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Abstract

In this work we focus on presenting a method for solving local fractional differential equations. This method
based on the combination of the Aboodh transform with the local fractional derivative (we can call it local
fractional Aboodh transform), where we have provided some important results and properties. We concluded
this work by providing illustrative examples, through which we focused on solving some linear local fractional
differential equations in order to obtain nondifferential analytical solutions.
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1. Introduction

The search for analytical solutions to fractional differential equations is often difficult, so in many cases

researchers focus on studying the existence, uniqueness and properties of solutions [5 [12], 18, 21, 27, 28],
while others tend to employ numerical methods to search for approximate solutions.
Transformations defined by integrals play an important role in the resolution of ordinary differential equa-
tions, partial differential equations and in the resolution of integral differential equations with integer order
or fractional order. It also intervenes in mathematical physics, probability calculus, automatics, engineering,
etc.
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Among the most famous transformations, we find the Laplace transform method [24], the Fourier trans-
form method [6], the Hankel transform method [19], the Mellin transform method [14], and there are other
transformations that have appeared in the recent period. We cite for example, the Sumudu transform method
[29], the Natural transform method [I3], the Ezaki transform method [7], the Aboodh transform method [1],
the ZZ-transform method [35], the Shehu transform method [17] and others.

Our work in this paper is based on the Aboodh transform method, which was developed in 2013 by
K. S. Aboodh [I], and has been used by many researchers in solving differential equations of integer order
[2, 4, [15], 16, 20) 23], 36, B8], and differential equations of fractional order [8] 9, 22], 26] and we will extend it to
solve linear differential equations with local fractional derivative. We supported this work with illustrative
examples showing how to apply this transform with the use of local fractional derivative.

The present paper has been organized as follows. In Section 2, some basic definitions and properties of
the local fractional calculus and local fractional Laplace transform method. In Section 3, we present some
important results. In Section 4, we apply the local fractional Aboodh transform method (LFETM) to solve
the proposed example. Then we finish with the conclusion.

2. Basic of local fractional calculus

In this section, we present the basic definitions and theorems of local fractional derivative, local frac-
tional integral, local fractional Taylor’s series, local fractional Mc-Laurin’s series and local fractional Laplace
transform method.

Definition 2.1. ([27], [32], p. 14) If there exists the relation
[®(v) = ®(vo)| <77, (1)

with |v — vg| < 0, for v, 6 >0, and v, § € R. Now ®(v) is called local fractional continuous at v = vy, denote
by lim, ., ®(v) = ®(vy). Then ®(v) is called local fractional continuous on the interval (a,b), denoted

by ®(v) € Cy(a,b).

Definition 2.2. ([24],[32], p.18, p.34) Setting ®(v) € Cy(a,b), the local fractional derivative of ®(v) of

order n at v = vy is defined as

ORE = e e @)
where
A"(@(v) — ®(vo)) = (L +7) [(2(v) — 2(vg)] - (3)

The local fractional partial differential operator of order n (0 < n < 1) was given by
dw(vo,v)  A(w(vo,v) — w(vo, o))
o (v — )" ’

where
AT (vo,v) — w(v0,v0)) 2 T(1 + 1) (o, v) — w(vo, )] (5)

Definition 2.3. ([27], [32], p. 25) The local fractional integral of ®(v) of order n in the interval [a,b] is
defined as
b
aIlEn)CI)(U) = 1/‘1’(7’)(6[7’)77
I'(1+n)

N-1
1
= 0 A i) (A7),
T alm, 2 S (an) )
where At; = 141 — 7, AT = max {A71g, A7y, A1o, -+ } and |13, Tiv1], T0 = a, TN = b, is a partition of the
interval [a, b].



D. Ziane, R. Belgacem, A. Bokhari, Adv. Theory Nonlinear Anal. Appl. 6 (2022), 217228

219

Definition 2.4. ([10],p.113,[25], [37) The local fractional Laplace transform of ®(v) of order n is defined

as

L8} = Fofo) = g [ Bal—s") (o))"
0

If Ly {®(v)} = F y(s), the inverse formula of (7)) is defined as

B+ioco
B0) = Ly ) = G [ BT (s
B—io0

where ®(v) is local fractional continuous, s" = B1+i"00", and Re(s) = 8 > 0.

