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ABSTRACT. Nonlocal boundary value problem of the first kind for an ordinary
linear second order differential equation with positive parameter at the highest
derivative is considered. The existence and uniqueness, as well as, a uniformly
stable estimate of classical solution is established under accurate condition on
coefficients and location of nonlocal data carriers of multipoint boundary value
condition. An essentiality of the revealed condition is confirmed by ill-posed
problem examples.

1. INTRODUCTION

The article of A.N. Tikhonov [I] gave the reason for a wide range study in the
field of parameterized differential equations. The joint paper of A.V. Bitsadze and
A.A. Samarskii [2] motivated a lot of research in the field of differential problems
which are identifiable as nonlocal boundary problems.

In our paper, we consider nonlocal boundary value problem (NLBVP) of the first
kind]| for ordinary differential equation (ODE)

eu”’(z) + a(z)u'(z) — b(x)u(z) = —f(z), 0<z<1

with a positive parameter € > 0. Herein, for an unknown solution, we consider the
nonlocal boundary value condition (NLBVC) which is given by linear combination
of the values in boundary and interior points of [0,1]. Our task is to study the
question of a uniformly stable solvability of such NLBVP in respect of the classical
solution from C2(0,1) N C[0, 1].

In [3], for Sturm-Liouville operator the NLBVP of the first kind

[k(z)u) = q(x)u=—f(z), 0 <z <1, u(0)=0, u(l) = ZO@U(&)

was researched for k(z) € C1[0,1], f(z), q(x) € C[0,1], k(z) > mo > 0, g(z) > 0.
The existence, uniqueness and a priori estimate of classical solution was established
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!The term ”NLBVP of the first kind” was introduced by V.A. Il'in and E.I. Moiseev in [3].
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for the case if all coefficients «a;, ¢ = 1,...,n have the same sign and satisfy the

condition
n
—00 < Z a; < 1.
i=1

For the same problem, but under the condition that «;, ¢ = 1,...,n have an
arbitrary sign and satisfy the condition

1

137
Z 3 /k(T)dT</k‘(7')dT’
0 0

i=1

the existence and uniqueness of classical solution was proved in [4].
In [5], it was proved that singularly perturbed NLBVP of the first kind

—%y" (@) + g(@)y(x) = (), 0<z <1, y(0)=0,ly=d
has a unique solution if and only if the solution of Dirichlet problem
e2u” (z) — g(x)u(z) =0, u(0)=0, u(l) =1
satisfies the condition fu # 0, where g(z) > K2 >0, K € R, {y = y(1)—

€ (0,1).
In [6], the existence, uniqueness and a priori estimate of classical solution

MS

Ciy(Si)7

=1

lullwzio,) < CllfllLa0.)
were proved for NLBVP

{ [k(x)w! ()] + r(z)u'(z) — (x)u(at —f(@), 0<z <1,
u(0) =0, u(l) = au(C) — Bu(n),
where k(z) € C'[0,1], f(z), r(z) and ¢(z) € C[0,1], k(z) > mo >0, |r(z)| < u,
q(x) >0, ©€0,1], up<mg, ¢€(0,1), ne (0,1), in addition, a >0, S > 0,
—co<a—-p<1if (<n, a<lif n<.
In [7], the existence, uniqueness and a priori estimate of classical solution were
proved for NLBVP with double-side NLBVC of the first kind

{ [k(z)u' (2)]" + r(z)u' () — g(@)u(z) = —f(z), 0<z<1,

u(0) = apu(Co) — Bou(no), u(1) = aru(Cr) — Bru(m)

where k(z) € C0,1], f(z), r(z), q(z) € C[0,1], k(z) > mo > 0, g(x) > 0,
€ [0,1], ¢; € (0,1), m; € (0,1), i = 0,1, max{(p, Mo} < min{¢y, 7 }, in addition,

a; >0, 8; >0, i=0,1, So <1, 51 <1, So+ 51 <2, herewith Sy = ag—y for

no < Co, So=ag for (o <mo, S1=a1—p1 for G <m, S1=a; for g <.
In [8, p. 68-72], a uniformly stable solvability was reported for parameterized

NLBVP
{ —eu’(z) + b(x)u(z) = f(x), 0 < <1,
u(0) — au(C) = ¢o, u(l) — Bu(n) = ¢

where € > 0, b(x), f(z) € C[0,1], b(z) > bv* >0,0<(<n<1 —0 <a<l,
—o<p<l,af #0, p; =const,i=0,1.

In [9], the solution of NLBVP, which was formulated in [5], was constructed by
using the truncated orthogonal series and corresponding solution of the reduced
problem.
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In [I0], under the condition that classical solution of the Dirichlet problem

—ew” + a(w)w + blz)yw =0, 0 <z < 1, w(0) =0, w(l) =1

m—2
satisfies the inequality w(1)— ciw(s;) # 0, the behaviour of exact solution was

analized for NLBVP '

Il
-

m—2

—eu” +a(z)u' +b(x)u= f(x), 0 <z <1, u0)=A, u(l)= Z ciu(s;) + B,

where 0 < ¢ << 1, a(zx) > a > 0, a(z), b(x) and f(x) are sufficiently smooth
functions on [0,1], s; € (0,1), i =1,2,...,m — 2.

In summary, it is natural that NLBVP’s solvability, as well as, the behaviour of
its classical solution depends on coefficients, their signs, values, and, at least, data
carriers location of given nonlocal condition. It is the reason why the aim of our
paper is to reveal explicit condition of a uniform solvability for parameterized linear
second order ODE with abstract double-side nonlocal condition of the first kind.
In general, naturally that the information on a uniform solvability of differential
problem is also actual for its numerical interpretation.

Additionally, sufficiently detailed overview on NLBVP for ODE is enclosed in
[3 [, 6] [7, 3], the survey on boundary value problems respectively parameterized
ODE is represented by [14].

