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Abstract

In this paper, we give refinements of the classical Young inequality for scalars and we
use these refinements to establish refined some Young type inequalities for the trace,
determinants, and norms of positive definite matrices.
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1. Introduction

Let M, (C) be the space of n x n complex matrices and let |||.||| denote any uni-
tarily invariant (or symmetric) norm on M, (C) and the Hilbert-Schmidt norm [|A|, =

1
( ) 32-) *, where s1 (A) > --- > 5,(A) are the singular values of A, that is, the eigen-

J
values of the positive semidefinite matrix |A| = (A*A)l/ 2,

Through out the paper of A is an n X m matrix, we write trA to denote the trace of
A and detA for the determinate of A.

The classical Young inequality for two scalars is the a-weighted arithmetic—geometric
mean inequality, which is a fundamental relation between two nonnegative real numbers.
This inequality says that if a,b > 0 and 0 < a < 1, then

b’ <aa+(1—-a)b (1.1)
with equality if and only if a = b. If a = %, we obtain the arithmetic-geometric mean
inequality.

b
Vab < a; (1.2)

The first refinements of Young inequality is the squared version, proved in [4] as follow:
2
(@) + min{a,1 - a}’(a—b)’ < (aa+ (1 - a)b)” (1.3)

Later, Kittaneh and Manasrah in [2] , obtained another interesting refinement of Young
inequality as follow:

a®b' ™ + min{a, 1 — a} (f - \/5>2 <aa+(1—a)b (1.4)
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Recently, Al-Manasrah and Kittaneh in [3] gave a generalization of two refined Young
inequalities (1.3) and (1.4) as follow: For m =1,2,3, ---

(aabl_a)m + rom(a% - b%)2 <(awa"+ (1 — ) br)%, r>1 (1.5)

where 79 = min{a, 1 — a}.
These inequalities are generalized to the space of operators on finite dimensional Hilbert
spaces. In the setting of matrices, the above refinement is read as follow [3]

m m 2
I A*X Bl H!m+7“6”<|\| AX |l 2 =l BX ]| 7) < (afll AX []l + Q= a)[|| XB [ )™
(1.6)
where g = min{a, 1 — a}.
Very recently, Ighachane and Akkouchi in [1] gave a new generalization of the refined
Young inequalities (1.3) and (1.4) as follow: For m =1,2,3,....,

m bm-l-l _ am+1 m
(ao‘blfa) +ro™ (b—a —(m+1) (ab)?) < (aa+(1—-a)b)™ (1.7)

where 79 = min {a, 1 — a} .
The authors in [1] gave the reverse of scalar Young type inequality (1.6) as follows

m
2

m—+1 am—i—l m
ro™ <bb_a — (m +1) (ab) ) < (aa+(1-a) b)m—(aabl’“)
(1.8)
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where rop = min{«, 1 — a}.

Motivated by the refinements of the well-known Young inequality, in this paper, we
apply this inequality to obtain considerable generalizations and refinements of the Young
inequality for positive scalars. Applications to unitarily invariant norm inequalities in-
volving positive semidefinite matrices are also given.

2. Refinements of the scalar Young’s inequality

We begin this section with the following refinements of the scalar Young’s inequality
(1.3).

Theorem 2.1. If a,b >0, 0 < a <1 andr >0, then
a?op? (1= Lpo(a” —0")? < aa® 4 (1 — a)b* (2.1)
where 1o = min{a, 1 — a}.
Proof. If a = % , the inequality (2.1) becomes an equality.
Assume that o < 1 . Then, by the inequality (1.1) we have
aad? + (1 —a) b —a(a” —b")>
= 20a"b" + (1 — 2a) b*"
> (ab)QrabQT(l—Qa)

— g2 b2r(1fa)

and so
aa?” + (1 - Oé) p2r > (CLT - br)? + a2rab2r(1fa)
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Ifa> % , then
aad? + (1 —a)b¥ — (1 —a)(a" —b")?
=QR2a—1)a* +2(1—a)d"t"

> a2r(2a—1)(ab)2r(1—a)

— g2 b2r(17a)

and so,
aa? T ( )b2r (1 - a) (CLT - br)2 + a2rab2r(1—a)
Hence,
a2rab2r(1fa) + To(ar - br)? < aad?" + (1 - Oé) b2
This completes the proof. ]
Theorem 2.2. Ifa,b>0and —1 < a <1 then,
—a  1ta 1-— 1
T +ro(va-Vh) < Yt J;O‘b (2.2)

where rg = mm{%, HTO‘}

Proof. If a = b , then the inequality (2.2) becomes an equality.
Assume that o < 0 . Then, by the inequality (1.1) we have

1-— 1 1
2aa+ —;ab +a(\f—\[) = —aa+ (14 a)Vab

and so,
11—« 1+a 1+a o
2a—|—2b (\f—\[) a2b2
If « >0 then,
11—« 1+«
5 a+ 5 b — (f—\[)
=ab+ (1—a)Vab
> b*(ab) 2
:al_TabH_Ta
and so,
11—« 1+« 11—« 2 l-a lta
gt b > (Va-vb) +a =0
Hence,
alTbl%—l—ro(\f—\/l;) < zaa—i- —;ab
This completes the proof. O

