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Abstract

The given article describes the implicit fractional differential equation with anti-periodic boundary conditions
in the frame of Caputo-Katugampola fractional derivative. We obtain an analogous integral equation of the
given problem and prove the existence and uniqueness results of such a problem using the Banach and
Krasnoselskii fixed point theorems. Further, by applying generalized Gronwall inequality, the Ulam-Hyers
stability results are discussed. To show the effectiveness of the acquired results, convenient examples are
presented.
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1. Introduction

Fractional differential equations have lately improved as an interesting area of research. In fact, fractional
derivatives types supply a very good appliance for the explanation of store and hereditary properties of
various materials and operations. More investigators have demonstrated that fractional differential equations
show main parts in many research scopes, such as chemical technology, physics, biotechnology, population
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dynamics, and economics. On the forward evolution of the fractional differential equations have been caught
much interest lately as study some results on the existence of solutions of fractional integro-differential
equations have been studied by many authors by employing fixed point techniques. For more details, see
[1L 6, 7, 8 22, 24, 29, 30, B35] and many other references. Recently, there has been considerable growth in
differential equations including the Caputo (Riemann-Liouville, Hilfer, and Hadamard) fractional derivative
have been investigated and advanced by employing various tools from the nonlinear analysis. See Podlubny
[26], the monographs of Kilbas et al. [2I], Malinowska et al. 23], and some articles, for example, [28] B3]
and the references cited therein.

In recent years, in [19] the researcher inserted a new fractional integral, which generalizes the Riemann-
Liouville and Hadamard integrals into a one form. For more properties such as variational calculus applica-
tions, expansion formulas, convexity, control theoretical applications, and integral inequalities and Hermite-
Hadamard type inequalities of this new operator and similar operators, can be see in [14] 15, 16]. The
identicaling fractional derivatives were established in [I8] 20, 23] which named Katugampola fractional op-
erators.

In [I7], the existence and uniqueness results of fractional differential equations involving Caputo-Katugampola
(CK) derivative are given, the publisher applied the Peano theorem to find the existence and uniqueness of
solution for the next Cauchy kind problem

CK@BTU(ﬁ) =g(?,v(9)), Ve[0T, (1)

v® )=o), k=01,...m—1, m =[] 2)

In [3], R. Almeida via Gronwall inequality type established the uniqueness of solution of the problem f
including % DZf Furthermore, de Oliveira and Oliveira inspected the nonlinear fractional differential
equations which include Hilfer-Katugampola derivative in [25] of the type

P05 Yo(d) = g(0,v()), ¥ €T =[a,b], 3)

pjiipv(a) =c, p=s+p—gp. (4)

They examine the existence and uniqueness results by applied the generalized Banach fixed point theorem

on the problem (B)—(H).
Nowly, Saleh S. et al in (|27]), investigated the Implicit fractional differential equation (IFDE) with
anti-periodic boundary condition involving Caputo-Katugampola of the kind

CRDI0(9) = (9, v(0),“K DFL0()), 9 € T = [a,T.

v(a) +v(T) =0.
Recently some fruitful results have been published in (IFDEs), see the papers [2, @, 13, BI]. In order to

investigate the different types of stability in the Ulam sense for fractional differential equations, we remind
the works [10, B2]. Also, discuss some anti-periodic boundary value problems for fractional differential
equations in [4] [5].

To the best of our knowledge, to present day not been studied CK-type implicit fractional differential
equations with anti-periodic boundary conditions widely. So, in this work, we consider a class of boundary
value problems for an implicit fractional differential equation (IFDE), that is

CKDEL(0) = o0, v(9).7K DLu()), ¥ €T =0, T). ©)

v(a)+v(T) =0
{ V(a)+ 0 (T)=0 " (6)
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where 1 < ¢ < 2, CKDZZ‘: is the fractional derivatives of order ¢ in the CK sense, and g: J xR — R is a
suitable function.

The main aim of the article is to study the existence, uniqueness and Ulam-Hyers stability of solutions
of the given problem (B)-(6). Our study is established on the Picard and fixed point techniques [12], and
generalized Gronwall inequality [34].

The proposed problem is more general than that found in the literature. Moreover, our dissection can also
be used in the corresponding problems by selecting the appropriate parameter of p , i.e., The (CK) fractional
derivative K sz is an interpolator of the following fractional derivatives: standard Caputo (p — 1, a — 0)
[10] , Caputo-Hadamard (p — 0) [11], Liouville (p — 1, a — 0) [21], and Weyl (p — 1, a — —o0) [21].

The remainder of the article is displayed as follows: In the Section 2, we recall some essential definitions
and properties which will be useful throughout this article and we proving some axiom lemmas which play a
key role in the sequel. Section 3 includes sure sufficient conditions to establish the existence and uniqueness
results of the problem f@ via fixed point techniques of Banach and Krasnoselskii. The stability analysis
in the concept Ulam—Hyers of the suggested system is inspected in Section 4 by using generalized Gronwall
inequality. At the end, some examples are involved to illustrate the applicability of the obtained results in
Section 5.

