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Abstract  Keywords 

The main objective of terrestrial radio navigation is position determination. 
In this study, the accuracy of the distance measurement, distance difference 
measurement, and integrated angle measurement/distance measurement 
terrestrial radio navigation methods is investigated. in order to calculate the 
position errors, simulations for the aircraft flight dynamics were carried out, 
and the obtained position values were compared with the actual values. The 
aircraft position determination methods were evaluated in the sense of 
accuracy. The position determination method with better accuracy was 
determined by comparing the absolute errors of the examined methods. 
Simulation and error analysis shows that the distance difference method is 
superior and gives more accurate position results. It was observed that the 
distance measurement method errors were smaller than the errors of the 
integrated angle measurement/distance measurement method. 
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1. Introduction 

Terrestrial navigation includes dead reckoning (DR), 
visual navigation (VN), radio navigation (RN), and some 
other methods of positioning. These methods are used 
on land, at sea, and in aviation.  

The main objective of terrestrial radio navigation is 
position determination. Special radio navigation systems 
provide information on directions, angles, distances, 
pseudo ranges, and combinations of these types of 
information. 

The radio navigation systems require a technically 
complex design of a large set of tall antennas and 
expensive infrastructure (Bhardwaj, 2020). Most radio 
navigation systems depend on measurement or 
determining in some way the distance from the known 
location to the current location of the recipient. 

The global terrestrial-based navigation systems include 
Alpha, developed by the Union of Soviet Socialist 
Republics (USSR; Alpha, 2020), and Omega, developed by 
the United States of America (USA) (Omega, 2020). 
Omega uses the intersection of Line of Positions (LOPs) 
using distance measurements to determine the user’s 
position. For providing higher accuracy of the receiver, 
a minimum of three or more independent distance 
measurements can be used (Bhardwaj, 2020).  

LORAN-A (long-range navigation system) is a hyperbolic 
regional terrestrial-based radio navigation system 
developed in the USA. This system determines the 
receiver’s position by calculating the time of arrival 
difference between the signals of the master and slave 
stations (Bhardwaj, 2020). The regional terrestrial-based 
navigation system LORAN-B, developed in the United 
States, provides an accuracy of the order of several tens 
of feet (LORAN, 2020). 
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The proposal to transition from terrestrial-based 
navigation aids to satellite and aerial surveillance as a 
primary means of navigation is presented (Blakey, 2006). 
From this point on, the Global Positioning System (GPS) 
is considered the main navigation method in terrestrial 
and oceanic travel. 

LORAN-C is the terrestrial-based navigation system which 

is developed by the USA (LORAN, 2020). Loran-C is a 
more successful system, and attempts are being made to 
integrate into solution positioning, navigation, and 
timing (PNT) services together with satellite navigation 
systems. LORAN-C support can correct the global 
navigation satellite systems (GNSS) uncertainties against 
jamming (Gluch et al., 2000). 

In terrestrial radio navigation, a VHF omnidirectional 
range (VOR) and distance measuring equipment (DME) 
are used widely. The VOR allows the receiver to measure 
its bearing to or from the beacon. DME is defined as a 
navigation beacon to measure the aircraft position 
relative to that beacon. Aircraft send out a signal which 
is sent back after a fixed delay by the DME hardware. The 
aircraft can compute its distance to the beacon from the 
delay of the signal received by the DME instruments 
(Krinetskiy 1977; Haciyev, 1999).  

An aircraft’s position in space is defined by three 
coordinates. In radio navigation, for aircraft’s position 
characteristics, the surface of positions (SOPs) and line 
of positions are used. The aircraft’s position is defined by 
two position lines or three-position surfaces or by 
position line and position surface. As a navigation 
parameter, elevation angle, azimuth angle, distance, 
distance difference, or sum of distances can be used 
(Krinetskiy 1977; Kayton and Fried, 1997). 

In general, when three geometric surfaces cross, there 
are a few intersecting points (Hajiyev, 1999). In this case, 
there may be several solutions for determining the 
aircraft’s position. This problem can be avoided by using 
extra information for each position. 

The error analysis in determining aircraft coordinates by 
the distance measurement method is given in (Hacıyev 
and Üner, 1998). In (Erkal and Hacıyev, 2004), the 
accuracy of the distance difference measurement 
method is investigated. However, these studies do not 
compare different types of terrestrial radio navigation 
techniques.  

In this study, the accuracy of the distance measurement, 
distance difference measurement, and integrated angle 
measurement/distance measurement terrestrial radio 
navigation methods is investigated using simulations. 
For this purpose, the aircraft flight dynamics are 
simulated, and the obtained values of the coordinates 
were compared with the actual values. The aircraft 
position determination method with better accuracy 

was determined by comparing the absolute errors of the 
examined methods. 