2. DIFFERENTIAL PROBLEM
We consider the NLBVP
Lu(z) = eu’ (x) + a(z)u/(z) — b(z)u(z) = —f(z), 0<z <1, (2.1)

o) =u(0) =Y () =vo, G =u(l) =Y Bum) =¢r,  (22)
k=1 1

where e > 0 is a parameter, a(z), b(z), f(z) € C[0,1], m; > 2, i = 0,1,
wi€R, i=0,1, ¢ €(0,1), k=1,....,mg, m; € (0,1), L =1,...,my are so that

0<( << i <Clmg<m<N2< ... <Ny <1, (2.3)

in addition, ay € R, k=1,...,mo, B € R, [ =1,...,m; are nonzero coefficients.
Next condition is denoted by A:

-if all ay are not of the same sign, then aj >0 only for k=1,...;m,, or ap >0
only for k=m, +1,...,mg, where m, is some natural number, 1 <m, < my;
-if all §; are not of the same sign, then 5; >0 only for [ =1,....,ms, or G >0
only for [ =m, +1,...,m;, where m, is some natural number, 1 < m, < m;.
Further, we will use the designations:

Gy il ak+\ak| ak—|ak\
o= ap, ot = - = =
< < - 5z+|ﬂl |5z
B = B, BT =
S =3 B o5 Ao

at +a, if a,, <0, o, > 0,
So =< at, if am, >0, am,,, <0,
«, if ag, k=1,...,my have the same sign,
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BT+ 67, if Bm, >0, B, <0,
Sy =4q BT, if B, <0, B, >0,
B, if B, I =1,...,m1; have the same sign.

Definition. The function u(z) is a classical solution of NLBVP (2.1)-(2.2) if it
belongs to C2(0,1) N C0, 1], satisfies the equation (2.1) and NLBVC (2.2).

Let each one of NLBVC (2.2) encloses different sign coefficients. Let us suppose
that classical solution u(x) of NLBVP (2.1)-(2.2) exists. Then, in view of the mean
value (MV) property [3, p. 1198-1199], by analogy with [13, p. 39], this classical
solution satisfies some reduced NLBVC

u(0) —atu(C) —aTu((T) =wo, w(l) = BTun) = BTulnT) =¢1,  (24)
where <+ Kl)Cmo] C_ € [Chcmo} 6 [77 15 Thmy € [771’77m1] a‘ndv therefore,
u(z) is classical solution of NLBVP ( 1),(2.4) tog? In respect of (2.4), we denote

o(u) = u(0) — aFu((T) —au((T), b(u)=u(l) B uln™) — B uln™). (2.5)
Hence, for S;, i =0, 1, we have
at+a7, if (T < (T,
So=< aT, if ¢t < (7, (2.6)
a, ifall ag, k=1,...,my have the same sign,
Br+p7, if <,
S1= ﬁJr? if n < 77+a (27)
B, ifall 8, I =1,...,m; have the same sign.
Additionally, in view of (2.3) and A, we have

CC#CT n #n', max{¢T, ¢} <min{n~,n"} (2.8)
Our first result is

Lemma 2.1. Let S; < 1, ¢; # 0, i = 0,1. If u(x) is classical solution of the
problem (2.1),(2.4), then v(x) = u(x) + woqo(x) + w1q1(x) is classical solution of
the problem

Lv(z) = —fi(x), 0 <z <1, fo(v) =0, 1(v)=0 (2.9)

for fi(z) = f(z) — woLqo(x) — v1Lq1(x), where q;(x), i = 0,1 are some cubic
polinoms .

Let S; <1,i=0,1. Let only one of o, p1 be nonzero, i.e., v;, # 0, i, € {0,1}.
If w(z) is classical solution of (2.1),(2.4), then v(z) = u(x)+;, ¢, (x) s classical
solution of the problem (2.9) for fi(x) = f(z)— i, Lqi, (x), where ¢, (x) is some
cubic polinom.

Proof. Assume that go(x), q1(x) € C?(0,1) are an arbitrary functions. Then it is
obvious that

Lo(z) = =[f(z) — poLgo(z) — p1Laq1(2)] = — f1(x)

2Thus we will say: ”the problem (2.1),(2.2) is reduciable to (2.1),(2.4)”, or, for example,
”condition (2.2) is redused to (2.4)”, or ”condition (2.2) is reduciable to (2.4)”, or ”(2.4) is
reduced nonlocal condition” and etc..
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i.e., v(x) satisfies the differential equation (2.9). Let us construct some polinomials
( ) and ¢;(z), so that the function v(z) will satisfy NLBVC (2.9). Put ¢; # 0,
=0,1. We look for the functions

qo(z) = co(1 = 2)(n" —2)(n~ — 2), (2.10)
qi(z) = cz(Ct —2)(¢” —2), (2.11)
where an unknown constants ¢y and c¢; have to be defined. Since
bo(q1) =0, ti(qo) =0, (2.12)
then, in view of (2.5) and (2.4),
() = @o + wolo(q0) + ¢1fo(a1) = woll + lo(0)], (2.13)
G1(v) = o1+ woli(q0) + 1li(ar) = @1 [l + bi(qr)]- (2.14)
Since v(z) has to satify (2.9), then, in view of (2.13) and (2.14), the equalities
14 0o(gq0) =0, 1+61(q1) =0 (2.15)
have to be satisfied for ¢;(z), i = 0,1. Hence, we have
—(Eo)™", (2.16)
=—(Do)™", (2.17)

for
Eo=n"n"—a"(A=¢H) (" =¢T) (™ =¢H)—a  (1=¢) (" =¢7 )™ —¢7), (2.18)
Do =(1—-C¢N)A=¢) =BTt (T =) =D =80 (CT—n7 )¢ —n7), (2.19)

where FEy # 0, Dy #0 since Ey > 0, Do > 0. Indeed, in view of (2.8), from
(2.18) and (2.19), correspondingly, we get

( —[a++a DNA=C)" =)™ —¢), if (7 <7,
B> { i Zena E s e, e 2 (220
—[BT - _ (7t - _ (- i + -
Dy > 875% 5 ])7 <(+)( Ci)c(?)’ ifcn),’ <an_ = (2.21)
Then from (2.20) and (2.21)7 correspondingly, in view of (2.6) and (2.7), we have

= So)(1=¢T)" = ¢T)(n™ =¢7), if (7 <0< 8 <1,
< )( 7C7)(777 7C7)’ if Ci < C+7 —00 < SO < Oa
=So) L =¢T)" = ¢~ —¢7), if (T <, 0<8 <1,

{ (=S (= —=¢Hn~ —¢), if nt <n™, 0< 8 <1,
Do >

(1
Ey > (
(1

(= ¢ —¢7), i nt <n7, —00 <8 <0,
(1=S)n~(n~ = ¢~ —¢7), if = <n™, 0< S <1
Hence, Ey > 0, Dy > 0, therefore, Ey # 0, Do # 0. Thus, in view of (2.16) and
(2.17), the polinomials (2.10) and (2.11) are defined. In view of (2.12) and (2.15),
v(z) satisfies nonlocal conditions of (2.9). Since u(z) € C?(0,1) N C[0,1], then
v(z) € C?(0,1)NCI0,1] too, therefore, v(x) is classical solution of NLBVP (2.9).
By similar way, it is easy to prove the second statement for the case if one of two
data ¢;, ¢ =0,1 is zero, but another one is nonzero. Lemma 2.1 is proved. ([
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Let all coefficients ay, k = 1,...,mg have the same sign and all coefficients
Bi, 1 =1,...,m; have the same sign, (the signs of «; and [; can be different).
Then, by analogy with (2.4), the classical solution of NLBVP (2.1),(2.2) satisfies
the condition

u(0) — au(¢) = wo, u(l) — Bu(n) = ¢1,
for some ¢ € [C1,Cmol, M € (M1, 7,y ], s0 that ¢ <7 in view of (3).

