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Abstract: Electron field emission experiments of carbon nanotubes (CNT) show that due to heat CNTs breakdown
faster under applied voltage than expected. Therefore, different systems with varying temperature distributions are
considered analytically and numerically by use of the heat conduction equation. This methodology yields a
phenomenological understanding and description of the thermoelectric behavior of CNTs under applied voltages.
Keywords: Carbon Nanotubes, Electron Field Emission, Heat Conduction.

KARBON NANOTUPLERIN ISI iLETIMININ UYGULANAN VOLTAJLAR ALTINDA
ANALITIK VE SAYISAL ANALIZi

Ozet: Karbon nanotiiplerin (KNT) elektron alam emisyonu deneyleri, 1s1 nedeniyle KNT'lerin uygulanan voltaj altinda
beklenenden daha hizli bozuldugunu gostermektedir. Bu nedenle, degigen sicaklik dagilimlarina sahip farkli sistemler,
1s1 akist denklemini kullanarak analitik ve sayisal olarak degerlendirilmektedir. Bu metodoloji, KNT'lerin

termoelektrik davranisinin uygulanan voltaj altinda fenomenolojik davranisini Ve tanimini saglamaktadir.
Anahtar Kelimler: Karbon Nanotiip, Elektron Alan Emisyonu, Is1 iletimi.

NOMENCLATURE

u Applied Voltage [V]

Kg Boltzmann Constant [J/K]

A Contact Area [m?]

I Current [A]

i Current Density [A/m?]

Ol Electrical Conductivity [S/m]

E Electric Field [V/m]

Pel Electrical Resistivity [Q2 m]

e Elementary Charge [C]

P Mass Density [kg/m?]

X Position Vector [m]

R Quality of Thermal Contact [K/W]
Radius of a CNT [m]

Specific Heat [J/(kg K)]
Stefan-Boltzmann Constant [W/(m? K*)]
Surrounding Temperature [K]
Temperature [K]

Thermal Conductivity [W/(m K)]
Time [s]

Volumetric Heat Source [W/m?]
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INTRODUCTION

Electron beams are involved in various applications and
basic research tools like cathode ray tubes, x-ray tubes,
scanning electron microscopes and transmission electron

microscopes. Typically a high density of narrow
electron beams is desired in such applications.
Therefore, in contrast to electron guns that use
thermionic emission of electrons from hot cathodes,
which cause thermal broadening, cold cathodes are
gaining interest. However, these cathodes need large
electric fields, which yield migration of atoms at the tip
surface. Hence, stable operation over long periods of
time is quite difficult. However, CNTs offer a solution
to this problem and are accordingly focused on (Bonard
et.al, 2001; Cheng and Zhou, 2003; Ha et.al, 2013).
Compared to metal or diamond tips, nanotube tips are
inert and stable to long periods of operation. Moreover,
other advantages like low threshold voltages for cold
field emission, low temperature of operation, fast
response times, low power and small sizes are available
(de Jonge et.al, 2005; Charlier etal, 2007). Many
examples of these kinds of applications are known in the
literature (de Heer et.al, 1995; Choi et.al, 1999; Sugie
et.al, 2001; Croci et.al, 2004; Zhang et.al, 2005).

Due to the high electric fields, materials for field
emission tips must be resistant to high temperatures
caused by Joule heating and high stress. This framework
may lead to the breakdown of the device. The
breakdown occurs most likely at the point of the CNT
where the temperature is at its maximum.
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The breakdown is usually completed in three
consecutive phases. First, the device performance
decreases. Afterwards, a structural failure arises in the
form of a crack. Finally, the CNT is burned off (Wei
et.al, 2007). Different models (Vincent et.al, 2002;
Bocharov and Eletskii, 2013; Giubileo et.al, 2018) and
experiments (Wang et.al, 2002; Bonard et.al, 2003;
Fairchild et.al, 2019) were analyzed to understand the
breakdown behavior of CNTs. The proposed theoretical
models are based on Joule heating. The existence of two
sources for the generation and dissipation of heat are
assumed; electrical resistance (Joule heating) and heat
radiation. The full solution of the heat conduction
equation for this case is still an open question, because
besides the advanced mathematical structure involved in
the related equation, the temperature dependance of the
resistivity and boundary conditions are needed (Collins
et.al, 2001).