2. Preliminaries

In this Section, we will present some preliminaries and essential lemmas, basic definitions, lemmas of
fractional calculus theory and nonlinear analysis which are applied in this paper.

Definition 2.1. [I9] The Katugampola fractional integral of order ¢ > 0 with p > 0 is defined by

30a(0) = P
“ r(<)

9
[ @ - e, 0> a, (7)

where, I'(.) is a gamma function.

Definition 2.2. [I8/ The Katugampola fractional derivative of order ¢ (n —1<g¢<n), (n=[s]+ 1) with
p >0 is defined as

D5P2(0) = (ﬂlpd> I ()

dv
,Yn p<7n+1 9 1
= 7I‘(n 3 / P (9P — P 2 (r)dr, 9 > a, (8)

where v = (191_"%) . In particular, if 0 < ¢ <1, p >0, and z € C*(J,R), we have
002(9) = (010-L) sy = 2P / Y (90— 19 2(r)dr, 9 > a
at dy ) et r'(l—-5<)/, ’ '

Definition 2.3. [I8] Let ¢ > 0, n =[] + 1. The (CK) fractional derivative of order ¢ with p > 0 is defined
by

CK@ZfZ(ﬁ) _ @Z;f

k=0

2@ kg o
20) = 3 LY - )| )

where z,(,k)(ﬁ) = (ﬁl_p%)kz(ﬁ). In case 0 < < 1, and z € C'(J,R), we have

KD () = D [2(d) — 2(a)] . (10)
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From (@) and (@, we obtain

c W
W) = it 0 = ) sl

d
where ¥ > a, v= <191pd19> .

Obviously, if ¢ ¢ Ng, and z € C*(J,R), then the (CK) fractional derivative exists a.e, moreover, we have
. p° ¥
CK@Z’fz(ﬁ) = 7) / P (9P — 7P) S Zf()l)(T)dT, 9> a,

INQEEES

= 3,792 ().

Also, if ¢ €N, then “K D50 2(9) = z,()n) (9). Particularly, CKDSfZ(ﬁ) = z,()o) (9) = z(9).
Lemma 2.4. [19] I, ©5 D%’ are bounded operators from Cla,T] to Cla, T).

Lemma 2.5. [19] Let ¢ >0, >0, z € X?(a,T) (1 <p< ), p,c€R, p>c. Then we have
I 9) = 30(9), KDL L3 2(9) = 2(¥).

Lemma 2.6. [19/,[18] Let ¥ > a, ¢, € (0,00), and I;f,DZf and CKDZifare according to (@), (@) and (@)
respectively. Then we get

~SiP (9P _ o p\0—1 _ p—° F(‘S) 9P — af s+d—1
Ja+ (7‘9 a ) F((5+C> ( a ) )
+<
CKRSip (9p _ p\6—1 _ P I'(5) o p\d—s—1
©a+ (19 a ) F(5 . §) (19 a ) )

and
CRD (9P —af) =0, ¢>0, k=0,1,....n— L.

Particularly, CKDz;f (1)=0.
Lemma 2.7. [Z7] Let ¢,p > 0 and v € C(J,R) N CL(J,R). Then
1. The (CK) fractional differential equation
CEDSPy(W) =0,

has a solution

9 — af 97 — P\ 9P —aP\"!
U(ﬁ):co—i—cl( 5 )—1—02( ) —|—....+cn_1< > ,

p p

where ¢; € R, i =0,1,2,....n—1 and n =[] + 1.
2. If v,.9% D*fv € C(J,R) N CH(J,R). Then

. . 9P — aP 97 — aP\ 2
Jz’fCK’DZ’fv(ﬁ) = v(ﬁ)—i—co—i—cl( pa>+02( pa)

p_ gP\" 1
v ) , (1)

+.o. +Cp—1 <

where ¢; € R, 1=0,1,2,...,n—1 and n = [¢] + 1.
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Lemma 2.8. [3]] Let ¢ > 0, v,w be two integrable functions and z a continuous function, with domain
[a,T]. Assume that v and w are nonnegative; and let z is nonnegative and nondecreasing. If

[
v(¥) <w(Y¥) + Z(ﬁ)plg/ 9P — P ly(r)dr, Y € [a,T),

then

¥
v(9) < w(v) +/

i pl—kg(;((;gg))r(g))kTpl(ﬁp _ Tp)kglw(T)] dr, v ¢€la,T)].
k=1

Remark 2.9. In particular, if w(9) be a nondecreasing function on J. Then we have

o) <w@E [0 (L) | ve ),

where E.(+) is the Mittag-Leffler function defined by

k

> [
Eg(’l)) = kzol—‘(gkjm7 v E (C, RG(C) > 0.

