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Abstract

In this short paper, we study time fractional diffusion equations with time-dependent coefficients. The
derivative operator that appears in the main equation is Riemann-Liouville. The main purpose of the paper
is to prove the existence of a global solution. Due to the nonlocality of the derivative operator, we cannot
represent the solution directly when the coefficient depends on time. Using some new transformations and
techniques, we investigate the global solution. This paper can be considered as one of the first results on
the topic related to problems with time-dependent coefficients. Our main tool is to apply Fourier analysis
method and combine with some estimates of Mittag-Lefler functions and some Sobolev embeddings.
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1. Introduction

Nowadays, when studying some physical models or natural phenomena, it is found that there are some
diffusion models that describe more closely to reality than fractional derivatives than other models with the
classical derivative. Fractional calculus has many important applications in many different fields of science
and engineering, such as in biological population models, fluid mechanics, electrical and electromagnetic
networks, electrochemical, optical and viscosity [10, II]. As far as we know, there are currently several
definitions for fraction derivatives and fraction integrals, such as Riemann-Liouville, Caputo, Hadamard,
Riesz, Griinwald-Letnikov, Marchand, etc. Some works are attracting the attention of the community, for
example [4] 5] 6 25] 26], 27, 28] 211 22 23]. and the references therein. Although most of them have been
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extensively studied, most mathematicians are interested and studied the two derivative Caputo derivative
and Riemann-Liouville.
In this note, we consider the fractional diffusion equation

D& u+ a(t)(—A)%u = Gu), (z,t) € Qx (0,7T),
u=0, (x,t)€dx(0,T), (1)
tl_au\tzo = Y(x).

where D{ v denotes a Riemann-Liouville fractional derivative of v with order o, 0 < o < 1. Tt is defined by

DY, u(t) = jt(l‘(l) /Dt(t ) u(r)dr), 2)

l—«o

and D v(t) =: %v(t) if a=1.

The equation described above involves viscous terms, appearing in many application models, such as phase
transition, biochemistry, plasma turbulence [I7], fractal geometry [19], and single-molecular protein dynamics
[18]. And some other applications can be found in the following references, see [29, 30, 311 32 33 34 [35, 3677
,37,138]. Under ideal conditions, the coefficients of thermal conductivity a are usually constant and constant.
However, when the process is disturbed by external factors and because of the presence of memory, the
coefficient a will often depend on both time and space. That is also the reason we choose model for
this study. To the best of our knowledge, there is not yet or very little work related to Problem ([1)) with
non-constant coefficients.

We can refer the reader to some interesting papers on fractional diffusion equations, for example, [11 2].
Several other models related to our problem where the Riemann-Liouville derivative appears on the left-hand
side have also been investigated by [I5] B] and therein references. We now mention to the recent paper [3]
where the authors studied the backward problem as follows

Dgiu — uge = F(x,t,u).

To the best of our knowledge, there are not any result concerning on Problem . Our present paper is the
first result on this topic.

Our main goal in this note is to provided the global existence and uniqueness of the mild solution for
Problem (). The regularity estimates for the mild solution are established in some various spaces. To
overcome these difficulties, we learned a very interesting technique in recent articles |7, §].

There are difficulties when studying models with time-dependent coefficients. For simplicity, we discuss
the difficulty even if the simple nonlinear function G on the right hand side of the main equation of eql
coincides with the zero function.

e First, when a = 1, we still get the solution by the explicit formula when solving first differential
equation y'(t) — a(t)y(t) = 0. However, when we use the Rieman-Liouville derivative, it is very difficult
to obtain an explicit solution for the first order fractional differential equation D, y(t) — a(t)y(t) = 0.
To overcome this difficulty, we need to use a transformation so that the left side of the new equation
appears a constant coefficient.

e The technique of evaluating and proving global solutions is inherently difficult math. To overcome this
difficulty, we use the Lemma derived from the work [24].

This article is organized as follows. Section 2 gives some preliminary and mild solution. In Section 3, we
deal with the global existence for Problem ().
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2. Preliminaries

Let us recall that the spectral problem

(- A)Ben(x) =Me,(x), z€Q, Be(0,1),
en(z) =0, x € 09,

admits a family of eigenvalues
0< A <A<+ with A\, — 00 for n— oo,

and the corresponding eigenfunctions e,, € H}(1).

Definition 2.1. Consider the Mittag-Leffler function, which is defined by

o0 n

2
E = —_—
a,p(2) Z_: I'(na+ B)
n=0
(z € C), for @ > 0 and B € R. When § = 1, it is abbreviated as E,(z) = Eq4,1(2). We call to mind the
following lemmas (see for example [9]. We have the following lemma which useful for next proof.