Theorem 2.5. ([52),p.152) If L, {®(v)} = F ;(s) and lim,_oc ® (v) = 0, then one has

L, {@W (v)} = §"Ly {(v)} — B(0).
Proof. (see[32],p.153)

Theorem 2.6. ([32), p.153) If L, {®(v)} = F,(s) and lim,_, oIJ/® (v) =0,

then one has 1

L (18(0)} = &, Ly (B(0))
Proof. (see[32],p.153)

Theorem 2.7. ([52),p.155) If L, {®(v)} = F y(s) and L, {¥ (v)} = Q,(s), then one has
Ly {(@() + @ (), } = Fy(s)2(5),

where

((v) x ¥ (v)), = F(ll—l—n)/q)(%)qj(v — 2)(d)".
0

Proof. (see[32],p.155)

Theorem 2.8. ([35]) Suppose that ®(v) € Cyla,b], then there is a function
M(v) = I ®(v),

the function has its derivative with respect to (dv)",

Proof. (see[33])

(7)

(10)

(11)

(12)
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3. Main Result

In this section, we derive the local fractional Aboodh transform method (LFAT) and some properties

are discussed.
If there is a new transform operator LF'A,, : ®(v) — F ,(v), namely,

LFA, {®(v)} = LFA, {Zakv } Z a knté???.

For example if ®(v) = E,(i"v"), we obtain

O jknykn
LFA,{E,(i"")} = LFA, {Zr }

and if ®(v) = F(%n)’ we get

v’ 1
v {pi i | = e

These results can be generalized by providing the following definition.

Definition 3.1. The local fractional Elzaki transform of ®(v) of order n is defined as

1 1 T
/En(—unv”)q)(v)(dv)", 0<n<L

LFA {®(v)} = Fy(V) = 50— —
K K (1 +n)wv /

The inverse transformation can be obtained as follows

LEA;' { ()} = 3(v).

Theorem 3.2. (linearity). If LEA,{®(v)} = F,(v) and LF A, {¥ (v)} = Q,(v), then one has
LEA, (DB(0) + 1 (1)} = A () + 50 (1),
where A and p are constant.

Proof. Using formula , we obtain

LFA,{\®(v) + p¥ (v)} = E, (—v"0") {A®(v) + p¥ (v)} (dv)"

1 1 T
= )\MWO/EW( V1o ®(v)(dv)" +
1 1 T

M | B ) (@
0

= AMFA{®(v)}+ pLFA,{¥(v)}.
This ends the proof.

(13)

(14)
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Theorem 3.3. (local fractional Aboodh-Laplace and Laplace-Aboodh duality). If L,{®(v)} = F,(s) and
LFA,{® (v)} = Q,(v), then one has

Ly {B(0)} = 579, (). (19)
LF Ay (8(0)} = 1 (). (20)

Proof. We show formula . Using the formula gives
1 o0
LA®©) = Frsy [ Blesee) )
0
S / By (s (0) (dv)”
['(1+4mn)sn K
0

= 57Q,(s).

Proof of the formula . We have

LEA, {®(v)} = mlﬂ);n /En(—y%”)@(v)(dv)”.
0
then N
LPA 00} = o | s [ Bl e)@)” ).
0
therefore, we get
LF Ay (9(0)} = 1 ()
This and the proof. O

Theorem 3.4. (local fractional Aboodh transform of local fractional deriwative). If LFA,{®(v)} = Q,(v),
then one has

®(0)

LFAU {Dg-i-(b(v)} = VWQU(V) - o 0< n < ]-a (21)
and .
o . = k(o
LFA, {D§i®(v)} =v nQ”(V)_ZV(Q—mEk))n’ 0<n< L (22)
k=0