Here we can suffice to refer to Banach’s fized point theorem [12] and Krasnoselskii’s fized point theorem [12)].

3. Existence and uniqueness results:

In this Section, we will discuss the existence and uniqueness of solution to the problem f@ via the
fixed point technique. The next lemma plays a necessary role in the following analysis.

Lemma 3.1. Let 1 < ¢ <2, p >0 and w € C(J,R). Then a function v is a solution of the fractional
boundary value problem
CKDSLy () = w(d), Ve, (12)
v(a)+v(T) =0
{ V(a)+0'(T)=0 ’ (13)

if v(9) satisfies the following fractional integral equation

0 = () [(557) - (57)

p27§ T
S / YT — )2 (r)dr

1 pl—g T
_EI’( ] / Tpfl(Tp — Tp)gilw(T)dT
S) Ja

1—¢

p
I'(s)

Proof. Applying I'’f on both sides of (12)), and employing Lemma (2.7), we get

4 /19 PN 9P — ) L (r)dr. (14)

9P — af 1—¢ o
v(¥) =co+ 1 < ; a ) + id / Tpfl(ﬁp - Tp)gilw(T)dT, (15)

and

2—¢ 9
) = gy [0 e (16)
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where cg, c; € R. Take the limit of the equations and as ¥ — T, and using boundary conditions

, we attain

c] = — 1 p2—€ /T Tpfl(Tp - Tp)§72w(7)d7' (17)

Tl +ar-1T(c—1) /, ’

and
1 1 0 —ar\ p* (T 9
- _ TP _ 1P)S d
0 = 3 (mrra) (0 i [ e
1 pl—g T

_QF(C)/ Tpil(Tp—Tp)cilw(T)dT. (18)

Substitute and into , we deduce

o = (i) [(557) - (5]

p2—§ T
Xif(g Y /a TP_I(TP — Tp)<_2w(7')d7'

1—¢

_Lp
2T(s)
S

/;1(;) /a19 Tp_l(ﬁp — Tp)g_l’w(T)dT.

T
/ PN TP — P) Y w(T)dr

_l’_

As a result of Lemma [3.1 we have the following lemma:

Lemma 3.2. Assume that g : J x R? = R is continuous with the help of Lemma . Then, the solution of
the problem (@7(@ is given by

o = () [(%52) - (5]

T
< [ - o) gl o). CF D) dr

1 pl’c T .
D) e / Tp_l(Tp — Tp)g_lg(T, U(T),CK @Z’fU(T))dT
plfg I )
+F(g) / Tp_l(ﬂp - T”)g_lg(T, U(T),CK @Z’fU(T))dT.
a

In view of Lemma we define the operator II : C(J,R) — C(J,R) by

Mo(9) = <Tp11+ap1> [(TPQ;QP> - (ﬁp;apﬂ F(p<2:§1)

T
< [ - e el o). CF D)

1pt—s (T .
~5F L T = e otn) O ()i
plfq 19a )
s [ @ =) e () S Dt ar (19)

Observe that, the problem (5)—(6) has a solution if and only if the operator II has fixed point.
Now, we present results on the existence, uniqueness of the solution of problem f@ via Banach’s fixed
point theorem.
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Theorem 3.3. Let g: J x R? = R be a continuous function satisfies the following condition.:
(H1) There exists a constant 0 < A < 1 such that:
0(0, v1,v2) = 8(0, w1, 92)| < Alvr =yl + 2 —wel], V€, viyi €R,(i=1,2).

If

v § 1 TP — gP )\pl—g (TP — ap)c—l N Ap~¢ (TP —aP)s
2 |\TP L 4t P 1—A I'(s) 1—X T(c+1)
1

< (20)
then the problem (@7(@ has a unique solution on J.
Proof. First, we show that IIB. C B, such that be Il : C(J,R) — C(J,R) defined by and
B. = {v e C(J,R), [jv]| <&}, (21)

with select € > 2 T, where T < 1 and

o3 1 TP —al\ pp' =< (17 —a?) ' pp™ (TP — )
2 [\ TPl 4 art p 1—A ['(s) 11—\ T(c+1) |’

and supyej |9(9,0,0)| := p < oo. Put G,(9) = g(9,v(9),“K D*?v(d)). For any v € Be, we get by our
hypotheses that

o) < sup [T (d)]
vel

1 TP — af W — a” p>=s
< +
- fgf{(TpWapl) K 2p ) < p )] (c—1)

x /T U TP — 1P)2 |Gy (7)] dr +

1p o
yoo [ - s ar

(g; /19 L9 — 7)1 |Gy (7)) dr} .