Lemma 2.1. Let 0 < o < 1. Then the function z — Eq o(2) has no negative root. Moreover, there exists a
constant C, such that

Ca

0< Ea,a(_z) < 1+2

z > 0. (3)

For positive number r > 0, we also define the Hilber scale space

oo
He (9) = {w € 12(9) : AR (i en)? < +oo}7 @
n=1
S !
with the following norm  ||4)|| . @ = (Z 29 (4, en>2) - First we state the following lemma which will
n=1
be useful in our main results (this lemma can be found in [24], Lemma 8, page 9).

Lemma 2.2. Leta > —1, b > —1 such thata+b > —1, 60 >0 and t € [0,T]. For u > 0, the following limit
holds

1
lim ( sup te/ r“(l—r)be_“t(l_r)dr> = 0.
K700 N telo,T] 0

Lemma 2.3. For a € (0,1) and 6 > —1. Then we have

Eoo(—y) = a/ooo r®q(r)e Y dr. (5)

Moreover, we have the following equality

o re+1)
d > > 0% =" —1.
a(r) >0, Yr>0, and /0 7 ®q (r)dr (o £1) Vo > (6)
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3. Main results

Theorem 3.1. Let G be such that

1G(w) = G0)go(q) < K[| = |

HY (@) (7)

where 0 < v —0 < a and 0 < B < a. Let us assume that |1 — a(t)| < Ct° for any § > max ("727‘“, 6;—°‘>

Let us choose € such that max (%,g) < e < %25 Then problem has a unique solution v €
Xpp((0,T];HY(S2)) for p enough large. Here
1 o —
O<b<min(§,¥,ae+l—a). (8)

Proof. Let us define the space X ,((0,7; H”(€2)) denotes the weighted space of all functions v € L*((0,T; H(2))
such that

£ 1%, , (0.0 @) = sup e P f(t, )|l () < oo,
te (0,77

where p > 0. Let us first to give the explicit formula of the mild solution of Problem . It is obvious and
not difficult to transform problem into the following problem

D u+ (—=A) u = G(u) + (1 - gz, 1) (=A) u, (2,t) € 2x (0,7),
u=0, (z,t)€dQx(0,1), (9)
7% —o = ¥(2).

For convenience, we denote by
F(u(z,t) = Gu(z, 1)) + (1 — p(x, ) (=A)Pu(x, t).

The separation of variables helps us to yield the solution of which is defined by Fourier series

u(e ) =3 < /Q u(x,t)en(x)dx> en(z),  un(t) = /Q (@, t)en(z)da.

neN

It becomes to the fractional ordinary differential equation

o ( /Q u(x,t)en(x)dﬂc> A8 < /Q u(fc,t)en(x)da:> _ /Q Flu(w, 1))en (x)dz.
Let ¢ = t'1=%u|;—g. Then we get the following identity
/Q u(z, en(x)dz = Da)t™ Eog (1) < /Q w(x)en(x)d:c>
+ /O t(t — ) B, , (—Ag(t - z)a) ( /Q F(u(z, z))en(az)daz> dz. (10)

Using (5]), We represent the Mittag-Lefler function by the indefinite integral form of the Wright function by
the following equality

Eoa <—)\£ta) = a/ T@a(r)e*)‘gt%dr, t>0. (11)
0
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We substitute this expression in to get it immediately

/Q (@, Oen(a)de
— al(a)*! ( /0 h r@a(r)e)‘gt%dr> ( /Q zp(ac)en(:z:)dx>
+a /0 t(t—z)a*1 ( /O h r@a(r)eAQ(tZ)ardr) < /Q G(u(a:,z))en(a:)dx> dz

+a /0 (t— 2t ( /0 - r@a(r)e_’\g(t_z)%dr) < /Q (1— o(x,2) (—A)ﬁu(x,z)en(x)dx) ds. (12)

The mild solution of Problem @ is given by

u(x,t)

_n%(/ (2, Den(z )dm)en(x)
Rt 2 () et ([ peatoni) o

neN

+a) ( /0 t(t —z)* ! < /O h r@a(r)e_)‘g(t_z)%dr> ( /Q G(u(x,z))en(x)d:z> dz) en(z)

oY ( /0 “(t = ot < /0 - r@a(r)e_’\g(t_z)%dr> ( /Q (1= oz, 2)) (—A)Puls, z)en(:n)dx> dz> en().