Corollary 2.2. Let S; <1, ¢; #0, 1 = 0,1. If u(x) is some classical solution of
the problem

Lu(z) = —f(x), 0 <z <1, u(0)— au(¢) = ¢o, u(l) — fu(n) = ¢1
for ¢ < n, then v(x) = u(x) + ogo(x) + v1q1(x) is classical solution of the problem
Lv(z) =—=fi(z), 0 <z <1, v(0)—av(¢) =0, v(1)— Bv(n) =0
for fi(z) = f(z)=poLao(x) —p1Lqi (), go(z) = co(1-2)(n—2), 1 (z) = crzx((—x),
co=—n—al=Qm-0]™" aa=—[(1—=¢) —Bnn—-I"
Proof. This is provable by analogy with Lemma 2.1. Corollary 2.2 is proved. O

Corollary 2.3. The statement of Corollary 2.2 is true for the case if all coefficients
ak, k=1,...,mqg have the same sign, but there are different sign coefficients among
B, 1=1,....,my (or vice versa).

Proof. This is provable by analogy with Lemma 2.1. Corollary 2.3 is proved. [

3. A UNIFORM STABILITY ESTIMATE
Here, we establish a uniformly stable estimate. Our basic result is

Theorem 3.1. Let a(x) > ag > 0, b(z) > by > 0, x € [0,1]. Let conditions (2.3),
A hold. If Sy <1, 51 <1 and, in addition, S1 < 1 if by = 0, then a uniformly
stable estimate

u(@)] < C(lpol + ler| + max [f(y)]), 0<a<1 (3.1)
<y<l
holds for classical solution of NLBVP (2.1),(2.2).

Proof. Let u(x) be some classical solution of NLBVP (2.1),(2.2). Since (2.2) is
reduciable to (2.4), then u(x) is classical solution of NLBVP (2.1),(2.4). In view
of Lemma 2.1, the function v(x) = u(z) + woqo(z) + v1¢1(x) is classical solution of
NLBVP (2.9). Assume that a uniformly stable estimate holds for v(z), i.e.,

o(@)| < € max Ai(w)], 0<w<1 (3.2)

for some independent of £ constant Cy, where fi(z) = f(x) —@oLqo(x) —¢1Lq1 ().
Then, by virtue of the triangle inequality,

< <z<l1
[u(@)] < C1 max [fi(y)] + |vol max o)l + ler| max la(y)l, 0o <1,

so that
lu(@)| < C1 max [f(y)| + Calpol + Cslea], 0 <z <1
0<y<1

Thus, if (3.2) is true, then (3.1) is also true for the constant C' = max{C1, Cs, C3}.
So, to prove (3.1) it will be sufficient to obtain the estimate (3.2) for the solution
of NLBVP (2.9). Further, to establish (3.2) we will consider three subcases:
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first - all coefficients ai, k = 1,...,my have the same sign and all coefficients 5,
I =1,...,mp have the same sign (the signs of «; and f; can be different);

second - each one of two nonlocal conditions (2.2) encloses different sign coeflicients;
third - one condition of (2.2) has the same sign coefficients, but another one encloses
different sign coefficients.

Subcase 1. Put ay, k = 1,...,mg have the same sign, §;, l = 1, ..., m; have the same
sign (the signs of ay, and §; can be different). Our task is to prove the estimate (3.2)
for classical solution of NLBVP (2.9). By virtue of MV property [3, p. 1198-1199]
in respect of NLBVC (2.9), we get

v(0) = av((), v(1) = Bu(n) (3.3)

for some ¢ € [C1,Cmo), M € [M1,Mm,])- If @ < 0, then, in view of Bolzano theorem,
v(zg) = 0 at some point zg € (0,(), i.e., v(z) satisfies boundary value condition
(BVC) of the first kind at 2. If a > 0, then wy(0) = wp(¢) for the function

oa—1)x +
wo(z) = v(x)(c)c. (3.4)
By virtue of Rolle’s theorem, wj(z¢) = 0 at some point 2o € (0, (). Hence,
1—-a
"(20) — h =0, ho=-— " 3.5
v (1’0) O’U(l‘o) ) 0 ¢— 1‘0(1 — 04) ) ( )

so that hg > 0 since our theorem condition requires the bound Sy < 1. It means
that v(x) satisfies BVC of the third kind at x¢ if 0 < @ < 1, or of the second kind
ifa=1.

Similarly, for 8 < 0 we obtain BVC of the first kind v(x;) = 0 at some point
x1 € (n,1), as well as, for 8 > 0 we get BVC of the third kind if 0 < 8 < 1, or of
the second kind if 8 = 1 at some point z; € (1, 1), i.e

1-8
B(l—xz)+a—n
so that h; > 0 since the theorem condition requires the bound S; < 1. Note that
to get (3.6) we use the function

’U/(J?l) + hl’U(J)1) = 0, hl =

(3.6)

Bla-—1)+n—=
n—1
and corresponding equalities w1 (1) = w1 (n), wi(z1) = 0.
In summary, we revealed that on some interval [z, ;] the function v(x) satisfies
the boundary value problem (BVP)

Lo(z) = —fi(x), 0 <z <z1, o' (w0) — hov(wg) =0, 010" (1) + hrv(21) =0,
where dg = 1 if @ > 0 and 4; = 1 if § > 0, in addition, dg =0, hg = 1 if @ < 0, and
01 =0, hy =1 if B < 0. Hence, in view of the variable replacement

t = (r1 —x0) Hx — 20), (3.8)
we get that the function o(t) = v(x(t)) satisfies the BVP