|g(r, v(7),“ T D5Lu(r))|

|a(7,v(7),“ % D50(r)) — g(7,0,0)| + |a(7,0,0)]
AMo(T)]+ A ‘CKQZfU(T)‘ +u

Ae + MGy (7)] + p,

From (H;), we get
Go(7)|

IN A

which implies
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Consequently,
[To(9)]
1 TP — af P _ P 2—
< swp a”y ¥ —a (Ae+p) p
ger \\TP~1 +ar~! 2p p 1-X T(c—1)
T Ae+p)pt=s [T
p—1 TP — S— 2d 7( K)p / p—1 TP — pg—ld
X/T ( ) —|—271_>\ e TP 7°) T
)\5 + ,U v p— 1 c—1
+ T F © / T TP) TN dr
TP — af TP — af
)0 )+( )
X{(Asw) ™y } 8 (Ae + 1) p~ (17 — aP'
I'(s) 2 1= I'(c+1)
< 3 TP —aP\ A\p'= (TP — af)s~!
= 2 Tﬂl+aP1 1-X I'()
n Ap~¢ (TP —aP)s
1- X T(c+1)
+§ 1 TP —af\ pp'= (TP — aP)"~!
2 (\Tr=1 4+ qr-t p 1—A I'(s)
L et (TP —al)
1— X T(s+1)
= Ye+0O<e.
Therefore,

] < e,
which gives that ITv € B.. Moreover, by (19), and lammas [2.5 E -, we obtain
CK@;fHU(ﬁ) = KDL 3G, (9) = Gy (V).

Since G (+) is continuous on J, the operator CKD;fHU(l?) is continuous on J, that is IT B. C B..
Second, we apply the Banach fixed point theorem to show that II has a fixed point. In fact, it sufficient
to prove that II is contraction map. Set v1,ve € C(J,R) and for ¢ € J. Then, we get

TTwy (9) — Hog ()]

3 1 TP —aP\  p2s
2 \Tr=1 4 qr—1 p I'c—1)

T
< [ = ) G (1)~ Gunr)] dr

IN

: p< 1 T ) G (1) — By () dr

N /ﬂ P10 — 75 Gy (7) — Gy ()] dr-
(<) Ja . -
By (Hi), we have
Gy (T) = Gy (7))
la(7, 01(r),“F D 01(7)) — 8(r, 01 (7), 7K D wa (7))
< Mop —va] + A |TED (1) — KD uy(7)|
= A1 —v2| + A |Gy, (T) = Guy (7)]
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which implies

Gy (T) = Guy (7)] < [ur = val. (23)

1—A
Thus
[[Tvy — g ||

. 3 1 TP —aP\ \p' ™ (TP — af)<1
- 2 |\TP 4 ar ! p 1—A I'(s)

AURRCASSLO M [ R
1- X D(g+1) | 1™
< Tlor — vy

Since T < 1 shows that the operator II is contraction mapping. Then, a unique solution exists on J to
the problem (B)—(6)) by virtue of the Banach’s fixed point theorem [12], and this finishes the proof. O]

Our second existence result for the problem f@ is based on the Krasnoselskii's fixed point theorem
[12].

Theorem 3.4. Assume that (Hy) holds. If

A
3 [ ( 1 > (Tp—a"’> M (P —ar) T N (TP —afy]
T2

1
Tr=1 4 g1 p 1—A I'(s) + 1-X I'(c+1) 2’
then there exist at least one solution of the problem (@7(@ on J.

Proof. Consider the operator II defined by (19)). Set the ball B, := {v € C(J,R) : ||v|| < eo}, with g9 > 2uA,
where p is defined as in Theorem Moreover, we define two operators IT; and IIy on B., by

Mo(y) = <Tp_1 ia,,_l) KTPQ; ap) - (ﬁp;apﬂ F([f_cn

T 1p1—< T
X / TP — TP)C_ZG»U(T)C[T ~3 NG / PN (TP — )51G, (1) dr,

and
1—¢

p
L'(s)

Taking into account that II; and Ily are defined on B, and for any v € C(J,R),

HQU('lg) =

9
/ Tp_l(ﬁp — Tp)g_lGU(T)dT.

[Mv(Y¥) = v(9) + Iv(d), I €.

The proof will be divided into several stages as follows:
Stage 1: ITyuy + Ilbve € B, for every vy, va € Be,.
For v; € B,, and applying the same arguments in , we have

(Ao + M)_

<
Gun (7)) < 2L

Similarly, for ve € B;,, we obain
(Aeo + 1)

Gua(7)] < 0
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Now, for v1,v2 € B, and ¥ € J, we get
[TLv1 () + Hava (V)]

< [Mor(9)] + [avz (V)]
1 3TP —a” p> T 1 9

< — — P P _ ~P\S
< <TP—1+aP—1> <2 p > =) X/a TP7HTP — 7P) 7% |Gy, (7)] dT

Lo [ Gy ()

e T T oy (T)| dT

R A 1

+I‘(g)/a TP (0P — 7P) T |Gy (T)| dT

- 1 TP — af N TP —aP\| (Aeg + p) pt=s (TP — aP)s~!
- \Trl taer! 2p p 1—) I'(c)

3 (o +10)p (T7 — a)

2 1-X  T(c+1)
<

3 1 TP —aP\ Ap'= (TP — aP)s!
2 |\Tr~ 1 +ar1 p 1—A I'(s)

Ap~¢ (TP —aP)
1—A T(c+1) |7

3 1 TP — gP Mpl—c (Tp_ap)<—1
2 () (55) 450G
pp—* (TP —al)°
1o I(c+1) }’

which implies

+

HHI'UI + HQ'UQH < ¢gp. (24)

This proves that IIyv; + Ilavy € B, for every v, v2 € Byg,.

