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Ig(“ ) (M,A) in the intuitionistic fuzzy normed linear spaces. We also investigate some
topological properties of these spaces.

Introduction

Fuzzy set theory firstly defined by Zadeh [39] has been applied many fields of engineering such as in non-linear dynamic systems [10] ,
in the population dynamics [5], in the quantum physics [27], but also in various fields of mathematics such as in metric and topological
spaces [7,9,12], in the theory of functions [11,38] , in the approximation theory [4]. Fuzzy topology plays an essential role in fuzzy theory. It
deals with such conditions where the classical theories break down. The intuitionistic fuzzy normed space and intuitionistic fuzzy n-normed
space which were investigated in [32] and [36] are the most important improvements in fuzzy topology. In the last years, the concepts of
intuitionistic fuzzy I-convergent difference sequence spaces and intuitionistic fuzzy I-convergent difference double sequence spaces have
been studied in [21]- [?] and [23]- [24], respectively.

The concept of statistical convergence was given by Steinhaus [34] and Fast [8] using the definition of density of the set of natural numbers.
Many years later, statistical convergence was discussed by many researchers in the theory of Fourier analysis, ergodic theory and number
theory. Some statistical convergence types were studied in [1]- [3] and [29]. As an extended definition of statistical convergence, definition
of I-convergence was introduced by Kostyrko, Salat and Wilczynski [26] by using the idea of I of subsets of the set of natural numbers.
I-convergence of double sequences x = (x;;) has been studied in [30]- [31]. Recently, I- and I*- convergence of double sequences have been
studied by Das et. al [6]. Also, related studies can be found in [13]- [17].

Some new sequence spaces were introduced by means of various matrix transformations in [18], [19], [28] and [35]. Kizmaz [25] defined the
difference sequence spaces with the difference matrix as follows:

XA)={x=(x) co:AxeX}

for X = lw, ¢, ¢, where Ax; = x; —x;1 and A denotes the difference matrix A = (A,;) defined by

Ao (=) %, if n<k<n+1,
k= 0, f0<k<n.
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In this paper, we introduce difference double sequence spaces I, *:?)(M,A) and Ig(“ ’v)(M ,A) in the intuitionistic fuzzy normed linear
spaces. We also investigate some topological properties of these new spaces.

Basic definitions
In this section, we give some definitions and notations which will be used for this study.

Definition 2.1. ( [33]) A binary operation x : [0,1] x [0,1] — [0, 1] is said to be a continuous ¢-norm if it satisfies the following con-
ditions:

(i) = is associative and commutative,
(i) * is continuous,
(ili) ax1=aforalla € [0,1],
(iv) axb < cxd whenever a < cand b <d foreacha, b, c,d € [0,1].

Definition 2.2. ( [33]) A binary operation o : [0,1] x [0,1] — [0, 1] is said to be a continuous 7-conorm if it satisfies the following conditions:

(i) ois associative and commutative,
(ii) o is continuous,
(iii) ao0O=aforalla € [0,1],
(iv) aob < cod whenever a < cand b <d foreacha, b, ¢,d € [0,1].

Definition 2.3. ( [32]) The five-tuple (X, i, v,*,0) is said to be intuitionistic fuzzy normed linear space (or shortly IFNLS) is where X is a
linear space over a field F, * is a continuous 7-norm, o is a continuous 7-conorm, {, v are fuzzy sets on X x (0,0), t denotes the degree of
membership and v denotes the degree of nonmembership of (x,7) € X x (0,00) satisfying the following conditions for every x,y € X and
s,t > 0:

(xi) v(x,t)ov(y,s) >V (x+ys+1),
(xii) v (x,.):(0,00) — [0, 1] is continuous,
(xiii)  lim v (x,#) =0 and lim v (x,7) = 1.
t— t—0

®) v(ax,f) =0 (M%‘) if o #0,
(

oo

In this case (1, v) is called intuitionistic fuzzy norm.

Example 2.1. ( [32]) Let(X,||.||) be a normed space, and let ab = ab and aob = min{a+b,1} for all a,b € [0,1]. For all x € X
and every ¢ > 0, consider

w(x,t):= m and v (x,t) 1= AT

Then (X, U, v,*,0) is an IFNLS.