The goal of this article is the solution and investigation
of the heat conduction equation with focus on
applications of CNTs for electron field emission. The
motivation for this research is two-fold. First, the
systematic procedure for the analytic solution of the heat
conduction equation with arbitrary boundary conditions
and temperature dependance of the resistivity is
introduced. The procedure is carried out using CNTs
with constant boundary conditions as an example.
Second, an efficient numerical algorithm (controlled by
the analytical calculations) is used for the modeling of
thermal dissipation in CNTSs. In fact, possible solutions
for the breakdown due to a self-heating process are
analyzed.
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Figure 1. Schematic depiction of (a) single-walled CNT and

(b) its associated field emission tip of length L connected to a

tungsten (W) tip. The configuration shows that the heat

conduction is essentially one-dimensional.

HEAT TRANSFER THROUGH CNT WITH
BOUNDARY CONDITIONS

The heat conduction equation in a non-uniform
anisotropic medium is given by Eq. (1)

pRR(x, 00T (%,1)= V(K& OVT(x,t)+g(xt) (O
where p(X) is the mass density, c(X,t) the specific
heat, T(X,t) the temperature distribution measured in K,
k(X,t) the thermal conductivity, g(X,t) the volumetric
rate of internal energy generation, t the time and X the
position vector. Note that specific heat, thermal
conductivity and volumetric heat source generally

depend on the temperature and thus implicitly on
position vector and time.
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The configuration of the heat transfer
considered is shown in Fig. 1.

problem

As a result of the geometry of CNTs they are modeled
as one-dimensional rods and Eg. (1) simplifies to its
one-dimensional form. X and V are replaced with x
and 0O,, respectively. However, the mathematical
analysis in this article can in principle be used for
arbitrary dimension d if the need arises due to a use of
another emitter in contrast to Fig. 1.

For the purpose of determining the volumetric heat
source Ohm’s law is used due to Joule heating which
leads to

I ? — U 2pel (X’t)

Aoy (x,t) depd (X,t)]

where j(x,t) is the current density, E(xt) the
electrical field, o (x,t) the electrical conductivity and
pq(x,t) the electrical resistivity while the contact area

is denoted with A. The Stefan-Boltzmann law which
describes heat radiation as well as consideration of
CNTs with lengths L along the x-axis attached to a
tungsten tip in combination with Eq. (2) yields Eqg. (3)

JE(x) = )

) (e ry)

- 77 3)
Idxpel (X't)
0

g(xt)=

as expression for the volumetric heat source, where U
is the applied voltage and o the Stefan—Boltzmann
constant. Furthermore, T(0<x <L,0)=T, is assumed.
For the purpose of defining the boundary conditions, the
tips of the CNTs are considered. At the interface with
the tungsten microtip a temperature drop due to the
thermal contact resistance occurs. The microtip and
surroundings temperatures are expressed as T, while

R, represents the contact quality, i.e. the thermal

contact resistance. These assumptions yield the
boundary condition in Eq. (4)
T(0,t)=To+ R AK(x, t)o,T(x,t)] _,. (4)

Nevertheless, the interesting boundary is the free end of
the nanotube. Electron emission on this end cools the tip

. . 3
since each electron carries energy EkBT(L,t) due to

classical statistical mechanics and the equipartition
theorem (Tolman, 1918), where kg is the Boltzmann

constant. Hence, the heat flux can be written down by



3kgIT(L,1)
20.A
metals this effect is much smaller than radiative cooling.
Contrarily, in CNTs it is a dominant factor due to high
field emission current density and low surface area for
radiative cooling (Chernozatonskii et.al, 1995; Rinzler
etal, 1995). Hence, the Stefan-Boltzmann law for
radiation and Fourier’s heat conduction relation yield

Eq. (5)

with the elementary charge g, . Note that in

3k IT(L 1)

_%(T4(L’t)_T°4)_ 2q,Ak(L 1)’

0,T(xt) _ = 5)

where | is the current.
Analytical Solution

In the following mass density, specific heat and thermal
conductivity are taken as constants for the analytic
treatment of Eq. (1).

