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ABSTRACT
In this article an explicit list of representatives of all conjugacy classes of the projective linear

group PGL(3, q) is computed with complexity O(¢?).
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1. Introduction

For any (multiplicatively written) group G the equivalence relation
rogyie= HeGitat =y

is called conjugation. The corresponding equivalence classes are called the conjugacy classes of G. The set of all
conjugacy classes of G will be denoted by Conj(G). By Rep(G) we denote a set of representatives of Conj(G).
The center of G is defined to be the set of fixed points of all group elements, denoted by

Z(G):={z € G |tet ' =2Vt € G}.
Since Z(G) is a subgroup of G the set of cosets
G=G/ZLG)={zZ(G) | r € G}

forms a group. When talking about G for sake of simplicity in the following we just write the coset
representative = instead of the whole coset = Z(G).
For z,y € G we finally have the equivalence

Ty = FHEG,sELG) tat s =y.
Obviously, we obtain the implication for all z,y € G-
TEqgY = T=FY.

Let G = GL(n, q) denote the general linear group of the canonical n-dimensional vector space GF(q)" over
the finite field with ¢ elements, represented by full rank n x n matrices over GF(q). The center of GL(n, q) is
given by

Z(GL(n,q)) = {aU, | a € GF(q)"}

where U,, = diag(l, ..., 1) denotes the n x n unit matrix. The corresponding group

PGL(n, q) := GL(n,q) = GL(n,q)/ Z(GL(n, q))

is called the projective linear group of GF(g)".
Conjugacy classes in projective linear groups PGL(n, ¢) are well-studied and determined [4, 5].
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Theorem 1.1. The number of conjugacy classes of PGL(3, q) satisfies

@ +q+2 if3dividesq—1

Conj(PGL(3, = j
| Conj(PGL(3,q))| {q2+q otherwise.

The goal of this paper to efficiently compute and list a set of representatives of conjugacy classes of PGL(3, ¢):
Rep(PGL(3, q)).

The proposed set of representatives Rep(PGL(3,¢)) in this work can be constructed in O(¢g?) which is the
complexity of the number of conjugacy classes. The set Rep(PGL(3,¢)) is of particular interest e.g. for the
construction and characterization of combinatorial objects in the projective place PG(2,¢) with prescribed
symmetries (see [1, 2, 3]). Hence, an efficient listing of all elements of Rep(PGL(3, ¢)) is desired.

Assuming that for a group G we have a transversal Rep(G) of conjugacy classes and we know the order
m = |Rep(G)| we identify elements of Rep(G) that are equivalent with respect to ~z. We cancel out G-

equivalent elements from Rep(G) until m elements remain which finally define Rep(G).

2. Starting with the general linear group

Representatives of the conjugacy classes of GL(3, ¢) arise by matrices in rational canonical form for which

three different types occur (folklore):
0 0 —a
Ro(a,b,c):=11 0 =b],
0 1 —c

To be precise we obtain the following result:

Lemma 2.1. A set of representatives of conjugacy classes of GL(3, q) is given by the following set of matrices:

Rep(GL(3,q)) = {Ro(a,b,¢c) | a € GF(q)",b,c € GF(q)}
U{Ri(a,b) | a,b € GF(q)*}
U{R2(a) | a € GF(q)"}.

The three types of conjugacy classes correspond to the GF(¢)[z] modules
GF(q)[x]/(a + bz + cx? + 2?),

GF(q)[z]/(x + a) ® GF(q)[z]/(x + a)(z + b),
GF(q)[z]/(x + a) ® GF(g)[z]/(z + a) © GF(g)[z]/ (2 + a).
Hence, the number of conjugacy classes of elements of GL(3, ¢) is given by
| Conj(GL3, )| = ¢*(¢ 1) + (¢ —1)* + (¢ - 1)’ = ¢’ —q.

When switching to the projective general linear group PGL(3,¢), two representatives X,Y € GL(3,q) of
different conjugacy classes with respect to GL(3, ¢) are conjugated with respect to PGL(3, ¢), denoted by

X ~paL@,g) ¥
if and only if they can be transformed into each other by

TXT 'S=Y
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with T € GL(3,q) and S € Z(GL(3, q))-

Starting with the three types Ry(a,b, c), Ri(a,b), and Rz(a) of representatives of GL(3, ¢) we identify which
of them are equivalent with respect to the relation ~p¢y,3,4) and determine a transversal Rep(PGL(3, ¢).