Definition 2.4. ( [32]) Let (X, i, v,%,0) be an IFNLS. For ¢ > 0, the open ball By(r,¢) with center x € X and radius r € (0,1) is de-
fined as

Bi(rt)={yeX:pux—yt)>1—rand v(x—y1) <r}

Definition 2.5.( [26]) If X is a non-empty set, then a family of sets I C P(X) is called an ideal in X if and only if

1) 0el,
(ii) A,B € I implies that AUB € I, and
(iii) foreachA€land BC Awehave Bel,

where P(X) is the power set of X.

Definition 2.6.( [26]) If X is a non-empty set, then a non-empty family of sets F C P(X) is called a filter on X if and only if
(i) 0¢F,
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(i1) A,B € F implies that ANB € F, and
(iii) foreachA € F and A C B, we have BE€ F.

An ideal ] is called non-trivial if / # @ and X ¢ I. A non-trivial ideal I C P(X) is called an admissible ideal in X if and only if it contains all
singletons, i.e., if it contains {{x} : x € X }.
A relation between the concepts of an ideal and a filter is given by the following proposition.

Proposition 2.1. ( [26]) Let I C P(X) be a non-trivial ideal. Then the class F = F(I) ={M CN: M =X —A, for some A €I} is a
filter on X. F = F(I) is called the filter associated with the ideal /.

Definition 2.7 ( [30]) Let I, be a non-trivial ideal of N x N and (X, p,v,*,0) be an IFNLS. A double sequence x = (x;;) of elements of X is
said to be I,-convergent to L € X with respect to the intuitionistic fuzzy linear norm (i, v) if, for every € > 0 and ¢ > 0, the set

{6, J)) ENXN:p(xij—Lit) <1—¢ orv(xij—L1)>e} €h.

[éuﬁv)

In this case, we write —limx=L.

Definition 2.9. ( [20]) An Orlicz function is a function M : [0,e0) — [0, ) which is continuous, non-decreasing and convex with M(0) =0,
M(x) > 0 for x > 0 and M(x) — oo as x — oo. If the convexity of Orlicz function M is replaced by M(x+y) < M(x+y)+ M(y), then this
function is called modulus function.

Remark 2.1. ( [20]) If M is an Orlicz function, then M(Ax) < AM(x) forall A with0 < A < 1.

Main results

In this paper, we introduce a variant of ideal convergent difference double sequence spaces in the intuitionistic fuzzy normed linear spaces.
We also investigate some topological properties of these new spaces.
Let w; be the space of all double sequences in the intuitionistic fuzzy normed linear spaces. We define the following sequence spaces:

B (,4) =

1 (Axij—L7) v (Axij —L,t)

{(xij)ewz:{(i,j)eNxN:M( )<1—¢€ or M( )>€}€Iz}

and

B (1,4) =

Axij,t U (Ax;j,t
{(xij) €wn: {(i,j) eNxN:M(%) <l—¢€or M(%) > e} €h}.
Theorem 3.1. The spaces I, *:*) (M, A) and B (1.0) (M, A) are linear spaces.

Proof. We prove the result for I,(“:?) (M, A). Similarly, it can be proved for Ig<“’v>(M,A). Let (x;5), (vij) € L) (M, A) and a, B
be scalars. The proof is trivial for @ =0 and f = 0. Let o« # 0 and 8 # 0. For a given € > 0, choose s > O such that (1 —€)* (1 —€) > 1—s
and € o € < s. Hence, we have

A1 ={(i,j))ENXN:M 5 y<l—gor M ; y>epch,
N  (Avy =L, o) v (A~ L1, 5fg)

Ay = (z,J)GNxN:M(f)Sl—EorM(f)ZS €b,

. (A =L 5i7) v (&x;~Li. otz )

AS = (l,])eNxN:M(f)>178and M(f)<s € F(h),

and
. (A= L1, 5fy)) v (Axy~ L1, o)
AS={(i,))eNxN:M(———— ) )>1—gand M(—— L) <ey e F(b).