Separation of variables

Separation of variables is widely applied for the
analytical solution of heat conduction problems. This
section introduces the most general solution of the
presented physical problem achievable by use of this
method. Correspondingly, the Stefan-Boltzmann term in
Eq. (3) and (5) is set to zero and Eqg. (3) is assumed to
be time-independent, since separation of variables is not
applicable otherwise because the homogeneous
boundary conditions for the Sturm-Liouville problem
are not fulfilled. This corresponds to the assumptions
that heat radiation is negligible and that Joule heating
occurs instantaneously. In fact, Fig. 7 shows that the
influence of time-dependent Joule heating is negligible
in accordance with the literature (Wei et.al, 2007).
Moreover, regarding the neglect of heat radiation it
should be noted that this analytical approach is mainly
used to control the numerical analysis. The numerical
experiments are compared with the analytical results in
Figs. 2-5. In Fig. 9, however, the heat radiation is also
included numerically.

First, Eg. (1) is split into two simpler problems in Eq.
(6) for the purpose of separation of variables; one steady
state that is descibed by a nonhomogeneous ordinary
differential equation with nonhomogeneous boundary
conditions and one transient described by a
homogeneous partial differential equation  with
homogeneous boundary conditions as well as a modified
initial condition, i.e.

T(x,t) =Ty (x,t) + Tss(x) (6)
Accordingly, one finds two
formulated in Egs. (7) and (8), i.e.

separate  problems
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02T, (x.1) :%atm (x,t),
RoAKD,Th(xt), _y =Ta(0:t), -
kgl

o Tu(xt) _, =— quBAk Ta(L,t),

Th(x,0) =Tp —Tss(x)

and

03Tss(x) = —¥,

RcAkaszs(X)xzo =Tss(0)-To, 8
kgl

aszs(X)L(:L =- Zq;\k Tss(L)

for 0O<x<Land t=0.

Second, the steady state part in Eq. (8) can be solved
trivially using traditional ordinary differential equation
solution techniques, i.e. sum of the homogeneous and
particular solutions. For  this  purpose
Tss(X)=Ta(x)+Tg(x) is used as an approach which

leads to Egs. (9) and (10)

o5Ta(X) =0,

RcAkaxTA()qX:o :TA(O)_TOv ©)
3kgl

I AL

and

k=S,

R.Akd,Tg(x) _, =Tg(0) (10)
3kgl

aXTB (Xlx=|_ == quﬁxk TB (L)'

Obviously, Eq. (9) yields Eqg. (11)

L e
Ta(X)=To . (11)
L+ R, Ak + 29, Ak

3kgl

while Eq. (10) leads to an apparent particular solution in
Eq. (12)

(12)

where a and b follow from the homogeneous boundary
conditions in Eq. (10) and are chosen such that Egs. (13)
hold



R.AG(b)-G(0) =Tz(0)

G(L)-Gb) - ;‘;B/L

To(L) (13

where G(x) is the antiderivative of g(x). In total, one
finds Eqg. (14)

_ To _ Tox
Tss(x)= BeAAK | 20AK
2quk+3kBL| gl (14)
X X dx"
-Jax [ S alx)
a b

Note that this approach holds for any integrable
volumetric heat source g(x) and its antiderivative

G(x).