Stage 2 II; is a contration mapping on B,.

Since II is contraction mapping as in Theorem then II; is a contraction mapping too.
Stage 3. We will prove in three steps that the operator IIy on B, is completely continuous.
Step 1, the operator Il is continuous because of the continuity of G, (-).

Step 2, It is easy to prove that

Xeg+p)  p=°
1-X T'(s+1)
due to definitions of A and g¢. This verifies that Il is uniformly bounded on B,

Step 3, we show that IIs maps bounded sets into equicontinuous sets of C(J,R), i.e., (IIaB,) is equicon-
tinuous. We estimate the derivative of IIov (1)

M) < | (T — a?) < =0,

(v (9) ]’#gftpw“wwagmm
’ Ic—1) J ’
< / Y L0 10526y (1) dr
T O T(e—1) g °
< ()\;304‘)\#) 1:?(:)( o ap)gfl — K
Now, Let 91,92 € J, with 91 < Y9 and for any v € B.,. Then we have
2

Tyu (1) — Tyv(d)| _/19 (Tyv) ()] dr < K (05 — 01).
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As ¥y —> 9 the right-hand side of the above inequality is not dependent on v and tends to zero.
Therefore,
’Hgv(ﬂl) — HQU('ng)’ — 0, v WQ — ’191| — 0, v E Bso-

This proves that Iy is equicontinuous on B.,. An application of Arzela-Ascoli Theorem shows that Il
is relatively compact on Bc,. Hence all the assumptions of Krasnoselskii’s fixed point theorem are satisfied.
Thus, we deduce that the problem f@ has at least one solution on .J. O

4. Ulam-Hyers stability

This part is devoted to discussing the Ulam-Hyers and generalized Ulam-Hyers stability of solution of
(CK)-type for the problem (B)—(6).

Definition 4.1. (i1, [32], The problem (@)7(@) is Ulam-Hyers stable, if there exists a real number Ky > 0,
such that for each € > 0 and for each solution U € C(J,R) of the inequality

[CKDLH() — a(0, 5(9).CK DELH(W)| <2, VT, (25)
there ezists a solution v € C(J,R) for the problem (@—(@ such that
[0(0) —v()| < Kype, €.

Definition 4.2. [1(),[32] The problem (5)-(6) is generalized Ulam-Hyers stable if there ezists ¥ € C([0, 00), [0, 00))
with W(0) = 0, such that for each solution v € C(J, R) of the inequalily

KD B(9) — g(0,0(9),“K D)) <e, Ve, (26)
there ezists a solution v € C(J,R) for the problem (5)-(6) such that
[5(0) — v(®)] < V(e), D€ I.

Remark 4.3. [10] Let ¢,p > 0. A function © € C(J,R) is a solution of the inequality if and only if
there exist a function hy € C(J,R) such that

1. [hz(9)] < e for all 9 € J,
2. DS §(0) = g(9,5(9),“K DT(9)) + hi(9), 9 € J.

Lemma 4.4. Let v € C(J,R) is a solution of the inequality (25). Then ¥ is a solution of the following
integral inequality:

1—¢ ¥
50) = Zo= g [ 7 00— @) () S D <
where - ) - ;
3 1 —a’\ p~ 1 P
[P— TP — P\ TP — P\
©7 [<T+>< ; >r<<>< N e | “)]’
and
7 1 TP — af 9P — af p>
v <Tp‘1+ap‘1> [( 2p >_< p ﬂ I'(c—1)
T
R O T CReE R T
1p1_g T .
5t | T =) (). () (27)
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Proof. Thanks to Remark and Theorem we get

5) = <Tp1 iaﬂ) KT;M) - (01);%)} F([fjl)

T
x / 1T — )52 g, 5(r),CK DLT(r)) + ha(r))] dr

1pl—s

20(¢)
1-¢ v
+?<g> / (WP — 1) (7, 0(r),“K DELT(7)) + hi(7))] dr.