2. Mathematical Model of Aircraft Dynamics 

The mathematical model of the aircraft’s motion consists 
of longitudinal and lateral motion models. The 
longitudinal motion of the aircraft consists of 
forwarding, vertical, and pitching motions. The state 
vector Xu and control vector Uu of the longitudinal model 
can be written in the following form: 

𝑋𝑢 = [𝑢  𝑤  𝑞  𝜃]
𝑇 

𝑢 = [𝛿𝐸] 

where 

u : forward velocity of the aircraft (m/s) 

w : vertical velocity of the aircraft (m/s) 

q : pitching rate of the aircraft (degree/s) 

𝜃  : pitching angle of the aircraft (degree) 

𝛿𝐸 : elevator deflection (degree) 

The mathematical model of the longitudinal motion is 
given by the following differential equation, 

 

𝑋̇𝑢 = 𝐴𝑢𝑋𝑢 + 𝐵𝑢𝑈𝑢 (1) 

 

where Au is the system matrix, Bu is the control 
distribution matrix. These matrices are (McLean, 1990): 

𝐴𝑢 = [

𝑋𝑢 𝑋𝑤 0 −𝑔 𝑐𝑜𝑠 𝛾0
𝑍𝑢 𝑍𝑤 𝑈0 −𝑔 𝑠𝑖𝑛 𝛾0
𝑀̃𝑢 𝑀̃ 𝑀̃ 𝑀̃𝜃
0 0 1 0

] (2) 

𝐵𝑢 =

[
 
 
 
𝑋𝛿𝐸
𝑍𝛿𝐸
𝑀̃𝛿𝐸
0 ]
 
 
 

 (3) 

The lateral motion of the aircraft consists of sideslip, roll, 
and yaw motions. The state vector 𝑋𝑦 and control vector 
𝑈𝑦 of the lateral model can be written as: 

𝑋𝑦 = [𝛽  𝑝  𝑟  𝜑  𝜓]
𝑇 

𝑢 = [
𝛿𝐴
𝛿𝑅
] 

where 

𝛽 : sideslip angle of the aircraft (degree) 

𝑝  : rolling rate of the aircraft (degree/s) 

𝑟 : yawing rate of the aircraft (degree/s) 

𝜑 : rolling angle of the aircraft (degree) 
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𝜓  : yawing angle of the aircraft (degree) 

𝛿𝐴 : aileron deflection angle (degree) 

𝛿𝑅 : rudder deflection angle (degree) 

 

The mathematical model of the lateral motion is given by  

𝑍̇𝑦 = 𝐴𝑦𝑋𝑦 + 𝐵𝑦𝑈𝑦 (4) 

where the system matrix Ay and the control distribution 
matrix by are (McLean, 1990): 

𝐴𝑦 =

[
 
 
 
 
 

    

𝑌𝑣 0 𝑈0 𝑔 𝑐𝑜𝑠𝛾0 0

𝐿𝑣
′ 𝐿𝑝

′ 𝐿𝑟
′ 0 0

𝑁𝑣
′ 𝑁𝑝

′ 𝑁𝑟
′ 0 0

0 1 𝑡𝑎𝑛𝛾0 0 0

0 0 𝑠𝑒𝑐𝛾0 0 0]
 
 
 
 
 

 (5) 

𝐵𝑦 =

[
 
 
 
 
 
0 𝑌𝛿𝑅
𝐿𝛿
′
𝐴

𝐿𝛿
′
𝑅

𝑁𝛿
′
𝐴

𝑁𝛿
′
𝑅

0 0
0 0 ]

 
 
 
 
 

 (6) 

For small side slip velocities, v = U0 assumption can be 
made. Notations in (2), (3), (5), and (6) can be found in 
(McLean, 1990). 