Third, the transient problem in Eq. (7) is handled by a
separation into space-dependent and time-dependent
functions of a single variable each, ...
Ty (x,t)=W(x)O(t). This produces two different

ordinary differential equations given in Egs. (15) and
(16);

X"(x)+ 22X (x) =0,

R.AKX'(0)-X(0) =0, (15)
, 3kg! ~

X'(L)+ 20 Ak X(L) =0

and

r(0)+ 8 r)=o. (16)

o

Solving both equations separately, using the boundary
conditions and recombining both solutions yields Eq.
17

Th (x,t):icn

n=0

[ﬂn cos(4,x)+
:Xn(x)

with the roots A, given by the transcendental Eq. (18)

s 3k;ﬂMn
tan(4,L)= %

3kgl
R, Ak2Z - B
20, Ak

(18)

and the constants C, determined in Eq. (19) by the
nonhomogeneous initial condition of Eq. (7)
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L
2RCAkJ dx(T, ~Tes (X)X, (X)
C,= (19)
3K, |
2 L 2che (Ak)z
1+ (1+ (R.AkZ,) +

2
R. Ak 2. 3 |
29, Ak
In total Egs. (6), (14), (17)-(19) solve the formulated
problem. The explicitness of the analytic solution should

be noted. Obviously Eq. (19) can be simplified even
further by inserting Eq. (14) and calculating the integral.

Even though the expressions are lengthy, the
calculations are straightforward and lead to Eq. (20)
~ 12kgR,ITgA%?
"R 2quk+3kB (L + R.AK))
((u RoAKZ(L + R Ak)L)sm( L) - LA, cos(LA, ))
(20)

3Kg|
3

2
|
12
Je (2]

Solution by Green’s function

. (1+ (RoAKA, J | 2LAK +

1
+2RCA2k2T .

Use of Green’s function provides an efficient and
straightforward method for constructing exact analytic
solutions of wvarious heat conduction problems.
However, appropriate Green’s functions must be
available. The approach is used in mathematical physics
for the solution of partial differential equations (Aizen
et.al, 1974). Contrarily to the separation of variables, it
is the most general method to solve nonhomogeneous,
time-dependent conduction problems. Thus, a plane
surface heat source of unit strength located at x" and an
instantaneous heat source releasing its energy
spontaneously at time t' into a zero temperature
medium, both represented by Dirac delta functions, are
considered for the auxiliary problem in Eq. (21) for
O<x<L

%6tG(x,t|x',t')=6§G(x,t|x’,t’)+w (1)

with boundary conditions in Egs. (22)

R.AKD,G(x, x| -G0,gx.t) =0,

aXG(x,t|x',t’]X_L+23;k5;|kc;(|_,t|x’,t') =0 (22)
e

and initial condition G(x,t|x’,t'):0 for t<t'. The

formulated auxiliary problem is quite useful since the



solution of the original problem can be expressed just in
terms of Green’s function in Eq. (23)

L
T(x,t)= Tojdx’G(x,t|x’,0)
0
t L
+iIdt’jdx’G(x,t|x',t')g(x',t’) (23)
pe 0 0

TO
R.Apc

t
Idt’G(x,t|O,t’)
0

Note the time-dependency in g(x,t) in contrast to the

method of separation of variables.

Typically Laplace transformations or the method of
images are used for the determination of Green’s
function (Bilodeau, 1962). Instead, a general approach
that uses seperation of variables is applied here.
Therefore, the homogeneous version of the original
problem with nonhomogeneous initial condition is
considered. A separation in space- and time-dependent
functions of a single variable each is assumed. The
solution of this problem can be constructed in a simple
manner in Eqgs. (24) and (25) with the previously shown
methodology. It is given by

. kA%t
)= 3 E X, (K @ )
n=0
and
Do cod A snisL)
6 (25)
el
2
Lo R, | 5o 2Rl
R.AK CARE
Rt
" (quAk]

Considering Egs. (24) and (25) carefully, defining the
norm in Eq. (26)

L
N, =dexﬁ(x)
0 2R, Ak

3k,
L, 2R, . (Ak)?