Our basic tool is the following lemma:

Lemma 2.2. The following equivalences hold:

1. Fora,t € GF(q)* and b,c € GF(q):
RO ((l, ba C) :PGL(S,q) RO(a’t?)a bt27 Ct)
2. Fora,b,t € GF(q)*:
Ry (CL, b) =PGL(3,q) Ry (at7 bt)

3. Fora,t € GF(g)*:
Ry (a) ~pqr(s.q Ra(at).

Proof. The following transformations prove the equivalences
Ro(at?,bt?, ct) = TRo(a,b,c)T~*S with T = diag(t,1,t7'), S =tUs,

Ry(at,bt) = TRy (a,b)T™'S with T = diag(t,1,1), S =tUs,
Ry(at) = TRy(a)T™'S with T =1Us, S =1tUs.

Corollary 2.1. The following equivalences hold:

1. For a,b € GF(q)*:
Ry (CL, b) ~PGL(3,q) R1(17 ba_l)'

2. For a € GF(q)*:
Ry (a) ~par(s,q) R2(—1) = Us.

Proof. The result for the first equivalence follows from the previous lemma with ¢ := o' and for the second
equivalence with t :== —a™1. O

3. Transversal of conjugacy classes of PGL(3, ¢)

In this section we describe Rep(PGL(3, ¢)). Depending on how ¢ — 1 is divisible by 2 and 3, respectively, we
obtain different versions of Rep(PGL(3, ¢)) in some parts.
We start with the condition 3 { (¢ — 1): The mapping

f3: GF(q)* — GF(q)*,a + a®

is bijective and we get
Im(fs) = {fs(a) | GF(¢)"} = GF(q)".

Therefore, all elements » € GF(¢)* have a unique preimage s € GF(q)* such that f3(s) = s
use the notation
Iri=s.

Lemma 3.1. Let 31 (¢ — 1). For a € GF(q)* and b, c € GF(q) holds:

3 = r. In this case we

Ro(a,b,¢) ~par 3, Ro(1,b(Va=1)? cVat).

Proof. In the first equivalence of Lemma 2.2 we use for ¢ the value t = V/a~!. Then at? yields 1. O
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Theorem 3.1. Let 31 (¢ — 1). Then the following set of matrices is a transversal of conjugacy classes of elements of
PGL(3, q):

Ti(q) = {Ro(1,a,b) | a,b € GF(q)}
U{Ri(1,a) | a € GF(¢q)"}
U{Ry(=1)}.
Proof. According to Corollary 2.1 and Lemma 3.1 any element A € PGL(3,¢) is conjugated to one of the
three matrices Ro(1,a,b) for a,b € GF(q), R1(1,a) for a € GF(q)*, or Re(—1). We define T3 (q) as the set of all
possible combinations of the three matrices which are exactly ¢° + (¢ — 1) + 1 = ¢*> + 2 which is according to

Theorem 1.1 exactly the number of conjugacy classes of PGL(3, ¢). Hence, T1(q) is a required transversal of
Conj(PGL(3,q)). O

Example 3.1. For ¢ = 3 we obtain the following transversal:

0 0 1 0 01 0 0 1 0 01 0 0 1
n3)={[1 o o], {1 0 of,[t oo, {1 0 1|,[1t 0 1],
0 1 0 0 1 1 0 1 2 0 1 0 011
0 0 1 0 0 1 0 0 1 0 0 1
1o 1),{t o 2],{t 0 2],[1t 0 2],
01 2 01 0 01 1 0 1 2
0 2 0 01 0 1 0 0
11 0],{1 00],l0o1 0]
0 0 2 0 0 2 0 0 1
Next, we consider the second case that 3 | (¢ — 1). We use the following results:
Lemma 3.2. Forall a,c € GF(q)* and b € GF(q) we have
Ro(a,b,c) ~par(s,q) Rolac™® b2, 1).
Proof. The lemma follows directly from the first item of Lemma 2.2. We just substitute ¢ := ¢~ O