P p

Let define the set A3 = A; UA;. Hence A3 € b. It follows that A§ is a non-empty set in F (). We will prove that for every (x;;), (vi;) €
L") (M, A),

a5 {(i,j) e N x N gt Bl (Ol L0 ) o

and M(D((a.Ax,;,'Jrﬁ-A)’t,f)*(‘x-l‘l+ﬁ'1‘2)’t>) < s}.

o
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Let (m,n) € A§. In this case,

u (Axmn_Ll:ﬁ) v (Axrnn_Lhﬁ)
M( )>1—¢ and M( ) <€,

P P

and

)< €

u (Aymn _L27ﬁ> ) ~1—¢ and M(v <Aymn_L27ﬁ)

M
( P P

Then

,U((a~Axmn +B'Ay"m) - (a~L1 “'ﬁ'LZ)vl)
p

M( )
y((x.Axmnfa.L],t/z))*M(u(B.Aym,, fﬁ.Lz,t/Z))

> M(
P P

T NI

= ’ ) M( 5 )>(l—g)x(l—g)>1—s
and
M( V(0. Axpn + B.Aymn) — (0t.Ly +[3.L2),t))
p
SA/[(v(ot.Ax,,mfoc.Ll,t/z))OA/[(U([S'.Ay,,mfﬁ.Lz,t/Z))
p p
:M(D <Axmn7Lhﬁ> )oM(v (Aymn 7L2’ﬁ) ) <€goe<s.

p p
This proves that

u((o-Axij+B-Ayij)— (oL +B.La) t)

Agc{(z;j)ezva:M( ) )>1—s
and M(v((oc.Ax,ﬁLB.Ay,jgf(a.Ll+ﬁ.L2).t)) - s}‘

Hence 12(“’“)(M,A) is a linear space.
Theorem 3.2. Every closed ball BS(r,1)(M) is an open set in I (#:2) (M, A).
Proof. Let B, (r,1)(M) be an open ball with centre x € I, -Y) (M, A) and radius r € (0,1) with respect to 7, i.e.

By(r)(M) = {y € L") (M,4):

Avii— Ayt Axj; — Ayt
(Lj)ENxNzM(M)Sl,, OrM(‘u(”y”))Zr} €h}.

) Ax — Ay, t Ax — Ayt

LetyeB§(r,t)(M).SoM(¥) 1= and m( XA ANy
Ax — Ay,t Ax — Ay, 1 Ax — Ay, 1
Since M(M) > 1 —r, there exists #y € (0,¢) such thatM(u) > 1—randM(u) <r
Ax — Ay, 1,

Let rp = M(u)- Since ryp > 1 — r, there exists s € (0,1) such that rp > 1 —s > 1 —r and so there exists ry,7, € (0,1) such that

p
roxrp >1—sand (1 —rp)o(l—rp) <s.
Let r3 = max{ri,r2}. Then 1 —s <rgxry <rgxrzand (1 —rg)o(1—r3) < (1—rp)o(1—rp) <s.

Consider the closed balls B(1 —r3,t —to)(M) and Bg(r,¢)(M). We prove that B (1 —r3,t —19)(M) C By(r,t)(M). Let z € By(1 —r3,t —
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(:u(AyiAZJ*tO)) D(AyiAZJ*tO)

10)(M). Then M > r3 and M( ) < 1—r3. Hence

[,L(AfoZ./[)) >M(M(AX*A}GIO))*M(ﬂ(Ay*AZJ*to))

M( P > P >rogxr3 >rgkr > 1—s>1—r,
and
M(D(AX;AZ,I)) SM(v(Ax;)Ay,zO))oM(v(Ayfﬁz,t—to))

<(l=rg)o(l—r3)<s<r
Thus z € BS(r,1)(M) and it proves that B§(1 —r3,t —to)(M) C Bg(r,1)(M).
Remark 3.1. It is clear that I,(*:?) (M, A) is an IFNLS. Define

V) (M, A) = {A C L) (M, A)
foreachx € A, there existt >0 and r € (0,1) such that B$(r,t)(M) C A}.