R Ak 3. | 2
iﬁ+ B
20, Ak

that already appeared explicitly in Eqg. (19) as well as
(25), and using the property G(x,t|x',t’)= G(x,t —t’|x’,0)

(26)

1+(1+(RCAk/1n)2
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as well as the Heaviside step function H(x) yields

Green’s function

7T

2 X (X)X, (x) e t)
Gt )= Ht-t)y mn 2l e we @7)
Putting Egs. (23) and (27) together produces the full
analytic solution

kA2

e S0 ot 28t

n=l ''n RcAMn

22

t L Uy
! X’ ! 71 ! 4!
+jdtjgxn(x)epc g(x.t)

0 0

(28)

- TO
RGAKL, |

Note that the analytically derived Eq. (27) is applicable
for all cases of volumetric heat source. Comparison with
the originally formulated problem shows that just the
Stefan-Boltzmann term in Eqg. (5) is neglected. Hence,
just the heat radiation at the free end is neglected in the
analytical approach.  Furthermore, the thermal
conductivity is taken as constant. Investigations for a
linear temperature dependence were performed in the
literature (Zhang et.al, 2018).

Numerical Analysis

The numerical treatment of Eq. (1) is done by utilizing
the temperature dependence of the electrical resistivity.
Hence, for the volumetric heat source in Eq. (3)
g(x,t)=g(T(x,t))= g(T) is used, which corresponds to
the expected physics, since the heat generation at
location x and time t depends on the temperature at
this location and time. The explicit dependance varies in
different publications due to varying conduction
mechanisms.  Purcell (Purcell etal, 2002) uses
pa(T)=po(l—aT). This assumption takes hopping

along thermally activated defect sites into account. This
effect is well-known for large defect densities (Jang
et.al, 2004; Dehghani et.al, 2012). The wave functions
of electrons are highly localized in disordered systems
which leads to a vanishing electrical cunductance at
temperature zero. Nonetheless, electrons are hopping
between localized states at finite temperatures resulting
in electrical conduction. Hence, increasing temperature
leads to a decreasing electrical resistivity. However,
electron-phonon scatterings (scattering of electrons by
the thermal motion of the lattice) should also be
considered since the electrical resistivity g (T)

decreases indefinitely otherwise. Therefore,
2a(T)=po (1— T +(a,T )3/2 ) used this
manuscript (Suzuura and Ando, 2002) while ¢ and «,

is in



are chosen such that they are fitting the experimental
data.

The partial differential Eq. (1) is solved numerically by
approximating it with difference equations while the
derivatives are replaced with finite differences.
Accordingly, this method leads to the recursive relation
in Eq. (29)

T(vatk+1) T(vatk) > =

8 plr e JB{T et )
ELLT O E .
( ( )T( j 1tk) ( "tk)+T(Xj+1'tk))

+ AX g(T(xJ,tk))

(29)

where the temperature dependency of mass density,
specific heat and thermal conductivity is used.
Moreover, the evaluation is performed by utilization of
the disretization  x;,...,xy and t,...,ty  with

xj =(j+1)Axand t, =(k +1)At, where Ax and At are

step sizes. Due to the recursive relation the temperature
at location x; and time t, depends on the

temperatures at the locations X;_, X;j,X;,; and time t, .

IR
The boundary conditions given in Egs. (4) and (5) are
valid for x=x; and X=Xxy. C++ was used as

programming language for the recursive solution of Eq.
(29). This approach yields an efficient algorithm that is
easy to implement (Fraser, 1909; Fornberg, 1988;
Flajolet and Sedgewick, 1995; Zachos, 2008; Curtright
and Zachos, 2013). However, instabilities for large time
steps that disturb the data quality have to be treated
carefully (Jaluria and Atluri, 1994). A von Neumann

kAt 1
<= asa

pe(ax)’ 2
criterion for the stability (Charney et.al, 1950; Crank
and Nicolson, 1996). In the numerical analysis

At
(ax)?