{{i@(t) et"(t) +a () "(t) = b()o(t) = —fu(t), 0<t<1, (3.9)
Fio9(0) — 807’ (0) = 0, hy9(1) + 6,8 (1) = 0, ‘

wi(x) = v(z)

(3.7)

where

a(t) = (z1 — zo)a(x(t)), b(t) = (z1—20)*b(x(t)), fi(t) = (21— z0)* fi(a(t)),
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w(t) = (x1 — o)t + xo, a(t) > (M = Cmg)ao, b(t) > (M = Cmy)?bo, 0 <t <1,
in addition, hg, &, hi, 01 are defined by the specification
(5020,]30:1 for a <0,
dg = s iLOZ(Ilfl‘Q)hO for 0 < a <1,
6, =0, hy=1 for 8 <0,
51:1, ﬁlz(x1—$0)h1 for 0<B§1,

herewith, hq + (M — Cmg)?bo > 0 since the theorem condition requires S; < 1 for
bp = 0 (it means that 0 < 8 < 1 for by = 0) and, therefore, we have hy > 0.
Further, for classical solution of BVP (3.9), by virtue of [12, p. 100-103], we get a
uniform on ¢ stability estimate

o(t)| < Lo <t< :
[0(t)] < Cy e, ILo(y)], 0<t <1, (3.10)
therefore, in view of the variable replacement,
lv(@)] < Cs max [fi(y)], zo < <an, (3.11)
zo<y<w1

where Cy is an e-independent constant. Since ¢ € (2o, x1) and 7 € (xg, 1), then
(Ol < Cs max [fi(z)], |v()]<Cs max |fi(z)]

o<z<z o<z<m1

Hence, in view of NLBVC (2.9),

[v(0)] = G5 max [f1(x)

> o] = Cs max [fi(2)], (3.12)

where C5 = Cy max{|al,|8|}. Now, in view of (3.12), we interpret the solution of
NLBVP (2.9) as classical solution of Dirichlet problem

Lv(z)=—fi(z), 0 <z <1, v(0) =70, v(l)=n1, (3.13)
where
il < Cs max [fi(z)], i=0,1. (3.14)

Then, by virtue of [12, p. 100-103], we obtain a unifromly stable estimate
[o(@)] < Cs(hol + Im| + max [Lo(y)]), 0<a <1, (3.15)

where Cg is some e-independent constant. In view of (3.14), the estimate (3.2) is
true. Therefore, a uniform on ¢ stability estimate (3.1) is proved.

Subcase 2. Put that each one of two conditions (2.2) encloses different sign coeffi-
cients. Then u(z) satisfies some reduced condition (2.4). We will prove the estimate
(3.2). Further, we admit that v(0) # 0 and v(1) # 0, since for the case if v(0) =0
or v(1) = 0 the estimate (3.2) is provable by the same approach which we use here.

Firstly, assume that ¢~ < ¢* in respect of (2.4).

a) If sign[v(0)v(¢7)] # 1 or sign[v(0)v(¢h)] # 1, then there is some point g,
xo € (0,{7) or zg € (0,(") correspondingly, so that v(zg) = 0.

b) If sign[v(0)v(¢7)] = 1 and sign[v(0)v(¢T)] = 1, then, by virtue of MV
propety[3, p. 1198-1199] in respect of the first nonlocal condition (2.4), we have

(1+|a"v(¢o) = aTv(¢T)
for some ¢y € [0,¢ "], herewith (y < ¢*. Then, in view of the condition Sy < 1,
+
a

v(Co) = aOU(C+)7 Qg = m7

0<ap<L. (3.16)
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Hence, by using the function

A (a0 — )z + ¢ — ango

wo(z) = v(x ,
o(z) = v(x) =G

we get 1o(Co) = wo(¢h), so that, by virtue of Rolle’s theorem, @'(zo) = 0 at

some point g € ({o, (), and, therefore,

1-— (7))
(a0 = Dzo + ¢ — aolo’
Now, assume that (* < ¢~ in respect of (2.4).
a) If sign[v(0)v(¢T)] # 1 or sign[v(0)v(¢7)] # 1, then there is some point g,
2o € (0,¢T) or x¢ € (0,{”) correspondingly, so that v(zg) = 0.
b) If sign[v(0)v(¢t)] =1 and sign[v(0)v((™)] = 1, then there is some value o,
0 < g < a™, so that, in view of the condition Sy <1,

v(0) = aov(¢T), 0<ap<l. (3.18)

’U/(IQ) - ho’U(l‘o) = O7 ho =

ho > 0. (3.17)

Hence, by using

N (G — Dz +¢*
wo(x) = ”(ﬂf)g—Jr,

we get 0p(0) = @o(¢T), then &'(x9) = 0 at some point xg, zo € (0,(T), and,

therefore,

1—ag

! — = = —-—-—-----
[ (l‘o) hQ’U(Z‘o) 0, ho §+ — {E(](]. — CNK())’

ho > 0. (319)

In summary, we revealed that at some point xo the solution of (2.9) satisfies one
of the left-side BVC:

L1 (V) =v(z9) =0, 0 <z < (™ <(H,

lyg2(v) =v(m9) =0, 0<zp<(T, 0<( < (T,

£$073(U) = UI(.’E()) — hov(l‘o) =0, hg>0, 0<z9 < <+, 0< C_ < <+,
lyya(v) =v(m) =0, 0<mg < (T <(,

loy5(v) =v(z0) =0, 0<z9<(, 0<(M<(,

EIQ,G(U) = /(xo) — hov(l'o) =0, hg >0, 0<z9 < <+ < (.