Proof. We proof the formula . Using the formula and the integral by parts [11], we get the follow-
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ing
Lra{en)} = L / By (—1"0) 3 (1) (do)”
" (1 +n)wv "
0
1 1 /
- — = n o — M n
T+ o [-T'(14 0)®(0)] + v tgnoo E, (=" ®(v)(dv)
0
S Y0 . /E (=MD () (dv)"
v L' +n)vn K
0
®(0)
= VnQn(V) — 7
To demonstrate the validity of the formula , we use mathematical induction.
If n =1 and according to formula (22), we obtain
®(0)
(n) — N _ =\
LFA, {cp (v)} = V1 (v) = =2,
so, according to the , we note that the formula holds when n = 1.
Assume inductively that the formula holds for n, so that
n—1
LF A, {Dg7@(v)} = v (v) = > pCETE (23)
k=0

It remains to show that is true for n 4 1. Let Dg7®(v) = ¢(v), (where LFA,{¢(v)} = 1,(v)) and

according to and , we have

n g o (b O
LFA, [Dg v+ @(U)} — LFA, [D§ 6(v)] = vy (v) - %
n—1
" okn(0) | ¢(0)
= v [V, (v) - = | T o
k=0
n—1
k) (0) DI d(1)(0)
— n+1 0+
= o )ﬁQn(u)—ZV(l_n+k)n — W
k=0
"L k) (0)
_ n+1
= ) = ) i
=0

Therefore the formula is true for n + 1.
Thus by the principle of mathematical induction, for all n > 1 the formula holds.

O

Theorem 3.5. (Local fractional Aboodh transform of local fractional integral ). If LF A, {®(v)} = Q,(v),

then one has
LFA, {of,g%(v)} = Q).

Proof. Let P(v) = oll(,n)q)(v). According to the (theorem 3.2.9, [33]), we get
Dy, P(v) = (v),

and P(0) = 0.

(24)
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Taking the local fractional Aboodh transform on both sides of Equ.7 we have
LPA, (DY, P(v)} = LEA, (3(v)}.
Which give
VILF A, {P()} = Q,(v),

because P(0) =0, and LFA, {®(v)} = Q,(v).
Thus we get

LFA, {of}]ﬂcp(v)} = =, (v).
O

Theorem 3.6. (local fractional convolution). If LFA,{®(v)} = F,(v) and LFA,{¥ (v)} = Q,(v), then
one has

LF A, {(®(0) + ¥ (1)), } = V" (1)),

where

1 oo
o v =——— [ P()V(v - ds)".
@)+ ¥ 0), = Frrs [ PV = (i)
0
Proof. The Laplace transform of fractional order of the function (®(v) * ¥ (v)), , is given by

Ly {(@(0) ¥ ¥ (), } = Ly {O(0)}Ly{¥ (v)}.

Using the formula (19)), gives

LPA @)+ ¥ (), } = L {B() « ¥ (v)}
= (L) L, v o))
= V'F,(v)Q,(v).
This completes the proof. O

Aboodh transform of somes special functions

In all of the following results, we relied on the formula , and some of the results found in references
3], [34]

1) If &(v) =1, we get

1 1 7
LFAn{l} = WW/EW(_VnUW)(dU)n
0
1 . — ”
= — lim [En(—unvn)]
V" se—so0 | U 0



D. Ziane, R. Belgacem, A. Bokhari, Adv. Theory Nonlinear Anal. Appl. 6 (2022), 217228 224

2) If &(v) = F(ﬁn) (0 < n < 1), using the integral by parts [11], we get the following

LEA v} = —— 1 / By (=)o (dv)”
0

Because lim,,__, oo [;1

v L(1+n) 0
Therefore
1 -1 ”
LFA,{v"} = T %l'£>noo [WEH(—UUU")] .
1
R

3) If ®(v) = E, (av"), using the formula (16]), we get

11 ]
LPANE, (@)} = e / By (=" Ey (av") (dv)"
0
I S /OOE ((a — v (dv)"
v (14 n) K
0
1 1 o
= — lim [ En(—l/"vn)]
v s—soc0 | a — 0
_ 1
v —qun