RESULTS AND DISCUSSIONS

stability analysis for g(T)=0 vyields

<1 is used unless stated otherwise.

For the sake of checking the obtained results and
proving the usefulness of Eq. (28) numerical and
analytic solutions are being compared. To test the
numerical results with regard to their stability, rather
obscure initial temperatures T(0<x<L,0) such as

rectangular TH x—— &—x linear TX or
4 4 L

2
quadratic T (%} expressions for L =40-10"°m and

T =10K are used. For simplicity the volumetric heat
source g(T) and the boundary condition T(0,t) are set

to zero in this numerical experiments. Furthermore, the
method of images, i.e. T(xy_4,t)=T(xy,4,t) is used for

56

the boundary condition at x=L in the numerical
analysis. Hence, for these experiments the physically
motivated Egs. (3)-(5) are not considered.

All other constants are summarized in Table 1, in which
physical parameters describing the behavior of
multiwalled CNTs and field emission devices are taken
from (Dai et.al, 1996; Ebbesen et.al, 1996; Hone et.al,
1999; Bachtold et.al, 1999; Yi et.al, 1999; Yang et.al,
2002; Milne et.al, 2003; Sveningsson et.al, 2004; Fujii
et.al, 2005; Karim et.al, 2006; Karim et.al, 2007; Park
et.al, 2010).

Table 1. Physical parameters of multiwalled nanotubes

To 300 K
A 1.774-107 KIW
U 500-2000 V
r 108 m

L 0.5-40-10%m
Y 1300 kg/m®

k 100 W/(m K)
c 740 J/(kg K)
2o 3.26:10°Qm
o 8510 K™
a, 9.8:108 K1

The results of the numerical experiments are shown in
Figs. 2-5. Fig. 2 depicts the rectangular initial

L
temperature TH(X—ZJ [%—xj as well as the

analytical and numerical result after 10 ns. The dots
show the analytical solutions obtained by separation of
variables in Eqg. (6) as well as Green's function in Eq.
(28). Moreover, Eqg. (17) is considered two-fold. The
sum is evaluated for the first ten and 100 summands,
respectively. The dots therefore consist of a total of
three different analytical solutions. Hence, every dot is
actually a superposition of three different dots. It can be
seen that both solution methods are equivalent as
expected. In addition, the sums in Egs. (17) and (28)
,%t
converge fast due to the factor e 7 . For large times
zero temperature is found everywhere along the CNT
_kilﬁt
due to the factor e # in Eq. (28). By virtue of the
fixed boundary conditions, the curves obtained by the
means of numerics agree with the analytical results at
both ends. These curves were obtained for two different

At 0.1 and At
(ax)? (ax)?
on top of each other. However, a discrepance between
exact and numerical solutions can be observed in the
middle of the CNT due to the discontinuous initial
distribution. Accordingly, the numerical and analytical
results agree in the other polynomial initial temperature
cases for all times in Figs. 3-5. In analogy to Fig. 1, Fig.

ratios, i.e. =10 and almost lie



3 and Fig. 5 illustrate the linear initial conditions T

| >

2
and T (EJ , respectively. The analytical result depicted

with plus signs in Fig. 3 is obtained by separation of
variables with 100 summands for 10 ns. It is compared
to two different numerical solutions due to varying

ratios >=0.1 and At2 =10. The exact and
(Ax) (Ax)
numerical curves agree with each other. Fig. 5

emphasizes this result. The analytical solution obtained
by Green’s function with 100 summands completely fits

the AU o1,

(ax)?
Additionally, Fig. 4 shows the influence of time on the
temperature distribution. The temperature distribution
for the linear initial condition is obtained by Green’s

At
(ax)?
times, i.e., 510,...,50 ns, and are in good agreement.
As expected, the temperature along the CNT s
decreasing for increasing times.