By similar way, we reveal that at some point z; the solution of (2.9) satisfies one
of the right-side BVC:

€w171(v) = ’U(xl) = Oa 77+ <n <z < 17

Uy o) =v(z1) =0, nt <z <1, nt <n” <1,

Uy 3(v) =0V (21) + hv(xy) =0, hy >0, nT <z <1, nt <n” <1,
617174(”) = U(xl) =0, n~ < 77+ <z <1,

by s(V)=0v(x1) =0, n~ <z <1, n~ <nt <1,

Uy, 6(v) =0 (1) + hiv(z1) =0, b1 >0, 1~ <yt <z <1,

where similarly (3.16)-(3.17), by using

(Bo — D)z +nT = Bono
nt —no ’

w(z) = v(x)
we define
5-"-
1+ [B=|

1—Bo

h, == )
! Bo(no —x1) +x1 —nt

Bo =
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for 4, 3(v) =0, as well as, similarly (3.18)-(3.19), by using

v (Bo—Dz+nt—B
o1 (z) = v(z) = T °

for the case if sign[v(1)v(n™)] = sign[v(1)v(n~)] = 1, we define
_ 1— By
Bo(1 —x1) + 21—t

hi

for £, 6(v) = 0. Here, By is an appropriate value, so that v(l) = Bm}(n"‘),

herewith 0 < Bo < BT,s0 0< Bo <1 since S7 <1 in view of theorem condition.
Further, let ov(z) satisfies some pair of BVC ¢, :(v) = 0, 4, ;j(v) = 0,

i=1,..,6, j=1,..,6.

2.1. Assume, that ¢,(*,n7,n" € (z,71). Note, it is always fulfiled for any pair

lyyi(0) =0, €y j(v) =0, i =1,4,6, j=1,4,6. Similarly to the Subcase 1, by

virtue of (3.8), we obtain the BVP (3.9)

Lio(t) = —fi(t), 0<t <1, het(0)— 380" (0)=0, hio(1)+60'(1)=0,
where
5o =0, hg =1 for conditions £, ;(v) =0, i =1,2,4,5,
do =1, ho = (x1 — xo)ho for conditions £, ,(v) =0, i = 3,6,
61 =0, hy =1 for conditions f;, ;(v) =0, j=1,2,4,5,
o1 =1, h1 = (21 —x0)h1 for conditions £, ;(v) =0, j = 3,6,

herewith, hy + (M — Cmg)?bo > 0 for £, j(v) =0, j=1,2,4,56 since hy >0,
in addition, hj + (M — Cmg)?bo > 0 for £, 3(v) = 0 in view of the theorem
requirement S; < 1. Then the estimate (3.10) holds for @(x). Since (3.10) results
in (3.11), then, in view of ¢=,¢T,n~,n" € (xg, 1), We get

PG max @) IS0 max iG] (3.20)
PO < Cymax (@] o0 <Cy max [A@] (:21)

In view of (3.20) and (3.21), the estimate (3.12) follows from NLBVC (2.9) for
Cs = Cymax{|a~|+]|a™|, |87]+|8"|}. Therefore, we can interpret the solution of
NLBVP (2.9) as classical solution of the Dirichlet’s problem (3.13) and, by virtue of
[12 p. 100-103], state that a unifromly stable estimate (3.15) holds. Hence, in view
of (3.14), we get the estimate (3.11). At least, the validity of (3.11) is sufficient to
confirm that (3.1) is true.

2.2. Assume, that only one of two points ¢~ or ¢T belongs to (xq,z1), as well
as, only one of two points = or n* belongs to (zg,z1) (it is available in respect
of any pair of the conditions f,;(v) =0, £l ;(v) =0, i =2,3,5, j=2,3,5).
Then, since (3.10)-(3.11) holds, then one of two estimates (3.20) holds, as well as,
one of two estimates (3.21) holds too. Thus, the NLBVP (2.9) is reduciable to the
problem

Lo(z) = —fi(z), 0 <z <1, v(0) = a"v(¢7) + 5, v(1) = B7v(n’) + 1, (3.22)

where

lool < Cs Joax, Ifi(@)],  [pil <Cs [ax, |f1(z)], (3.23)
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Cs = Cymax{|a~| + |at]|, |87| +|87]|}, the pair o* and ¢* is performed by a~
and (7, or by a™ and (T correspondingly, the pair 8* and n* is performed by 8%
and 7, or by 3~ and n~. So, in view of the theorem condition, —oo < a* < 1,
—o0 < B* <1, g* < 1if by =0. Now, firstly by virtue of Lemma 2.1 in respect of
the problem (3.22), and then, by reasoning similar Section 1, we obtain the analogy
of (3.1) for the problem (3.22), i.e.,

[o(@)| < Clgp| + i + max [, 0<z <1 (3.24)

Then, in view of (3.23), the estimate (3.24) results in (3.2), and, therefore, the
estimate (3.1) is true.

2.3. Assume, that three of four points ¢, ¢*, 7, n* belong to (zg,x1). Then, by
combined reasoning of 2.1-2.2, one can prove that the estimate (3.1) is true.
Subcase 3. Assume, that one of two conditions (2.2) encloses the coefficients of the
same sign, but another one encloses different sign coefficients. Then (3.1) can be
proved by virtue of combined approach of Subcases 1-2. Theorem 3.1 is proved. [

4. THE EXISTENCE AND UNIQUENESS
Firstly, we prove

Lemma 4.1. Let (2.3) and the condition A are fulfiled, S; <1, ¢; #0, i=0,1.
If u(z) is some classical solution of NLBVP (2.1),(2.2), then

v(x) = u(@) + Yoqo(z) + ¢101(x)
is classical solution of the problem

Lv(z)=—fi(z), 0 <z <1, Ly(v)=0, £1(v)=0 (4.1)
for fi(z) = f(x) — @oLqo(x) — p1Lqi(x), where qo(xz) = co(l — ) [T(m — =),

mo
@1(z) = 1z T (x —Cx), herewith an appropriate constant ¢; € R, ¢; 20, i =0,1.
k=1

If v(x) is some classical solution of (4.1), then u(x) = v(z)—poqo(x)—p1q1(x
is classical solution of NLBVP (2.1),(2.2) for f(x) = f1(z)+@oLlqo(x)+p1Lg(x

Let only one of i, i € {0,1} be nonzero, put @;, #0, i, € {0,1}. If u(z
is some classical solution of NLBVP (2.1),(2.2), then v(z) = u(x) + ¢;, ¢, (x)
classical solution of the problem (4.1) for the function fi(z) = f(x) — p;, Lq;, (x
Vice versa, if v(x) is some classical solution of (4.1), then u(z) = v(x)—p;, q, (z
is classical solution of NLBVP (2.1),(2.2) for f(z) = fi(z)+ ¢, Lg;, (x).