(13)

Set the following function Bp(x,t) = Bo(x,t) + B*(t)p + B**(t)p. Here we define the following operators

Bo(z,t) = al(a talz</ “Tdr></¢ z)en (@ )dm)en() (14)

neN

= a% ( / (t—2)*! ( /0 b r@a(r)e_Ag(t_Z)ardr) ( /Q G(o(x, z))en(x)da:> dz) en(z),  (15)
and
B (¢ _an% ( / (t— 2)° 1( /0 b r@a(r)e_’\g(t_z)%dr>
< /Q (1— o, 2) (—A)ﬁu(x,z)en(x)dx> dz> en(). (16)

First, we estimate the term
o
B4
J1 :/ r®q(r)e M dr,
0

Using the inequality e™¥ < C.y~¢, we find that e nter < Cg(/\gto‘r)6 which allows us to obtain that

Jy < Coteo) e < /0 rl—%a(r)dr) . (17)
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Since 0 < ¢ < 2, we know that fooo r1=¢®,(r)dr is convergent and also is equal to % Hence, we find
that r@—e)
—€

J < Comor NN 18

'S T (e + 1 — ae) " 18)

Let us take any ¢, ¢ € H”(Q).
Step 1. Estimate of the term HB*(t)gp - fB*(t)gZ‘

HY(Q)

Using Parseval’s equality, we obtain that

2

[ENOPEENOE o

t [e]
=a? Z )\?” (/ (t—z)1 (/ r@a(r)e)‘g(tz)ardr>
0 0

neN

(/Q (Glo(z,2)) — G(@(x,2))) en(:c)d;U) dz>2

= (r(%i(i:{jg)fz

neN

AZH“E( / (t = 2ot ( i <G<so<w,z>>—G(&(x,z>>>en<x>dx) d) (19)

We continue to use Holder inequality to obtain that

( /0 (1 =yt < /Q (Glp(z,2)) = G(B(, 2))) en(:p)d:p> dz) 2
< (/Ot(t — z)a_l_%dz> </Ot(t — g)elree </Q (G(p(z,2)) — G(p(x, 2))) en(:z‘)dx)Q) .

(20)
From two above observations, we get that
(00— (002
H (€2)

Ta—os CEF(2 _ 6) 2/t o 1—oe " 2
< t— o . — . d
<o (fa) [a-orrfeetm-c@ o,

Ta—os CEF(Q _ 6) 2/t ne " 2
< t—z) . - . d 21
<o (fm) [a-aretetn - 6@, o @ 21)

where we note that v — ae < 6. Based on the globally Lipschitz of G, we bound the integral term on the
right hand side of as follows

/O (b 2yt

t
<K*/ (t_z)a—l—aa
0

2

dz
HY (Q)

Glp(-2)) =GB ()]

2

0(12) = 32| o2
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From two observation, we derive that

2b _—2pt *
t“’e ’B (t)p — gp‘ @)
T CI(2—¢) 2 2 t/t —1- ~ 2
< K* 220t [ (4 _ pyarloae |l o0 oy () ‘ d
T a-—ae <I‘(a—|— 1- 045)) ‘ 0 (t=2) #(2) =2, 2) HY () :
a—ae _ 2
< K T C.I'(2—¢)
a—ae \I'(a+1—ae)
t 2
t%/ (t — 2)0 e = 2= 2p(t2) 26202 () — (., z)‘ dz. (23)
0 HY (€2)

Let us continue to treat the integral term. Indeed, we derive that

2

o(.,2) — cp(.,z)’ dz

t
(t - Z)a—l—aaz—Qbe—Qp(t—z)22b€—2pz
0 HY ()

t
< t— 2\ 1— —ae —2b —2p(t z dZ) H ‘ 24
N </0( ) vy X, ((0.T]:H () 24

From two above observation, we find that

th 72ptHB* .B ‘

) — ) HY (Q)
t

< K(T, o, e)t? (/ t — z)¥lmos =2 2(t=2) ) H ‘ 25
< K( ) O( ) | (25)

=y x—QE — 2
where K (T, a,¢) = K*L ( Cel (2 5))) .

a—ae \ I'(at+l—ae

Step 2. Estimate of the term HB**(t)gp - B**(t)@‘ .

Using Parseval’s equality, we obtain that

|00 - 303,
— € 2

. 2
ZA%”Q‘“(/O (t—z)21mee (/Q ((1-a(2)) ((—A)%(x,z)—(—A)%(z,z)))en(x)dx> dz) . (26)

neN

We continue to use Holder inequality to obtain that

</ot(t — )i ( /Q (1= a() (-AVp(x,2) - (~A)F(x, 2))) en(x)d:c> dz>2
< (faara) [ [e=arme ([ (0= (Caretes) - oV a.) 6n(x)dx>2 dz] .
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From two above observations and noting that HAﬁv‘