numerical result evaluated for

function and by numerics with 0.1 for varying

Fig. 6 shows the numerical result for the initial condition

At _ 01, but the

(ax)?
inhomogeneities in the boundary conditions and in the
heat conduction equation are neglected, i.e. the Stefan—
Boltzmann term in Eq. (5) that describes heat radiation
at the free end, the electron emission term of Eq. (5) and
the volumetric heat source g(T) are set to zero. As
expected, the maximum temperature is reached at the
free end since tip cooling effects are neglected. The time
dependence of the temperature distribution is examined
in the inset of Fig. 6. It can be seen that the steady-state
is reached very fast, which was used as an assumption in
previous publications (Huang et.al, 2004). However, the
scale varies between ns and us with varying lengths
which can be seen in Fig. 7.

T(0<x<L0)=Ty=300K and

10

= T
Initial temperaturesm
Numeric solution
T 0.1
with (a7~
Numeric solution

¢
with @~ 1°

Three analytical
results on top of
each other

4 +

Temperature [K]
(=]

0

20 25 3
X [um]

Figure 2. Temperature distribution at 10 ns along the x -axis

for a rectangular initial condition denoted with the blue

dashed line. Three different exact results obtained by

separation of variables with ten and 100 summands and

0 5 10 15 30 40
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Green’s function with 100 summands are depicted as dots and
lie on top of each. Furthermore, numerical results for

A o1 and A
(ax)? (axy
green lines and show good agreement with each other.

=10 are illustrated with red and

10 T T T T T T T
— 8 r 4
=)
@
]
= 6 AT
£ 4f o .
o o o Numerical result for At/(Ax)*=0.1
2L e & Numerical result for At/(Ax)*=10 4
< * Initial temperature e
Exact result *
0 . . . ) \ L :
0 5 10 15 20 25 30 35 40
X [um]

Figure 3. Temperature distribution at 10 ns along the x -axis
for a linear initial condition illustrated with a blue line. As
expected, numerical and analytic result are in good agreement
even for large step sizes At. The error is of order 0.01 %.
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Figure 4. Temperature distribution along the x -axis for a
linear initial condition and the corresponding time evolution.
Exact and numerical solutions are observable. The
temperature is decreasing for increasing time. Numerically, the
steady-state temperature zero of this numerical experiment is
found everywhere for 100 ns. Hence, the time scale shows
that the steady-state is reached rather fast.

10 T T T r
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=
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T
=
=
=
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B
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[
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0 1 1 L

D) 13 20
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Figure 5. Temperature distribution at 10 ns along the x -axis
for a quadratic initial condition illustated with a blue line. As
expected, numerical and analytic result, i.e. red line and green

plus signs, are in good agreement.
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Figure 6. Temperature distribution after 10 ns along the x -

axis for initial condition Ty =300 K. The numerical solution

0 5 10 15 40

was obtained for =0.1. The inset shows the maximum

Ax)?

temperature reached at the free end of the CNT in this
configuration after several time intervals. The temperature at
at the free end increases up to 3213 K. This steady-state

behavior is observable after approximately 100 ns .
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Figure 7. Time until the steady-state is reached for different
CNT lengths. Growing lengths yield higher times.

Steady-state results of analytical evaluations with 100
At

Ax)?

are shown in Fig. 8 and 9, respectively. In addition to
the temperature distribution, the influence of varying
CNT lengths is also studied in these Figures.

summands and numerical calculations with =0.1

The analytical solution takes all terms in Eqgs. (3)-(5)
with the exception of the Stefan-Boltzmann term in Eq.
(5) into account and uses the CNT length L=5-10" m
as well as U =2000V as voltage. Note that the Stefan-
Boltzmann term occuring in the volumetric heat source
in Eq. (3) is considered. However, for the evaluation of
Eq. (28) in combination with Eq. (3) and temperature-
dependent electrical resistivity pe|(T) discretization as
well as iteration is used. For fixed parameters given in
Table 1 the maximum temperature is not reached at the
free end of the CNT due to the electrons carrying
energy. Hence, a tip cooling effect is observed in Fig. 8.
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Figure 8. lllustration of the steady-state analytical result of the
original problem for a CNT of 5-107' m while just the
Stefan-Boltzmann term in Eq. (5) is neglected.