3. Improving Young inequality for matrices

In this section we give some refined Young type inequalities for traces, determinants,
and norms of positive definite matrices based on the refined Young Inequalities (2.1) and
(2.2). Now we give a refinement of both the trace and the determinant versions of Young’s
Inequality. To do this, we need the following Lemma ([2]).
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> si(AB) <) si(A)s;(B)
j=1 j=1
Theorem 3.2. Let A, B € M, (C) be positive semidefinite, if 0 < o < 1 and r > 0, then
tr ]AMB?TU—Q)\ +ro(trA” — trB")? < tr(a A + (1 — a) BY) (3.1)

where ro = min{a,1 — a}
Proof. By the inequality (2.1) we have
asi® (A) + (1= ) s;*(B) = 5,7 (A) 5,207 (B) +o(s;" (A) = s;” (B))’

forj=1,....... n
Thus, by Lemma 3.1 and the Cauchy-Schwarz inequality, we have

tr (ozAQT +(1—a) BQT) = atr (A%) +(1—a)tr (BQ’) = zn: (OéSjQT (A)+(1—a) Sj% (B))
j=1

>

M-

Il
—

Sj (AQT(X) Sj <B2T(1_O‘)) “+ 79 (Z SjQT (A) + Z SjQT (B) -2 Z Sjr (A) Sjr (B))
j=1 j=1

j=1

5; (A2raB2r(1fa)) T | tr (AQT) T tr (B2r> _9 (]zn:l 5; (Az,,)) ? (Jz”:l s (BQT)) 2

S (AZWBQT(PO‘)) + 79 (trAQ’" +trB% — 2<tTA2r) 3 (trBzr) 5)

J

Y%
M=

<.
Il
-

Il

1
=1r ’AQTO‘BQT(I_O‘)‘ +ro(trA” — trBr)2

<
I

This completes the proof of the trace inequality. O
Theorem 3.3. Let A, B € M, (C) be positive semidefinite and if —1 < o < 1, then
—a a 2 1-— 1
tr | AT B g (VirA — VirB) < tr(— A+ J;O‘B) (3.2)
where rg = min { lga, H7a}

Proof. By the inequality (2.2) we have

1—Tasj (4) + 1 205 (B) 2 8 (A7) 5 (B'F) +rolst (4) = 557 (B)

forj=1,....... , M.
Thus, by Lemma 3.1 and the Cauchy-Schwarz inequality, we have

tr(l_aA+1+aB> - l_atr(A)Jr1+atr(B):zn:(l_asj(A)+1+asj(B)>

2 2 2 2 2
J=1

>3 s (4%) 55 (B7E) 410 (Zsj (A)+3 55 (B)—23 5% (A)s;2 (B))
j=1 j=1
> Zsj (AlgaBHTa> +ro|tr(A)+tr(B)—2 (Z 5 (A)) (Z 55 (B))
j=1 j=1

11—«

= i S; (ATBHTQ) + 7o (trA +trB — Q(tT‘A)%(tT‘B)%)
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= tr|A'5 B*| 4 ro(Vird - VirB)

This completes the proof of the trace inequality. ]

Theorem 3.4. Let A, B € M, (C) be positive definite, if 0 < a <1 andr >0, then

1/2
det (AQTQBQT(lfa)) + T,On det (AQT + BQT‘ —9 (BT‘ (BfrAQTB—r) / BT))
(3.3)
< det (aAzr +(1—a) BQT)
where ro = min {a,1 — a}

Proof. By the inequality (2.1) we have

as; (B*TAQTBfr) +(1—-a)>s" (B*TAQ’"B”) + 1 (5]-1/2 (B*TA%B*T) - 1)2

det (aB"AY BT 4+ (1-a)I) = ﬁ (as; (B74*B™) +1-a)
j=1

> 11 {sja (B A% B™) +ro(s;"/? (BT A" B ") - 1)2}

o T (5 o (o (7)1
j=1 =
s (s
Consequently,
det (A B2 (7)) + rg"det (A2“ +BY 2 (Br (B a> B—T)I/Q) BT)
<det (aA> + (1 - a) BY)
This complete the proof of the determinant inequality. -

Theorem 3.5. Let A, B € M, (C) be positive definite and if —1 < a <1, then
1
det (A72°B) 4" det (A +B-2 <B% (BTABT) QB%>>

1-— 1
Sdet< aA—}— +aB)
2 2

(3.4)

where rg = min {1_70‘, HTQ}

Proof. By the inequality (2.2) we have

l—«o
2

5 (B2ABT) + 505 2 (53457 b(s? (57ABF) -1’
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forj=1,....... ,n. Thus
det<1_0‘B_;ABI+HO‘I> :ﬁ(l (B7AB7) HO‘)
2 2 A 2
21‘[ ' (B ABT )t (BFABT) 1)

v
—=
/N
Sy
=
Sy
NI
_l_
S
3
—
oS
o
N|=
/~
J
wol !
=
Sy
wol !
=
|
—_
e

<
Il
—

<
Il
—

11—«

det(B%lAB%l)T + rondet((leAle)% - 1)2

Consequently,

o 1t 1, s 1- 1
det (A%B%)jurgndet (A +1B-2 (Bé (BTlABTI> 235)) < det ( . YAt ;aB>
This completes the proof of the determinant inequality. O

In the next result, we give an improved arithmetic-geometric mean inequality for the
Hilbert-Schmidt norm whose proof based on the spectral theorem.