Additional expressions must be included in the model to 
determine the positions along ,  X Y  and Z  directions: 

𝑥̇ = 𝑢 (7) 

𝑦̇ = v = 𝑈0 (8) 

𝑧̇ = 𝑤 (9) 

The state vector of the mathematical model of aircraft is, 

𝑋 = [𝑢  𝑤  𝑞  𝜃  𝛽  𝑝  𝑟  𝜙  𝜓  𝑥  𝑦  𝑧]𝑇 

The control vector of the system is, 

𝑈 = [𝛿𝐸𝛿𝐴𝛿𝑅]
𝑇 

Discretizing the aircraft’s mathematical model, we have 

𝑋 = 𝐴𝑋 + 𝐵𝑈 ⇒ 𝑋𝑖 =
𝑋İ+1−𝑋İ

∆𝑡
= 𝐴𝑋𝑖 + 𝐵𝑈𝑖 ,  

𝑋𝑖+1 − 𝑋İ = 𝐴∆𝑡. 𝑋 + 𝐵∆𝑡. 𝑢𝑖 ,   

𝑋𝑖+1 = (𝐼 + ∆𝑡𝐴)⏟      
𝐴∗

𝑋𝑖 + ∆𝑡. 𝐵𝑈𝑖⏟    
𝐵∗

⇒  

𝑋𝑖+1 = 𝐴
∗𝑋𝑖 + 𝐵

∗𝑈𝑖 (10) 

where X  is the aircraft state vector, *A  is the system 
matrix, U  is the control input vector, *B  is the control 
distribution matrix 

3. Determination of Aircraft’s Coordinates Via 

Distance Measurement Method 

In the distance measurement method, the position 
surface is a sphere with radius D which is the distance 

from the station to the aircraft. Thus, an aircraft’s 
position in a space can be found by intersecting three 
D=const position surfaces. The intersection of the three 
spheres is shown in Figure 1. 

 

Fig.1. The intersection of three spheres 

Since there are two intersection points when 
intersecting three spheres, the results of this method are 
uncertain. To make this method more precise, it can be 
integrated with extra navigation systems with low 
accuracy. 

 

Fig. 2. Distance measurement method’s scheme in 
determining the position of the aircraft 

Three measurement stations (distance measurement 
stations) are located on the ground to determine the 
aircraft’s position. Let us assume that the ground 
stations located on O1(x1,y1,z1), O2(x2,y2,z2), and O3(x3,y3,z3) 
points of O X Y Z   Descartes coordinate system to 

find calculation formulas of distance measurement 
method (See Fig. 2). 𝑙1, 𝑙2 and 𝑙3 show the distance 
between the ground station’s origins and the origin of O

X Y Z  coordinate system, and D1, D2, and D3 show the 

distances to the aircraft at M(x,y,z) point. The equations 
for the coordinate determination can be written as 
(Haciyev, 1999): 

0 0 0 0

0 0 0 0
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(𝑥1 − 𝑥2)𝑥 + (𝑦1 − 𝑦2)𝑦 + (𝑧1 − 𝑧2)𝑧 = 𝑐1 (11) 

(𝑥1 − 𝑥3)𝑥 + (𝑦1 − 𝑦3)𝑦 + (𝑧1 − 𝑧3)𝑧 = 𝑐2 (12) 

(𝑥2 − 𝑥3)𝑥 + (𝑦2 − 𝑦3)𝑦 + (𝑧2 − 𝑧3)𝑧 = 𝑐3 (13) 

Here 

𝑐1 =
1

2
(𝐷2

2 − 𝐷1
2 + 𝑙1

2 − 𝑙2
2) (14) 

𝑐2 =
1

2
(𝐷3

2 − 𝐷1
2 + 𝑙1

2 − 𝑙3
2) (15) 

𝑐3 =
1

2
(𝐷3

2 − 𝐷2
2 + 𝑙2

2 − 𝑙3
2) (16) 

The solution of equations (11)-(13) for aircraft coordinate 
determination can be found as follows (Sametoğlu and 
Hajiyev 2021):  

𝑥 = 𝑒1 − 𝑎𝑧; (17) 

𝑦 = 𝑒2 − 𝑏𝑧; (18) 

(𝑎2 + 𝑏2 + 1)𝑧2 + 2(𝑥1𝑎 − 𝑧1 + 𝑦1𝑏 − 𝑎𝑒1 − 𝑏𝑒2)𝑧 −
 (𝐷1

2 − 𝑙1
2 − 𝑒1

2 − 𝑒2
2 + 2𝑥1𝑒2) = 0 (19) 

where 

𝑒1 =
𝑐1(𝑦2−𝑦3)−𝑐3(𝑦1−𝑦2)

(𝑥1−𝑥2)(𝑦2−𝑦)−(𝑥2−𝑥3)(𝑦1−𝑦)
; (20) 

𝑒2 =
𝑐1(𝑥1−𝑥3)−𝑐3(𝑦1−𝑦2)

(𝑥1−𝑥2)(𝑦1−𝑦)−(𝑥1−𝑥2)(𝑦1−𝑦3)
; (21) 

a =
(z−𝑧2)(𝑦2−𝑦)−(𝑧2−z)(𝑦1−𝑦)