In contrast to the analytical treatment, the numerical
analysis takes all terms in Egs. (3)-(5) into account.

Moreover, the CNT length L=4-10" m and 500V for
the voltage is used.

A similar but increased tip cooling effect is observed in
the numerical calculations since in this case the in the
analytic calculations neglected term of the boundary
condition in Eqg. (5) is taken into account. This
additional heat radiation at the free end of the CNT
leads to a greater decrease in temperature at this end if
Fig. 8 and 9 are compared.
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Figure 9. Numerically calculated temperature distribution for
the original problem along the CNT with length 4-107° m,

At
where ——=0.1 was used.
(Ax)

Notwithstanding this subtle difference, both analytical
and numerical calculations predict breakdown of the
CNT during electron field emission some space away of
the free tip since it occurs most likely at the point of the
CNT where the temperature is at its maximum. In fact,
this is in good agreement with experiments (Liu et.al,
2019; Lin et.al, 2019).

Note that comparison of both results shows different
maximum temperatures for different CNT lengths.
Shortening the length decreases the maximum
temperature, which is an important mechanism for the



stability of the CNT field emission tip. This observation
is strengthened by different numerical experiments.
However, in comparison with Fig. 9 a higher voltage
according to Table 1 was applied in Fig. 8 for the
purpose of demonstrating the breakdown behavior with
just analytical results and proving the existence of the
experimentally observed threshold voltage at which
breakdown occurs (Bonard et.al, 2002; Doytcheva et.al,
2006).

Another strategy for preventing the breakdown behavior
are alternating voltages that are set to zero in certain
time intervals. For this purpose Eq. (30)

U(t)=Up D H(t—ntH(nt, +t, —t)

neXNg

(30)

is used as voltage, where U, =2000V, t; =100ns and
t, =20ns. Note that for this analysis time steps At

have to be smaller by at least an order than the period
At of the alternating voltage due to the Nyquist—
Shannon  sampling theorem  (Shannon,  1949).
Furthermore, the period t; should be large enough since

the physical system needs time to adjust. Hence,

At =0.1 and Table 1 for this
(ax)?
purpose. Moreover, for simplicity, heat radiation is
neglected in Eq. (3) and (5) for this numerical
evaluation. These assumptions lead to a periodic cooling
and heating of the CNT in Fig. 10. This method might
be a possible solution for the avoidance of breakdown.
In fact, this strategy is in the focus of experiments
(Zhang et.al, 2020).

is used besides
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Figure 10. Maximum temperature of CNTs under applied
alternating voltages

CONCLUSIONS

In summary, the thermal behavior of CNTs during
electron field emission was analyzed by construction of
analytical solutions of the heat conduction equation as
well as numerical experiments. The influence of
different inhomogeneities encoded in the volumetric
heat source g(x,t) in Eq. (1) as well as initial and
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boundary conditions in Egs. (4)-(5) was analyzed. In
contrast to prior publications the time-dependence and
the Stefan-Boltzmann term in the boundary condition of
the free end as well as the contact quality were taken
into account. Nevertheless, temperature dependent
thermal  conductivity, = quantum  size  effects
(Sandomirskii, 1967) and stresses in axial as well as
radial direction that occur due to the electrostatic force
were neglected. However, this simplification still yields
good agreement with experiments. The breakdown
mechanism of CNTs under applied voltages is explained
completely by use of Joule heating, heat radiation and
electron emission at the tip. In particular, this study was
able to confirm the experimental knowledge that the
breakdown does not occur at the end of the CNT but
rather a short distance beforehand due to tip cooling
caused by electron emission.
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