It follows that

T
|7t = o o, 5. D)) + ho(r)] d

1—¢

v
50) = Zo sy [ 70— o) ol ). D)

1 3T —a?\ P [T . o
<Tp-1+ap-1><2 )

/ TP = a?) T hg(9)| dT + ;ﬂl(;; / Y (97 — a) " [hg(9)| dr

TP — gP 2—¢ T
: 1) ( a4 ) p / TP — Tp>§_2d7'
TP +arf~ P F(C - 1) a

T 1 1 prs [ 1 1
TP (TP —aP)  dr +¢ / TP (9P — aP) T dr
| rrar—w) s [ e -

IN

IN

e —<
§r( )
Ce.

+

IN

(28)

O

Theorem 4.5. Suppose that the hypotheses of Theorem are satisfied. Then the problem (@—(@ s Ulam-

Hyers stable.

Proof. Let v € C(J,R) be a function which satisfies the inequality and € > 0, and let v € C(J,R) be

the unique solution of the following (CK) fractional differential equation
CKDSP 1(1) = (0, v(9),CK DFu(9)), ¥ €,

with the conditions
{ v(a) = Ba), o(T) = 5(T),
V'(a) = v'(a), V'(T) = v'(T),

where 1 < ¢ < 2. By using Lemma , we can easily see that v(-) satisfies the integral equation

1—¢

p

v(¥) =Zy + A

v
[t o) et ) S ()

where

o () (75 (5

< LT o) g, 0(0). O D)

1pl=s
2T()

T
[t = o et vtn) S D5 o)

(29)
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Using Lemma [.4] we get
pl—g [
50) ~ Zo ~ gy [ 70 = ) o). O D5 ()| < . (3
Due (B0)), it is easily seen that |Zz — Z,,| — 0. Indeed, from (H;) and (30]), we deduce that
1 TP — af WP —af p>¢
|Z5 — Zy| = . R - —
Tr=1 4 ar 2p p I'(c—1)
T
o R e CL CREE R T
Lpt=s 7T c
~5F L T = et ) O ()i
1 T — a” 9P —af p*s
() [(55) - (57| s
T
< [ = ) (o) SR ()
1pt=s (T .
gt [T =) (). O ()i
3 1 TP —aP\ 1,
< 3w (55)
x g(T,0(T),“ N DIFO(T)) — g(T,v(T),“ X D ()|
1 . .
+5 30 |o(T, (1), DIH(T)) — o(T, v(T), 7 DFu(T))|.
Since,
|0(T,5(T),“ " DL0(T)) — o(T,o(T),“" D520(T))]
< AB(T) —u(T)| + A |“EDET(T) —“F D0u(T)|
A
< T)—v(T)|. 2
< T2 o) (32)
From (30), we have 0(T") — v(T') = 0. Hence,
’ZT) - Zv’

3 1 TP — a” A 1p i~
< = IS5 [5(T) = o(T
- 2 (Tp—l + ap—l) ( p ) (1 o A) Ja+ ’U( ) U( )’

A Gp |~
— T) —v(T
— 0.
Hence,
pe
I'(s)

U(’l9) = Zg +

9
|t - ey g uln) O D5 o)
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Through ([B1)), (H1) and (B2)), we arrive at
[0(9) — v(9)]

_ - pt=s
v(V9) — Zy )
1—¢

'0/19 p—l(qu p)c—ll ( ~( )CKgc;p~( ))_ ( ( )CKQC;P ( ))‘d
+I‘(<) j T -7 g(r,v(71), aru(r g(r,v(7), aru(r T

A opls
< et P

9
T AT(S) /a Tp_l(ﬁp — T”)g_1 |o(1) — v(1)| dr.
By applying Lemma [2.8] and Remark [2.9] it get that

[0(0) = v(?)]

9
[ @ - o g ). 05

IN

v [ i
£ ; F(kjg) T T g T

< o) (52 o g

A 9P —aPf\*
e (25(55) )

For

we get
[5(0) — v(O)| < Ke. (33)

This shows that the problem f@ is Ulam-Hyers stable. OJ

Corollary 4.6. Let the hypotheses of Theorem hold. Suppose that ¥ : RT™ — R* such that ¥(0) = 0.
Then tne problem f 1s generalized Ulam-Hyers stable.

Proof. One can repeat the manner similar to Theorem with setting Kre = ¥(e), and ¥(0) = 0, we
deduce that
[0(9) —v(P)] < V(o).

O
5. Examples
Here, we stipulate some interpretative examples to support the obtained results.
Example 5.1. Consider the following problem:
UM eI
5+|v(9) |+ D22y
3.1 %e\/ngl + o 3.1 ) 19 € [07 1]7
CK@g;Qu(ﬁ) — 12e2—7 (1+|U(ﬁ)|+‘CK©02";‘2U(19)D ) (34)

v(0) +v(1) =0,
V' (0)+0'(1) =0
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Take:
54u+twv

12e27 (1 4+ u + v)
with ¢ = 3 and p = 5. Obviously, the function g € C([0,1]). For each u,v,u*,v* € RT and ¥ € [0,1]

a(V,u,v) = [;eﬁﬂ + ] , ¥e(0,1],u,v € RT,

a(v )= a0t 0] S+u+v 54 u* 4 v*
u,v) — u,v = —
v g 12279 (1+u+v) 12e279 (1 + u* + v*)
1 X %
< W(W*U | + v — ")
1

< o (u—w - o).