(𝑥1−𝑥2)(𝑦2−𝑦)−(𝑥2−𝑥3)(𝑦1−𝑦)
; (22) 

b =
(𝑧1−𝑧2)(𝑥2−𝑥3)−(𝑥1−z)(𝑥1−𝑥2)

(𝑥1−𝑥3)(𝑦1−𝑦2)−(𝑥1−𝑥2)(𝑦1−𝑦)
; (23) 

4. Determination of Aircraft Coordinates Via 

Distance Difference Measurement Method 

In distance difference measurement, radio-navigation 
systems, the distances from two ground stations to 
aircraft are taken as navigation parameters (Krinetskiy 
1979). Measurement of D  distance differences allow to 
determine that the aircraft locates on D = constant state 
surface. This surface is in the form of rotating 
hyperboloids of the two-leaf stage, which has 
measurement stations on O and O1 centers (Figure 3). 

The aircraft’s position is found as the intersection point 
of three state surfaces. Therefore, the distance-
difference measurement radio-navigation system 
includes four ground stations. One of these stations is 
the router (main station), and the others are directed 
(assistant stations).  With the help of signals sent by the 
main station, three directed stations are provided to 
work synchronously. With the distance-difference 
method, we derive the following expressions and get 
yx,  and z coordinates of an aircraft:  

𝑥1𝑥 + 𝑦1𝑦 + 𝑧1𝑧 − 𝐷∆𝐷1 = 𝑓1 (24) 

𝑥2𝑥 + 𝑦2𝑦 + 𝑧2𝑧 − 𝐷∆𝐷2 = 𝑓2 (25) 

𝑥3𝑥 + 𝑦3𝑦 + 𝑧3𝑧 − 𝐷∆𝐷3 = 𝑓3 (26) 

here, 

∆𝐷1 = 𝐷 − 𝐷1 (27) 

∆𝐷2 = 𝐷 − 𝐷2 (28) 

∆𝐷3 = 𝐷 − 𝐷3 (29) 

are the range differences. 

𝑓1 =
1

2
(𝑙1
2 − ∆𝐷1

2) (30) 

𝑓2 =
1

2
(𝑙2
2 − ∆𝐷2

2) (31) 

𝑓3 =
1

2
(𝑙3
2 − ∆𝐷3

2) (32) 

Via solving (24) - (26) equations, the expressions required 
for the aircraft coordinates x, y, z are found. 

 

Fig.3. Illustration of the state surfaces in the distance 
difference measurement method. 

5. Determination of Aircraft’s Coordinates by 

Integrated Method 

Measurement of angle and measurement of distance 
methods are used at the same time in the integrated 
method (Haciyev, 1999). The integrated method is 
usually used in radiolocation systems, and it determines 
D distance to the aircraft, azimuth angle  , and 
elevation angle  . When this method is used, the 
coordinates of the aircraft are determined as the 
intersection point of the sphere state surface 
(D=constant), cone state surface (  =constant), and 
vertical plane suitable for  =constant state surface (Fig. 
4). The aircraft coordinates are determined with a single 
point (ground station) with the help of this method 
without the need for difficult calculations.  

Following formulas are used to calculate aircraft 
coordinates; 

𝑥 = 𝐷𝑐𝑜𝑠𝛽𝑐𝑜𝑠 𝑎  

𝑦 = 𝐷𝑐𝑜𝑠𝛽𝑠𝑖𝑛 𝑎 (33) 

𝑧 = 𝐷𝑠𝑖𝑛𝛽  
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Distance, azimuth, and elevation angles are determined 
by radiolocation measurements. A single radiolocation 
station is enough for this method 

 

Fig.4. Illustration of the state surfaces in the integrated 
method. 

6. Simulation Results and Discussion 

The distance measurements are simulated via the 
equation below: 

𝐷𝑧𝑖 = √(𝑥𝑖 − 𝑥)
2 + (𝑦𝑖 − 𝑦)

2 + (𝑧𝑖 − 𝑧)
2 (34) 

+𝑏 + 𝜎𝐷randn 

where ix , iy  and iz are the coordinates of the ground 
radio-navigation stations, b  is the bias in the distance 
measurements, D  is the standard deviation of random 
distance measurement error, which is 10D = m in 
simulations.  

The simulations are performed for the azimuth angle   
and elevation angle   via the expressions below; 

𝑎 = 𝐴𝑟𝑐𝑇𝑎𝑛 [
𝑌

𝑋
] ;  

𝛽 = 𝐴𝑟𝑐𝑇𝑎𝑛 [
𝑍

𝑋
𝑐𝑜𝑠𝑎]  (35)  

Matlab software was used to investigate the accuracy of 
terrestrial radio navigation methods through 
simulations. 