= HUH , we get that the following estimate
Hs () Hs+6(Q)

|2 - 03],

Toee [ C.D(2—¢) \? /t L ) _ 2
< t— z)e-lmas |y _ H—Aﬁ L2) — (=AY, ‘ d
<o (peany) [a- ot i aok [Carets) - (arE L, gt
To-os [ OT@-¢) )’ [ e 28 P
<C t— z)a-l-ae H ) ‘ 28
T a—ace (F(OH— 1 —ae) 0 (t=2) ol 2) = ¢(2) Hv—ee+58(Q) : (28)
Based on some previous evaluations and notice that v — ae + 8 < v, we derive that
2
t?b —2pt‘ B (¢ — BF(¢ ~‘
€ ()¢ (t)¢ )
reee CI(2-¢) ? 2 2 t/t 1 26 ~ 2
<K e [ oo, g2 a
T a-—ae (I‘(a—l—l—ae) ‘ 0 (t=2) #l2) =8l 2) HY () :
a—oE _ 2
< K*T CTI(2-¢)
— a—as \I'(a+1-ae)
t 2
th/ (t _ Z)a—l—aaz26—2b€—2p(t—z)Z2be—2pz <,0(.,Z) _ ‘E(a Z)‘ dz. (29)
0 HY ()
Let us continue to treat the integral term. Indeed, we derive that
t 2
th/ t— 2 a717a522672b672p(tfz)22b672pz L2)—3(., 2 dz
(-2 O r] I
t
< t2b (/ t— 2 aflfasz26f2bef2p(t z) > H ‘ 30
< O( ) 2 Pllx, (omEr@) (30)
Therefore, we arrive at
t2b 72ptH‘B** B** ‘
e () ) (@)
t
<KT,a,6t2b(/ £ z)olee 202 —2p<”dz)H ‘ . 31
< K( ) 0( ) | (31)
Combining and , we derive that
t2b 72ptHB B ’
) —B(t)p HY ()
2
< 2t2b f2ptHB* ¢ — B*(¢ ~H 2t2b 72ptH3** t — BEE(¢ ~‘
< 2t7 (t)e ()sOHV(Q)Jr e (t)e 2],
¢
< 2K(T,a,e)t* (/ t — z)lmae,—2bo—2p(t—2) ) H ‘
S| f 02 7l 0mm @)
¢
+ 2K (T, o, e)t? (/ t—2z “_1_a€z25_2be_2p(t_z)dz> H ’ . 32
( ) 0( ) ? =%l omm@) (32)

Set z = ts, we get that
t 1
th/ (t o Z)a—l—aaz—2be—2p(t—z)dz — ta—as/ (1 _ Zl)oz—oza—l(Z/)—Qbe—th(l—z’)dzl
0 0

and
t 1
752b/ (t o Z)a—l—asz26—2be—2p(t—z)dZ — tcx—cxs/ (1 o Z/)a—as—l(21)26—2be—2pt(1—z/)dzl.
0 0



Le Dinh Long, Adv. Theory Nonlinear Anal. Appl. 5 (2021), 600610} 608

Applying Lemma (2.2)) and noting the condition a—ae > 0, a—ae—1 > —1, —2b > -1, a—as—1-2b > —1,
26 —2b > —1, we find that two following equality

1
lim ( sup ta—as/ (1 _Z/)a—aa—l(Z/)—Qbe—th(l—z/)dzl) —0. (33)
0

pmroe \telo,7]
and
1 !
lim sup taas/ (1 o Z/)afasfl(Z/)2672b672pt(17z )dz’ = 0. (34)
P00 \ telo,T] 0

By combining and and (34), we deduce that B is a contraction on the space X ,((0,7]; H”(€2)) if
p enough large. If ¢ = 0 then B(t)p = Bo(z,t). Then, from the fact that v — ae < p, we get the following
estimate

2

B(. = sup t2e 2By (., 1)|%
| <>¢be,p«omy<m> S 1B, D)2 (@

2 oo BLa 2 2
up #2be—2vt 2\ 200—2 ( ®, —Ant Tdr) ( n(z)d >
< sup t7e “Pu ’ (a)‘ t HEEN /0 r®q(r)e /le(QU)G (z)dx

te(0,T
< <C€F(£f1__€)a€)>2a2 I(a) QtZHmHM%A%n?m ( /Q w(x)en(x)da:>2
B (Car(aF f = )a8)>2 P T2
< (O ong) e ot )

where we note that b + o < ea + 1. The above inequality implies that B(.)¢ € X;,((0,7];H"(2)). By
using Banach fixed point theorem, we can deduce that Problem has a unique solution in the space
Xop((0, T]; H"(92)). O

4. Conclusion

In this paper, we try to consider the time-fractional problem with time dependents coefficients. This is a
difficult problem. We obtain the existence and uniqueness of the global solution for our problem. Our main
techniques are based on some previous techniques as in [7} [§8].
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