Hence, the assumption (Hy) is satisfied with A = @ We can easily check that T = gfe(— ) =
12

0.25234 < 1. Since all the assumptions of Theorem (-) are obtained, therefore problem (.) has a unique
solution.
Example 5.2. Consider the following problem:

4.3
32

CKgyiis _‘Uw”+m%CK® o)
0+ v(¥) = 200+2)(1+[v(@)]) J€[0,1] (35)
v(0) = —v(1),
v'(0) = —0'(1)
Put:
a0, u,0) = =SB e (0,1],u,0 € RY,

2009 4+ 2)(1 4+ u)’
with ¢ = %,p = % and T = 1. Now, for each u,v,u*,v* € RT and 9 € [0,1]

609, u,v) — g0, u*,v7)| = U+ cosv _ u"+cosv”
LT 0 = B S T 2001 2)1 1w 2000+ 2)(1 + u)

1
< o=+ =),

Hence, the assumption (Hi) is satisfied with A\ = %. We can easily check that T =~ .009 < 1. By Theorem
the problem has a unique solution.

We can see that all the required assumptions of Theorem [[.J] are satisfied. In consequence, the suggested
problem 1s Ulam-Hyers, generalized Ulam-Hyers stable.

According to Theorem for e >0, any v € C([0,1],R) satisfies the following inequality

4+ [5(9)] + ‘@03;55(19)’
o)

there exists a solution v € C([0,1],R) for the problem such that

3.1 1
CK@gvza(ﬁ) _ *6\/5+1 +

3 <e, 9€]0,1],

16627 (1 +[3(0)] + D

[0(¥) —v(9)] < Kype, 0 €[0,1],
where Ky = 10\/2E% (QW\E) . furthermore, if we put Kre = ¥(e), and V(0) = 0, then

5(9) —v(¥)| < U(e), ¥ €0,1].
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6. Conclusions

In this article we have studied a type of a nonlinear IFDE with the anti-periodic boundary condition
involving a Caputo-Katugampola fractional derivative. We have also established sufficient conditions ensuring
existence, uniqueness and Ulam-Hyers stability of solutions for a proposed proplem by applying some fixed
point theorems and generalized Gronwall inequality. We confident the obtained results here will havea
favorable impact on the evolution of more applications in applied sciences and engineering.