4) If ®(v) = sin,(av") (0 < n < 1), using the formula (16]), we get

, T E, (@i — B, (—ai"")
LF A, {sin,(av")} = Ti+7) /En —v'"') 57 U (dv)"
0
— KV —ai — M) n
= z"zﬂl“ 1+77 / (ai" — vV — B, ((—ai" — vT)u")] (dv)
0
1 [ Byllai —uen)  Ey((ai - vmon) )]
T 20 s ai — V'l —ai — V1 0
After the calculations we find
LF A, {sin,(av")} = a

v (v + a2)’

5) If ®(v) = cosy(av) (0 < n < 1), knowing that cos,(av) = E”(ainvn)gE"(*mnvn)

same previous steps, we get

, and by following the
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1

LFAn{COSn(a'Un)} - m

6) If ®(v) = sinh,(av") (0 < n < 1), we obtain

) 1 1 T E, (av") — E, (—av™")
LF A, {sinh,(av")} = wM/En(—V”U”) i 5 ! (dv)"
0
1 1 [ M, AW/ n
= Sty [ Ealla =y~ Eyl(=a =)o) (dv)
0
— uM" —a— MM\ 1*
— i [(Balezn | e vy
2UM s—00 a— v a—+ v 0
By performing simple operations, we find
LF A, {sinh, (av")} = a

v (V21— a2)’

5) If ®(v) = coshy(av") (0 < n < 1), knowing that cosh,(av") = n(av™)+ By ‘wn), and by following the
ul ) n 2
same previous steps, we get

1
v — g2’

LF A, {cosh,(av™)} =
4. Tlustrative Examples

In this section, we will apply the local fractional Aboodh transform (LFAT) to some suggested local
fractional differential equations.

Example 4.1. First, we consider the following local fractional differential equation of order n, (0 <n < 1)

d"p (v)

dun

+4(v) = -1, (26)

with the initial condition ¥ (0) = 0.
Taking local fractional Aboodh transform on both sides of given equation,we have

v LFA (e 0)) — YO Lpa, (o (0)) = LA, (1) (27)
Then )
(V" +1) LFA,{¢ (v)} = ~ (28)
Which give
LFAU {w (U)} = _1/277 (l/i _|_1)
_ 1 _ 1 (29)

v 4pm v’

By applying the inverse transformation on both sides of equation , we get

b (v) = Ey(=v") =1, (30)
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Example 4.2. Next, we consider the following local fractional differential equation of order n, (0 <n < 1)

d™p (v) _
W) sy ) =2, (31)
with the initial condition
(o) = 1. (32)
Taking local fractional Aboodh transform on both sides of equation , we have
2
V) LF Ay {6 (0)} = 2LF Ay {§ (0)} = (33)
By following the same steps as the previous example, we obtain
LFA = 2 L 34
n{zﬁ(v)}—m—ﬂ- (34)
Take the inverse transformation on both sides of equation ,we get
v (v) =2E2v7) — 1. (35)

Result represents the exact solution to the equation .

Example 4.3. Finally, we consider the following local fractional differential equation of order 2n, (0 <n < 1)

Eo) o) =i (36)
subject to the initial conditions
$(0) =0, dgfjgo) _o. (37)
Taking local fractional Aboodh transform on both sides of equation , we have
VILE Ay {9(0)} + LFA {6(0)) = (38)
By following the same steps as the previous example, we obtain
LFA, {$(0)} = ———— — —. (39)
v (b1 +1) v
Take the inverse transformation on both sides of equation , yields
o
P(v) = sing, (V") — Tasn (40)

Result represents the exact solution to the equation ,

5. Conclusion

The basic idea that we presented in this work is based on combining the Aboodh transform with the local
fractional derivative, where we presented some important results and properties of this combination. And in
order to prove the effectiveness of this method, we applied it to solving some linear local fractional differential
equations, as we saw that the solutions are accurate and of the type of nondifferentiable functions. Based on
the results of the proposed examples, we can say that this method is practical and effective in solving other
forms of linear local fractional differential equations.
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