Proof. Put ¢; # 0, i = 0,1. Obviously that Lv(z) = —fi(z), 0 <z <1 for
¢i(z) and any nonzero ¢;, i =0,1. Let us find ¢;, i =0, 1, so that the v(z) will
satisfy NLBVC (4.1). Note,

X

)
)-
)
)
)

bo(q1) =0, £1(q0) = 0. (4.2)
Since v(z) has to satisfy the NLBVC (4.1), then the expressions
lo(v) = o[l +€o(q0)] =0, h(v) = @1l +1(q2)] =0 (4.3)

have to be true, therefore,

14 4o(go) =0, 1+6(q1) =0 (4.4)
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have to be true too. Hence,

—(Eo)il, C1 = —(Do)il, (45)
where . . .
Eo=][]m —Zak(l—Ck)H(m =Gk, (4.6)
i1 — =
Dy = ﬁ 1—Ck) Zﬁml H Ck); (4.7)
k=1 =1 k=1

herewith FEgy # 0, Dg # 0, moreover, Ey > 0, Dy > 0. Actually, by virtue of the
condition Sy <1 in respect of (4.6), we have

my
[ITm>0,ifap<0, k=1,....m
=1
Ey>< A=) J[m=>0,ifap >0, k=1,...,mg
=1

my
(1—=2So) [ITm >0, if all ag, k =1, ...,mp have not the same sign,
=1

where, in view of (2.6), Sy = o™ for (T < (7, Sg=a +a for (- < (.
Indeed, it is clear for the case if all coefficients ay, k =1,...,mg have the same
sign, as well as, for the case if (T < (™. Let us confirm that Ey > 0 for the case
if all oy, k=1,...,mp have not the same sign and ¢~ < (*. In view of (4.6),

EO > Hnl CmL H(T/l - CmL> - (1 - Cmb+1)a+ H(nl - CmL+1)a
=1 =1

then

mi

Eo > Hm (1= Gn) @™ +a) TT0n = Gm,).

=1

Hence, Egy > Hm>0 for —00< Sy <0, Fg>[1—(a +« )]Hm>0 for
1=

0< Sy <1, where So = a~ + at. Thus, we proved finally that EO > 0, then
Ey # 0, therefore, the constant ¢y is definable by the first formula (4.5). Similarly,
by virtue of the condition S; <1 for (4.7), it is easy to confirm that Dy > 0 and
prove that the constant ¢; is definable by the second formula of (4.5).

Let us prove second statement of lemma. Obviously,

2
Lu(xz) = Lv(z) — Z(piLqi(x) =—fi(z Z%qu =—f(z), 0<z <1,
i=1

in addition, since v(x) satisfies NLBVC (4.1), then, in view of (4.2)-(4.5), we get
lo(u) = lo(v) — polo(go) — p1lo(q1) = —polo(qo) = o,
bi(u) = 41 (v) — poli(qo) — p1li(q1) = —p1li(qr) = ¢1.

To finish this proof, by the same way as in above it is easy to confirm, that the
third statement of lemma is true. Lemma 4.1 is proved. (I

Theorem 4.2. Let a(z) > ag >0, b(x) > by >0 for x €[0,1]. Let (2.3) and

the condition A are fulfilled. If S; <1, i = 0,1 and, in addition, Sy < 1 if
bop = 0, then classical solution of NLBVP (2.1),(2.2) exists and is a unique.



62 DOVLET DOVLETOV

Proof. Because all conditions of Theorem 3.1 are fulfiled, then the uniqueness of
classical solution follows from stabilty estimate (3.1).

In view of Lemma 4.1, to prove the existence, it is sufficient to establish that
classical solution of the differential problem (4.1) exists. The problem (4.1) is
equivalent to the differential problem

k()] —qlz)v=—fi(x), 0<x <1, Ly(v) =0, £1(v) =0, (4.8)

where

T

1 -
o) = exp (2 [ alt)at), ale) =ba)bie), file) = Alo)k(a),
0
therefore, it will be sufficient to prove that classical solution of (4.8) exists. To
prove it let us use the fact that for any continuous function F(z), = € [0,1] the
differential problem

[k(z)0") —v/k(z) = F(z), 0<z <1, luv=0, {v=0 (4.9)

has the solution

x

v(z) = Asinh(P(z)) + B cosh(P(z)) + /sinh (P(z) — P(t))F(t)dt, (4.10)

0
where
P(z) = | (k(r)) dr, (4.11)
/
A=— [el(sp)] _I{Bel(cP) A (/sinh (P(z) - P(t))F(t)dt) }
0
B=-— [zo(cP) - Z"(SP)QE?; ;} 71{&)( ] sinh (P(z) — P(t))F(t)dt)
0

_Z)Ezgel ( 0/ sinh (P(z) - P(5) F(t)dt) },
herewith for the convenience we use next designation

sp(x) = sinh(P(x)), cp(x) = cosh(P(x)). (4.12)

Actually, written in the square brackets expression is nonzero for A and B. Indeed,
since the function P(x) is nonnegative and strictly increasing in [0, 1], then

i (S )> Sp(].)>0, if 5;<0, I=1,...;mq,
1P sp(1) — Bsp(nm,) >0, if B >0, I=1,...,mi.

If all coefficients B;, [ =1,...,m1 have not the same sign, then, in view of the MV
property [3, p. 1198-1199],

li(sp) = sp(1) = BTsp(i") — B sp(ii7), (4.14)

(4.13)
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where 7T, 77 € [771,77,,“]E|In view of (4.14), if 7= < 7*, then
l1(sp) > sp(1) — BT sp(m,) > 0.

If 77 <7, then 8T + 3~ =S, then, in view of (4.14), we get
li(sp) > sp(l) — S1sp(Mm,.) > 0.

In summary, we proved that
li(sp) > 0. (4.15)

Now, let us prove that the expression inside square brackets for B is nonzero too.
Let us denote this expression by G, i.e.,

G= go(Cp) — Eo(Sp) X

Additionally, we denote

&(z) = cp(x) — sp(x) x

Since
mo mo (1 (CP)

G=1- ,
];akCP(Ck) + kzl arsp(Cr) X ' (sp)

then, by virtue of MV property, there are some point é, (f"’, Cf_ € [¢15Cmg)s SO
that

1-— a@(()l if ok, k=1,...,mg have the same sign,
G=4 1—a™®(T)—a " J((), ifall ag,k=1,...,mp have not (4.16)
the same sign.