Theorem 3.6. Let A,B,X € M, (C) such that A and B are positive semidefinite, if
0<a<1landr >0, then

HA’”O‘XBT(l_a)Hz—i—rO 147X — XB"|}3 + 2v/av1 = o| VATXVB" z
< H\ﬂATX +VI—aXB z

where rg = min{a,1 — a}

(3.5)

Proof. Since A and B are positive semidefinite, it is followed by spectral theorem that
there exist unitary matrices U,V € M, (C), such that A = UAU*, B = VAV*,
where A; = diag(A,Aa,....... yAn), Ao = diag(pr, pho,y.ovvvn. .. sHy)s Aispty >0, 4,5 =
1,2, 0. ,n. For our computation, let Y = U*XV = [y;;]. Then we have

VaA'X + VT =aXB" = U [(Va\" +vVI=an )y V",
AraXBr(l—a) - U {()\ira,ufjr(l_a))yij} V*,
ATX XBT = [( 3 )ym] V*,
A2XB2 = [(Azguyg)ym} v
Now by (2.1), we have

|VaA' X + VI—axB’ z = zn: (Van' + MMjr)QlyijIQ

i,j=1

(aA® + (1 — @) i + 2v/avT = aA ;") i

1

Il
M:

2%

(52)- (500) s roa” -+ 2V T3]

1

vV
M=

,J
(Am =)y + 7o > =)l +2\sz (1) ol
i,j=1 L=l

‘ATO‘XBT’(I_O‘ H2 +rolATX — XB7|)? + 2\/5\/@“@)(@ z

Il
M:
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]
Theorem 3.7. Let A, B, X € M, (C) such that A and B are positive semidefinite and if

—1<a<1, then
o VA = X VB[, 2 S VAV,

2
1
\/ “;aXBH
2
l—-a 14«

where rg = min {T, T}

1—
4=

Proof. Since A and B are positive semidefinite, it follows by spectral theorem that there
exist unitary matrices U,V € M, (C), such that A = UA,U*, B = VA3V*, where A =
diag(A1,Ag,y ... .. s An), Ao = diag(py, oy ovvnennt. sHn)y Aispr; > 0,4,5 = 1,2, M.
For our computation, let Y = U*XV = [y;;]. Then we have

\/7AX \/mXB Ul\/ﬁ \/m ym] )

+a +a

A2 T:U{()\izﬂjQ)yw}v7

VAX = XVB=U[(VA = i)y | V",

R - WW

Now by (2.2), we have
1 + « 2 2
5 1 | 9]
1,j= 1

i(l—a)\ +1+a] +2\/7\/1—|—7a m;)!yz]!
-
(A

4,7=1

- - a o 2 l—a [T+« 2
> Z )\ )"‘TO(\/)\i—«/Mj) + 2 5 T)\iuj |vij]

2,7=1

) |Z/%J‘ + 7o Z (\/7 f) |sz‘

i,j=1

+2\/ﬂ\/mz \F\//Tg> s ?
VA - VB 2yt VAX VB,

The results of unitary norm are as follow:

-

Lemma 3.8. Let A, B, X € M, (C) such that A and B are positive semidefinite, if 0 <
a<1andr >0, then

[[A2re s Era=a| | < ||z x| || B> (1-a)
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Theorem 3.9. Let A,B,X € M, (C) such that A and B are positive semidefinite, if
0<a<1landr >0, then

|42 x B2 | £ ro(llamX ||| = [1XB"|I)* < o ||| 4% X]||+ (1 = o) || X B> ||| (3.7)
where rg = min{a,1 — a}
Proof. By Lemma 3.8 and the inequality (2.1) we have
|| a2rex B || o (| A7 X || — X BT[)*
< [[Jazx || lx B ||+ rottarx il - X B2
< oax]| + 0o [ e
0

Lemma 3.10. Let A, B, X € M, (C) such that A and B are positive semidefinite and if
—1<a<l, then

|| 47" x5 | < maxi = x) =

Theorem 3.11. Let A, B, X € M, (C) such that A and B are positive semidefinite and
if -1 <a<1, then

H‘AI_TQXBHTQ n ro(H‘\/KX‘H — H\X\/EHDQ <1 ; @ AX]|| + 2 J; TUXB||  (3.8)
where ro = min {152, 14}
Proof. By Lemma 3.10 and the inequality (2.2) we have
[l x % o ([ vax || - | xvE]])°
< WAXINZ IXBIE o [ [VAX]| - evB]])°
< 2 IAX|+ X B
O
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