were taken into account in the model: the non-marketable 
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loss rate of the first and second type goods are parameters 𝜇$ and 𝜇%, respectively. Trivial and 
positive (Non-trivial) equilibrium points were found in the analysis.	The stability of the trivial 
equilibrium point under certain conditions has been expressed. Although the positive 
equilibrium point exists under certain conditions, it has been shown to be an unstable point. 
Therefore, it can be said that there is a cyclical situation in harmony with Palomba. 
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