Further, in respect of @(x), = € [0, (m,], we have
my

cp(1) = X2 Biep(m)
I=1
my

sp(1) = > Bisp(m)
I=1

&(z) = cp(x) — sp(x) x

(sp)
Hence, by virtue of MV property [3, p. 1198-1199], for € [0, {,,] we obtain that
sinh (P(1) — P(z)) — Bsinh (P(7) — P(z))
fl(SP)

for some 7 € [m1,Mm,] if B, I =1,...,m; have the same sign. However, if all 5,
Il =1,...,m; have not the same sigrﬂ then

_ sinh (P(1) — P(z)) — % sinh (P(7") — P(z)) — B~ sinh (P(77) — P(z))
fl(Sp)

= [sinh (P(1) — P(z)) — Zﬂl sinh (P(n;) — P(x))] « 0 1
I=1

P(x) =

SNote, 7t < f~ if n+ < n~, or, alternatively, 7= < i+ if = < nt, where n* and 5~
are some designated points respectively NLBVC (2.4).

4Note, Ct < & if ¢t < ¢, or, alternatively, {~ <t if ¢~ < ¢, where ¢t and ¢~
are some designated points respectively NLBVC (2.4).

5Note, At < A~ if nT < n~—, or, alternatively 7~ < 4T if n~ < nt, where nt and 5~
are defined in respect of NLBVC (2.4).
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for some 71 € [N, Mmy), 1~ € [M1,Mm, ). Hence, in view of (4.15), for x € [0, (m,]
we have:

sinh(P(1) — P(x))

20> ey A0 o

D) > SUCP() — P(x)i_( ﬁjinh(P W=P@) poop<t (a18)
1(Sp

oz > S - P(x))zl(SsSinh(P(ﬁ) —P@) it <qm (419

herewith S; = 8T + 87
sin — P(x)) — Sy sin ) — Pz
B(z) > h(P(1) — P( ))El(SsP) h(P(H") — P(x))

herewith S; = B*. Since S; < 1, then for = € [0, (], in view of (4.17)-(4.20),
we obtain the inequality

,if <At (4.20)

P(z) > 0. (4.21)
Further, for the case if §;, [ =1,...,m; have the same sign we get
sinh (P(1) — P(z)) — Bsinh (P(7) — P(x))
k(z)t1(sp) ’

for the case if all §;, [ =1,...,m; are not of the same sign we get

P (x) = —

() _sinh (P(1) — P(x)) — * sinh (P(i*) — P(x)) — 3~ sinh (P(7”) — P(x))

k(x)l1(sp)
Hence,
oy 2@
P'(z) = D)
Now, in view of (4.21), for x € [0,(m,] we have
¥ (z) < 0. (4.22)

Then @(x) is strictly decreasing positive function in [0, (,], in addition, in view
of (4.11), @(0) = 1, therefore, 0 < &(z) < 1 for x € (0,(m,). Hence, in view of
(4.16)-(4.20), we get

1—(at +a7)o((), if ¢ < (T,
G>{ 1—ate(lt), if ¢t < g— (4.23)
—P(¢r), if ag, k= .,mg have the same sign.
Since Sy < 1, then
G>0. (4.24)

Thus, in view of (4.15) and (4.24), the coefficients A and B are uniquely definable
in respect of the formula (4.10), i.e., the function wv(x) is the solution of the
differential problem (4.9). Further, by substituting

F(x) = [q(z) = 1/k(@)]v(x) = fi(x) (4.25)
into the equation (4.9), we obtain that the problem (4.9) is equivivalent to the
Fredholm’s integral equation of the second kind

z) = / K(z, t)o(t)dt + f(z), (4.26)
0
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where .
K(z,t) = Ko(z,t) + 3 [Zi(,) + Zi(, )]
- =1 3 (4.27)
+ l;[Hl(x’ t) + Hl(z7 t)] + Z:l Rz(xa t)v
herewith: -

_ sinh P(:L’) _P(t) (t) - 1/k(t) s if ($,t) € Qma
Ko(m’t)_{ 0, ig’ (1) e@ )l ]

for Q$:{0<x<1 0<t<z}, Q,={0<z<1, z<t<1}

G aep(@)sinh(P(Gy) — P)la(t) — 1/K®). i (2.1) € Qa.
Zk(x,t):{ 0, ifk(f;t)eagk ¢
and

Z(x,t) = ()(()) tanh(P(z))

for Q¢, ={0<x<1,0<t<(}, QCk {0<2<], ¢ <t<1}, k=1,...,mp;

Hi(a, 1) = [01(sp)G] ™' Bilo(sp)ep(x) sinh(P(m) — P(1))[g(t) — 1/k(t)], if (z,t) € Qy,
NEUE 0, it (o) €Q,

and

GH;(x,t)
él(SP)

for Qp ={0<z<1,0<t<m}, Q,={0<a<1 p<t<1}, =1, m;

in addition, for (z,t) € @1, @1 ={0<z <1, 0<¢t<1}

Hy(z,t) = — tanh(P(z))

i, 1) = LD iun(P(1) — PL0)fate) — 1/
Ra(a,t) = 77&@2 )(1:';()5”’ ) tanh(P(x))
and ()
o == 270 sy (P(1) = P(0) a(0) - 1/k(0)

at least for x € [0,1]
f(x) = -G lep(x)Ty + [£1<5P)]_18p(aj>1;1
—[Gli(sp)] " a(cp)sp(z)ep(a)T — 0fsinh (P(z) — P(t))f1(t)dt, (4.28)

where

/ sinh (P(z) — P(t)) fl(t)dt),
0

T

7, = bl eo(/smh (P@) ~ P() fu(t)d).
0

El (Sp)

Since the summands of (4.27) are continuous functions in [0, 1] x [0, 1], then the sum
K(z,t) is also the continuous function in [0, 1] x [0, 1]. Therefore, the Fredholm’s
alternative holds for the integral equation (4.26) in respect of the Hilbert space
L5(0,1). Because fi(z) = fi(z)k(z), fi(z) € C[0,1], then, in view of the formula
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for f(x), we have f(z) € C[0,1]. Since K (z,t) € C([0,1] x [0,1]), f(z) € C[0,1],
then, belonged to Ly(0, 1) solution of the integral equation (4.26) belongs to C[0, 1]
actually. Then for v(z) € C[0,1], k(z) € C([0,1] and ¢(x) € C|0, 1], the integral
1