References

[1] S.Y. Al-Mayyahi, M.S. Abdo, S.S. Redhwan, B.N. Abood, Boundary value problems for a coupled system of Hadamard-type
fractional differential equations. IAENG International Journal of Applied Mathematics, 51(1) (2021) 1-10.
[2] S. Abbas, M. Benchohra, J.R. Graef, Implicit fractional differential and integral equations. de Gruyter, (2018).
[3] R. Almeida, A Gronwall inequality for a general Caputo fractional operator, arXiv preprint arXiv:1705.10079. (2017).
[4] E. Alvarez, C. Lizama, R. Ponce, Weighted pseudo anti-periodic solutions for fractional integro-differential equations in
Banach spaces, Applied Mathematics and Computation, 259 (2015)164-172.
[5] B. Ahmad, J.J. Nieto, Anti-periodic fractional boundary value problems, Computers & Mathematics with Applications,
62 (2011) 1150-1156.
[6] M. ALMALAHI, S.K. PANCHAL, Existence and stability results of relaxation fractional differential equations with Hilfer—
Katugampola fractional derivative, Advances in the Theory of Nonlinear Analysis and its Application, 4(4) 299-315.
[7] M.S. Abdo, S.K. Panchal, Some new uniqueness results of solutions to nonlinear fractional integro-differential equations,
Annals of Pure and Applied Mathematics, 16 (1) (2018) 345-352.
[8] B.N. Abood, S.S. Redhwan, M.S. Abdo, Analytical and approximate solutions for generalized fractional quadratic integral
equation, Nonlinear Functional Analysis and Applications, 26(3) (2021) 497-512.
[9] M. Benchohra, S. Bouriah, M.A. Darwish, Nonlinear boundary value problem for implicit differential equations of fractional
order in Banach spaces, Fixed Point Theory, 18 (2017) 457-470.
[10] M. Benchohra, S. Bouriah, Existence and stability results for nonlinear boundary value problem for implicit differential
equations of fractional order, Moroccan Journal of Pure and Applied Analysis, 1(1) (2015) 22-37.
[11] A. Boutiara, K. Guerbati, M. Benbachir, Caputo-Hadamard fractional differential equation with three-point boundary
conditions in Banach spaces, AIMS Mathematics. , 5(1) (2019) 259-272.
[12] T.A. Burton, C. KirkU, A fixed point theorem of Krasnoselskii Schaefer type, Mathematische Nachrichten, 189 (1998),
23-31.
[13] M. Benchohra, J.E. Lazreg, Nonlinear fractional implicit differential equations, Communications in Applied Analysis, 17
(2013) 471-482.
[14] S. Hamani, W. Benhamida, J. Henderson, Boundary value problems for Caputo-Hadamard fractional differential equations,
Advances in the Theory of Nonlinear Analysis and its Application, 2(3) (2015) 138-145.
[15] R. Herrmann, Fractional calculus: an introduction for physicists, (2011).
[16] G. Jumarie, On the representation of fractional Brownian motion as an integral with respect to (dt) a, Applied Mathematics
Letters, 18 (7) (2005) 739-748.
[17] U.N. Katugampola, Existence and uniqueness results for a class of generalized fractional differential equations. Preprint.
arXiv:1411.5229. (2014).
[18] U.N. Katugampola, A new approach to generalized fractional derivatives, Bulletin of Mathematical Analysis and Applica-
tions, 6 (2014) 1-15.
[19] U.N. Katugampola, New approach to a generalized fractional integral, Applied Mathematics and Computation, 218 (3)
(2011) 860-865.
[20] U.N. Katugampola, Mellin transforms of the generalized fractional integrals and derivatives, Applied Mathematics and
Computation, 257 (2015) 566—580.
[21] A.A. Kilbas, H.M. Srivastava, J.J. Trujillo, Theory and applications of fractional differential equations, Elsevier Science
Limited, 204 (2006).
[22] N.H. Luc, D. Baleanu, N.H. Can, Reconstructing the right-hand side of a fractional subdiffusion equation from the final
data, Journal of Inequalities and Applications, 2020(1) (2020) 1-15.
[23] A.B. Malinowska, T. Odzijewicz, D.F.M. Torres, Advanced Methods in the Fractional Calculus of Variations, Springer:
Berlin. (2015).
[24] B. NGHIA, Existence of a mild solution to fractional differential equations with v-Caputo derivative, and its i)-Holder
continuity, Advances in the Theory of Nonlinear Analysis and its Application, 5(3) 337-350.
[25] D.S. Oliveira, E. Capelas, de. Oliveira, Hilfer-Katugampola fractional derivatives, Computational and Applied Mathemat-
ics, 37 (2018) 3672-3690.
[26] I. Podlubny, Fractional Differential Equations, Academic Press: San Diego, (1999).
[27] S.S. Redhwan, S.L. Shaikh, M.S. Abdo, Implicit fractional differential equation with anti-periodic boundary condition
involving Caputo-Katugampola type, AIMS MATHEMATICS, 5(4) (2020) 3714-3730.



S.S. Redhwan, S.L. Shaikh, M.S. Abdo, Results in Nonlinear Anal. 5 (2022), 12-2§] 28

28]
[29]
[30]
[31]
32]

[33]
[34]

[35]

S.S. Redhwan, S.L. Shaikh, Analysis of implicit Type of a generalized fractional differential equations with nonlinear
integral boundary conditions, Journal of Mathematical Analysis and Modeling, 1(1) (2020) 64-76.

S.S. Redhwan, S.L. Shaikh, M.S. Abdo, A coupled non-separated system of Hadamard-type fractional dierential equations,
Advances in the Theory of Nonlinear Analysis and its Applications, 1(1) (2022) 33-44.

S.S. Redhwan, S.L. Shaikh, M.S. Abdo, Some properties of Sadik transform and its applications of fractional-order dynam-
ical systems in control theory, Advances in the Theory of Nonlinear Analysis and its Application, 4(1) (2019) 51-66.

S. Redhwan, S.L. Shaikh, Implicit fractional differential equation with nonlocal integral-multipoint boundary conditions in
the frame of Hilfer fractional derivative. Journal of Mathematical Analysis and Modeling, 2(1) (2021) 62-71.

LA. Rus, Ulam stabilities of ordinary differential equations in a Banach space, Carpathian Journal of Mathematics, 26
(2010), 103-107.

S.G. Samko, A.A. Kilbas, O.I. Marichev, Fractional Integrals and Derivatives; Yverdon-les-Bains, (1993).

J.V.C. Sousa, E.C. Oliveira, A Gronwall inequality and the Cauchy-type problem by means of y-Hilfer operator, arXiv
preprint arXiv:1709.03634, (2017).

T.N. Thach, T.N. Huy, P.T.M. Tam, M.N. Minh, N.H. Can, Identification of an inverse source problem for time-fractional
diffusion equation with random noise, Mathematical Methods in the Applied Sciences, 42(1) (2019) 204-218.



	1 Introduction
	2 Preliminaries
	3 Existence and uniqueness results:
	4 Ulam-Hyers stability
	5 Examples
	6 Conclusions