Now d | (¢ — 1) and if 3 is a primitive element of GF(¢)* the image of the following mapping
fa:GF(q)* — GF(q)*,a + a®
satisfies:
Im(fq) = {B* M4 0 <k <q—1}
:{ﬁd’“|0§k<%}.
From that fact together with Lemma 2.2 we obtain:
Corollary 3.1. Let 3| (¢ — 1). Forall a € GF(q)* and r € Im(f3) we have:
Ro(a,0,0) ~pgr(s,q) Ro(ar,0,0).
Rewriting this equivalence with a primitive element § of GF(¢)* we obtain for 3 | (¢ — 1) the equivalence
Ro(f4,0,0) ~pgrs,q) Ro(BH3Fmed a1 0,0)
forall 0 <4,k < g — 1. On the other hand side the inequivalence
Ro(,0,0) #paL(s.q Ro(67,0,0)
implies that ¢ and j must lie in different orbits of the group action

(3) X Zg—1 — ZLy—1, (3k,i) — i+ 3k mod ¢ — 1.
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A set of representatives is given by
{i]0<i<3}

Moreover, for 21 (¢ — 1), i.e. if GF(g) is a finite field of characteristic 2, the mapping f» is the Frobenius
automorphism
f2: GF(q)* = GF(q)*,a — a*

with
Im(f2) = GF(q)".
2 _

Therefore square roots exist, i.e. for each r € GF(¢)* have a unique preimage s € GF(q)* such that f>(s) = s* =
7. In this case we use the notation
Ur=s.

Corollary 3.2. Let 21 (¢ — 1). Forall a,b € GF(q)* we get
Ro(a,b,0) ~pgres,q) Ro(a(Vb=1)*,1,0).
Proof. 1t directly follows from the first item of Lemma 2.2 by substituting ¢ := Vb~ and ¢ := 0. O

Putting the previous previous three lemmas and corollaries together we obtain the following inequivalent
representatives

Theorem 3.2. Let 21 (¢ — 1), 3| (¢ — 1), and let 3 a primitive element of the finite field GF (¢)*. Then the following set
of matrices is a transversal of conjugacy classes of elements of PGL(3, q):

Tx(q) = {Ro(a,b,1) | a € GF(q)",b € GF(q)}
U{Ro(3,0,0)|0<i<3}
U{Ro(a,1,0) | a € GF(q)*}
U{Ri(1,a) | a € GF(q)"}

U{R2(-1)}.

Proof. Analogously to Theorem 3.1 we just have to count the elements in T5(q). Its cardinality is g(¢ — 1) + 3 +
(q—1)+ (¢ —1)+ 1 = ¢> + g + 2 which is exactly the required cardinality of Conj(PGL(3, ¢)) for the case that 3
divides ¢ — 1. O
Finally, we consider the remaining case 2 | (¢ — 1), 3 | (¢ — 1). Again from Lemma 2.2 we get
Ro(a,b,0) ~pgrs,q Ro(at®,bt?,0)
forall a,b,t € GF(g)*. In terms of a primitive element 3 of GF(q)* this equivalence can be reformulated as
Ro(B,87,0) ~par(s,q) Ro(B7H3Fmed a1 gitakmoda=i q)
for 0 <4, 7,k < g — 1. Therefore the inequivalence
Ro(B",87,0) ~pcrs,qe) Ro(B%,5",0)
implies that the pairs (7, j) and (s, t) must be contained in different orbits of the action group action
((3,2)) X Z2_y — Zg—1,((3k,2k), (i, 5)) — (i + 3k mod ¢ — 1, j + 2k mod ¢ — 1)

A set of representatives of the orbits of this group action is given by
. . . oq—1
fi)l0<i<s0<j< 0y

Hence we obtain:
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Theorem 3.3. Let 2 | (¢ — 1), 3| (¢ — 1), and let B a primitive element of the finite field GF (q)*. Then the following set
of matrices is a transversal of conjugacy classes of elements of PGL(3, q):

T3(q) = {Ro(a,b,1) | a € GF(¢)",b € GF(q)}
. . —1
U{R(8',47,0) [0 <i<3,0< ) < 1=}
U{Ry(8,0,0) |i€0<i<3}

(
(
U{Ri(1,a) | a € GF(¢)"}
U{Rz(=1)}.

Proof. Again we only have to show that the cardinalities fit: 75(¢) contains exactly g(q — 1) + 3 - %+ + 3 + (¢ —
1) +1=q¢*+ q+ 2 elements. O

In order to summarize the results we obtain the final corollary:

Corollary 3.3. For any prime power q the set

Ti(q) if31(¢g—1)
T(q) = {Tm) if21(q—1)

. otherwise
T3(q) otherwise

defines a transversal of conjugacy classes of elements of PGL(3, q) that can be obtained in O(g?).
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