Then 7,(#:?) (M, A) is a topology on I, #:2) (M, A).
Theorem 3.3. The topology 7,(*:?) (M, A) on Ig(ﬂ’v) (M, A) is first countable.

Proof. It is clear that {B;(%, %)(M) :n € N} is a local base at x € I,(*"*)(M,A). Then, the topology 7,#¥)(M,A) on Ig(“"u)(M,A)
is first countable.

Theorem 3.4. I, (V) (M, A) and Ig(”’m(M,A) are Hausdorff spaces.

,Ll(AX*Ay,l) U(AfoZat)

Proof. Let x,y € I,(*:?) (M, A) such that x # y. Then 0 < M( )<1land0< M(

) < L.

B (Ax—Ay,1) v (Ax—Ay,1)

Define ry,rp and r such that r;y = M(

),I’z:M(

exist 3 and r4 such that r3 xr4 > rg and (1 —r3) o (1 —rg) < (1 —rp).

) and r = max{r;,1 — rp}. Then for each ry € (r,1) there

Let rs = max{r3, (1 —ry)} and consider the closed balls B{(1 —rs, 5)(M) and Bj(1 —rs, 5)(M). Then, clearly B{(1 —rs, 5)(M) N Bj(1 —
r57%)(M) =0.
Suppose that z € B{(1 —rs, 5)(M) N B5(1—rs, 5)(M). So,

[.L(Afoy,l)) ZM([J.(AX*AZ,t/Z))*M([.l(AyfAZJ/z)
P P P
>r5%rs >r3%ry > rg>rand

rp=M(

)

v(Ax—Ay,t)) S]VI(v(Ax—AzJ/Z))OM(D(Ay—Az,t/Z)
p p p
<(l—=rs)o(l—r5)<(1=r3)o(1—ry) <(1—rp)<1—r,

r ZM(

)

which is a contradiction. Hence I, (*:?) (M, A) is a Hausdorff space.

Theorem 3.5. Let I,(*:Y) (M, A) be an IFNLS, 7,(#:) (M, A) be a topology on I, (*:?) (M, A) and (xi;) be a sequence in LY (M, A). Then
. . o . . . 1 (Ax;j — Axo,1)
a sequence (x;;) is A-convergent to Axp with respect to the intuitionistic fuzzy linear norm (u,v) if and only if M(———%) —> 1

and pr( (A% —A%0.1)

) —>0asi,j—> oo
Proof. Let By, (r,)(M) be an open ball with centre xo € I»#-?) (M, A) and radius r € (0, 1) with respect to , i.e.

By, (1) (M) = {(xij) € L) (M, A) -

{(ﬂj)eNXN:M('LWAM)SI—r orM(M

5 5 )Zr}€12}~

Suppose (x;;) is A-convergent to Axy with respect to the intuitionistic fuzzy linear norm (u,v). Then for » € (0,1) and ¢ > 0, there
exists kg € N such that (x;;) € By (r,t)(M) for all i, j > ko. Thus,

{(zpj) eNxN:M(M) S1-r andM(M) <r} e F(h).
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1 (Axij — Axo, 1) v (Axij — Axo, 1) 1 (Ax;j — Axo,1)

p

So 1—M( 0 (Avij — Avo,1)

Oasi,j—> oo.

) <rand M( ) <rforalli, j>kg. Then M( ) — Land M(

)—

Conversely, if for each r > 0,

 (Axij — Axo, 1) v (Axij — Axg, 1) 1 (Axjj — Axo,t)

p
) < rforall i,j > ky. Hence

M( ) — land M( ) —>0asi, j —> co. Then for r € (0,1), there exists kg € N such that 1 —M(

K (A — Aoy 1) v (Axij — Axo,1)
P p

)<

rand M( ) < rforall i,j > ko. So, M(

el Gl B UL (Axij;AxO’t) )>1—rand M(

(xij) € BS, (r,t)(M) for all i, j > ko. This proves that a sequence (x;;) is A-convergent to Axy with respect to the intuitionistic fuzzy linear
norm (i, V).
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