The simulation results and error analysis show that the 
distance difference method gives more accurate 
position results. The absolute errors of the distance-
difference measurement method along the x, y, and z 
axes are given in Fig. 5, 6, and 7, respectively. 

The aircraft position error analysis led to the result that 
the distance difference method is more accurate for 
horizontal x and y coordinates while it is not as much as 
good for the vertical z coordinate. As seen from the 
graphs, the absolute errors of horizontal x and y 
coordinates are good and varies approximately within 

the limits of [-25; +25] meters. The disadvantage of this 
method is that 4 ground stations are required for 
implementation. 

 

Fig. 5. Absolute error along the x-axis when using the 
distance difference measurement method. 

 

Fig.6. Absolute error along the y-axis when using the 
distance difference measurement method.  

 

Fig.7. Absolute error along the z-axis when using the 
distance difference measurement method.  
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The relative errors of the distance-difference 
measurement method along the x, y and z axes are 
presented in Figs. 8, 9, and 10, respectively. 

 

Fig. 8. Relative error along the x-axis when using the 
distance difference measurement method. 

 

Fig. 9. Relative error along the y-axis when using the 
distance difference measurement method. 

 

Fig. 10. Relative error along the z-axis when using the 
distance difference measurement method. 

The results shown in Figures 8, 9, and 10 show that the 
relative errors in the x and y coordinates are good 
enough but high on the z-axis.  

Simulation results are also obtained for distance 
measurement and integrated methods. The obtained 
results show that the errors calculated in the distance 
measurement method are smaller than the errors found 
in the integrated angle measurement/distance 
measurement method. As a result, calculating the 
aircraft coordinates with the distance measurement 
method is more advantageous than the integrated 
method. However, to implement the distance 
measurement method, three ground stations are 
required, whereas only one station is necessary for the 
integrated method. 

The integrated method requires only one ground station, 
but the position determination accuracy deteriorates as 
the aircraft moves away from that station. The 
simulation results presented in Figure 11, showing 
absolute errors along the y-axis when using the 
integrated method, confirm this statement.  

 

Fig. 11. Absolute error along the y-axis when using the 
integrated method. 

7. Combination of Terrestrial and Satellite-Based 

Navigation Systems 

The study (Bhardwaj, 2020) shows that there is a large 
potential for the combined navigation solutions from 
terrestrial and Satellite-based navigation systems. 

In the case of satellite navigation methods, the main 
limitation arises in closed areas such as dense forest and 
tunnel areas or underground areas where local solutions 
such as radio frequency identification (RFID) or wireless 
local area networks (LANs) provide indoor location 
tracking systems are available (Chothani et al., 2015). 
Thus, it is necessary to combine the two methods and 
provide a more reliable system, overcoming the 
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limitations of existing terrestrial and satellite navigation 
systems (Bhardwaj, 2020). 

Recently developed regional systems include the Quasi-
Zenith Satellite System (QZSS) developed in Japan and 
the Indian Regional Navigation Satellite System (IRNSS). 

Global and regional satellite navigation systems provide 
their services with an accuracy of about 10–20 meters. A 
literature review presented in (Bhardwaj, 2020) shows 
that regional satellite navigation systems such as IRNSS 
and QZSS provide accuracy comparable to GNSS in their 
main service region. 

Terrestrial radio navigation systems can include the 
same kinds of faults as GNSS. The terrestrial radio 
signals can be subject to multipath, while interference or 
signal attenuation can affect all or some signals at a given 
location. These problems can cause many receivers to 
produce a stream of false measurements prior to 
detecting signal unavailability. The user equipment can 
also include hardware or software failures (Groves, 
2008). 

8. Conclusion 

In this study, the accuracy of the different terrestrial 
radio navigation methods is investigated. The distance 
measurement, distance difference measurement, and 
integrated angle measurement/distance measurement 
aircraft position determination methods are taken into 
consideration. Simulations were carried out for aircraft 
flight dynamics. The position values that are determined 
by the presented methods were compared with the 
actual values.  

Simulation and error analysis led to the result that the 
distance difference method is superior and gives more 
accurate position results. It was observed that the 
distance measurement method errors were smaller than 
the errors of the integrated method.  

The demonstrations also show that the examined 
aircraft position determination methods are more 
accurate in determining the horizontal x and y 
coordinates than the vertical z coordinate 
determination.  

There is a good potential for the combined navigation 
solutions of terrestrial and satellite-based navigation 
systems. 
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VN : Visual Navigation 
VOR : Omnidirectional range  
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