J K(z,t)v(t)dt, as the function of z, belongs to C?[0,1]. In addition, from the
0

formula for f(z) it follows that f(z) € C2[0,1] since f1(x) € C[0,1]. In summary,
any solution from L(0,1) of the integral equation (4.26) belongs to C2[0,1]. Then
it is sufficient to prove that (4.26) has only the trivial solution if f(z) = 0 on [0, 1].
Put f(2) =0 on [0,1] for the integral equation (4.26). Then fi(z) = 0 on [0, 1].
Indeed, since f(0) = 0, then, in view of (4.12) and (4.28), T, = 0. Therefore,

x

flay= 228 g / sinh (P(z) — P()) fu(t)dt.
0

51 (SP)
Hence,
Jz/(x) — W C)?(l(sp k @ /cosh P(t))fl(t)dt,
0
herewith, since we put f(z) =0, then f'(z) =0 on [0,1]. Since f'(0) =0, then

Ty = 0, therefore,

xT

/cosh (P(z) — P(t)

0

S—
=
—

~
=
joN
~
I
o

on [0,1]. Hence, similarly [I3, p. 46], we obtain that fi(z) =0 on [0,1]. Since
fi(x) = fi(z)k(z), then fi(z) =0 on [0,1]. Since fi(z) = 0, then, in view of
Theorem 3.1, the NLBVP (4.1) has only trivial solution v(z) = 0. Hence, because
the problem (4.1) is equivalent to the differential problem (4.8), (4.8) is equivalent
to the differential problem (4.9) for the defined by (4.25) function F(z) and (4.9)
is equivivalent to the integral equation (4.26), then (4.26) has only trivial solution
if f(z)=0 on [0,1].

Thus we proved that the solution v(x) of the integral equation (4.26) exits and
belongs to C?[0,1], then, in view of the equivalence, v(x) is classical solution of
NLBVP (4.1) at the same time. By virtue of Lemma 4.1, since classical solution
v(x) of NLBVP (4.1) exits, then classical solution u(z) of NLBVP (2.1),(2.2) exists
too. Theorem 4.2 is proved. (Il

5. ILL-POSED STATEMENT EXAMPLES

Next examples show that stated for NLBVP (2.1)-(2.2) condition on S;, i = 0,1
is essential for well-posedness of the problem.
FEzxzample 1. The problem

u(z) + a(z)u/ () =0, 0 <z <1, u(0)=u((), u(l) =u(n)

is ill-posed, it has infinite number of solutions u(z) = const. It shows the essentiality
of condition S7 < 1 for the case if by = 0.
FEzxzample 2. The problem

() + a(z)u'(x) =0, 0 <2 <1, u(0)=u((), u(l) =u(n) +1
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is ill-posed, it has no solution for 0 < ¢ < < 1. Indeed, assume that some
solution of the problem exists, then v/(£) = 0 at some point £ € (0, (), therefore,
u'(x) = 0on [&,1], then u(z) = const on [0, 1], so that it conflicts with the condition
u(1) = u(n) + 1. It shows the essentiality of condition S; < 1 for the case by = 0.
Ezample 3. The problem

eu’(z)+u/ () =1, 0<z <1, u0)=0, u(l) =u(n)
is ill-posed, it has the unstable on parameter solution

u(z) = —(1 = n)lexp(—z/e) — Ufexp(—1/e) — exp(—n/e)] " + z,
u(x) — —oo at each nonzero point z if € — 0. It shows the essentiality of condition

S1 < 1 for the case if by = 0.
FEzxzample 4. The problem

eu(z) + au'(z) —bu(z) =0, 0 <2 <1, u(0) =0, u(l) = Bu(n) (5.1)

is ill-posed, in general, for each 8 > 1, n € (0,571), a = const > 0, b = const > 0.
It always has infinite number of solutions for some parameter value ¢ = ¢*. This fact
shows the essentiality of condition S; < 1,4 = 0,1. Let us confirm the ill-posedness.
(i) If b =0, then for an arbitrary constant C the function

u(z) = Cexp(—ax/e) — C (5.2)
satisfies the equation (5.1) and the condition «(0) = 0. By choosing C # 0 and
substituting (5.2) into nonlocal condition (5.1) we get

1—ea/s

8=

Note, the equality (5.3) is impossible for —oo < <1, 5 € (0,1). However, for
B >1 and for each 7 € (0,371) the formula (5.3) is true for some value ¢ = &*.
Indeed, for each & > 0 the function g(g) = (1 —e~%/¢)/(1 — e~ /%) is positive
and continuous, lim.9g(e) = 1, lim. ;. g(e) = nt, the g(e) reachs the
value B at some argument &* since 1 < 8 <n~ ! So, g(e*) = B, i.e., (5.3) is
true for € = €*, therefore, wu(x) is solution of (5.1). Since C' # 0 is an arbitrary
constant for (5.2), then (5.1) has infinite number of solutions.

(ii) If b > 0, then for an arbitrary constant C' the function

u(z) = Cexp(Ai1z) — Cexp(Aaz) (5.4)
satisfies the equation (5.1) and the condition u(0) =0 for
A o= —a/2 —\/(a/26)2 + /e, da= —a/2+\/(a)2e)2 + bJe.
By choosing C' # 0 and substituting (5.4) into (5.1) we get
1 — ere—X1 oM he

(5.3)

/e

8= e (1-m)

1 — en(A2=2A1) = eMn — A2’ (55)

The equality (5.5) is impossible for —oco < 8 < 0. Moreover, (5.5) is impossible
for 0 < 8 <1 too. It follows from the relation h(1) — Sh(n) # 0 for the
function h(t) = eM? —er2t, t € (0,1] in view of h(t) <0, h/(t) < 0. However,
for B > 1, the formula (5.5) is true for some value & = ¢* in respect of each
n € (871,1). Indeed, since z(¢) = h(1)/h(n) is positive and continuous function
in (0,+00), lim.102z(e) =+o0, lim., o 2(¢) =171, then z(e*) = for some
e* € (0,400). So, (5.5) is true for ¢ = €*, then w(z) is solution of (5.1) for
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Ai = Ai(e*). Since C # 0 is an arbitrary constant for (5.4), then (5.1) has infinite
number of solutions.

6. CONCLUSION

In this article we studied NLBVP of the first kind for linear second order ODE
with positive parameter at the highest derivative. We researched the well-posed
solvability of the problem in respect of classical solution. Under new and accurate
condition on coefficients and nonlocal carriers of NLBVC, we obtained a uniform on
parameter stability estimate of classical solution, proved existence and uniqueness.
We demonstrated examples of ill-posed problems for some cases if coefficients of
NLBVC does not satisfy stated herein well-posedness condition, i.e., we confirmed,
in general, that established in our paper condition is essential.
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