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Abstract

In this study, we consider an unbalanced fully rough interval transportation problem, where
all the parameters and decision variables are represented by rough interval numbers. A
method named as split and separation method has been proposed in the literature to find
the optimal solution of balanced fully rough interval transportation problem. As per our
knowledge, no method exists in the literature to solve an unbalanced fully rough interval
transportation problem. Therefore, a new method is proposed in this study to solve such
problem. Using proposed methodology, firstly the unbalanced problem is converted into a
balanced one and then the optimal solution of the balanced problem is obtained. To show
the applicability of the proposed methodology, a numerical example is solved. Finally, the
study’s conclusions and future research directions are discussed.
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1. Introduction

The transportation problem, developed by [17] in 1941, is a special kind of linear pro-
gramming problem. The classical transportation problem is designed to obtain the optimal
resource allocation from supply sites to demand points while reducing the total transporta-
tion cost and it is solved as a crisp linear programming problem. Crisp linear programming
problem means that all the parameters such as cost of transportation between sources and
destinations, available supply at each of the sources and the demand of each destination
is completely known. It is assumed that the decision maker has no confusion/ambiguity
about the values of the parameters. In the literature, various approaches [2,4, 19, 20]
have been developed to solve the crisp transportation problem such as Korukouglu and
Balli [20] solved a transportation problem with crisp parameters using modified Vogel’s
approximation method. To obtain the better feasible solution for balanced transportation
problem, Amilah et al. [4] proposed the supply selection method. Karagul and Sahin [19]

*Corresponding Author.

Email addresses: sainishivani2310@gmail.com (Shivani), ranid@nitj.ac.in (D. Rani),
aemarzoun@gmail.com (A. Ebrahimnejad)

Received: 10.08.2021; Accepted: 06.07.2023


https://orcid.org/0000-0003-0770-8899
https://orcid.org/0000-0001-8544-4628
https://orcid.org/0000-0001-6003-6601

An approach for unbalanced fully rough interval transportation problem 1409

proposed a new approximation method to solve the crisp transportation problem. But
in real-life applications, because of environmental fluctuations, global market instability,
rapid price fluctuations etc., the parameters of transportation problem can not be deter-
mined crisply. To handle this situation, in 1965, Zadeh [35] developed the fuzzy set (FS)
theory which assigns a degree of membership to each element of the set. Number of re-
searchers [1,5,7,8,12,18] have solved the transportation problems with fuzzy parameters.
To handle the uncertainty of transportation problem, Baidya et al. [8] proposed gener-
alized credibility measure and CV-Based reduction methods for type-2 triangular fuzzy
numbers. Anukokila et al. [5] solved fractional transportation problem with interval-
valued fuzzy parameters. Adhami and Ahmad [1] proposed Pythagorean-hesitant fuzzy
programming technique to solve the multi-objective transportation problem with fuzzy
parameters. Bagheri et al. [7] used triangular fuzzy numbers to tackle the uncertainty of
transportation problem and developed fuzzy DEA approach to solve it. Kacher and Singh
[18] proposed fuzzy harmonic mean based technique to address the fully fuzzy transporta-
tion problem.

Many times a situation arises in the transportation system when total supply of prod-
uct is not equal to its total demand, such transportation problem is called an unbalanced
transportation problem. Many authors have worked on the unbalanced transportation
problem such as Kumar and Kaur [21] developed the methods to solve an unbalanced
fully fuzzy transportation problems. The fully fuzzy transportation problem in which
total availability of product exceeds total demand has been addressed by [29]. Muthu-
peruma et al. [27] proposed a new approach to identify the basic feasible solution of an
unbalanced transportation problem. For the further generlization of F'S theory, Atanassov
[6] developed intuitionistic fuzzy (IF) set theory. To address the uncertainty of product
blending transportation problem, Roy and Midya [31] employed triangular IF numbers.
Mahajan and Gupta [23] proposed IF programming approach with non linear member-
ship functions to solve the fully IF transportation problem. Ghosh et al. [15] developed
(a, B)-cut approach for the fully IF solid transportation problem.

Apart from fuzziness, the rough set theory [28] is one another tool to handle the uncer-
tainty of optimization problems. The rough set theory has a significant role in managing
uncertainty and ambiguity simultaneously in distinctive kinds of fields. But rough set
theory is unable to handle continuous variables and is only relevant for tackling problems
with discrete data. So, as a specific instance of the rough set, Robolledo [30] introduced
the idea of rough interval. In addition to satisfying all the properties of rough set and
basic concepts, a rough interval is also capable to describe the continuous variables. To
understand the significance of rough interval in real life problems, we consider an example.
Let A is the “demand for flour” in a town which fluctuate between 35 to 55 tonnes per
day. Usually, it fluctuate between 45 to 50 tonnes per day. The other values in the range
[35, 55] occurs in specific circumstance such as at certain events, seasons, or holidays, etc.
This demonstrates that the demand for flour can be represented by the rough interval
A = (A, A) [45, 50][35, 55].

Currently, a number of researchers [9,14,25,26,32,33] have given their consideration on
various properties of rough interval to solve the transportation problem such as Bera et al.
[9] investigated the model of 4D transportation problem with rough intervals to maximize
the profit. Garg and Allah [14] proposed a novel approach to solve the rough interval
multi-objective transportation problems. Roy et al. [32] used random rough parameters
to handle the impreciseness in transportation problems. Midya and Roy [26] employed
fuzzy programming and weighted-sum method to solve the transportation problem with
rough interval parameters. A transportation problem in which along with parameters,
decision variables are also represented by rough interval numbers is referred to as a fully
rough interval transportation problem (FRITP). The literature survey reveals that no
approach has been developed to solve the unbalanced FRITP. To address this limitation,
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a new methodology to solve the unbalanced FRITP is proposed in this paper, which
involves converting the unbalanced FRITP into a balanced form. The proposed approach
is demonstrated by obtaining the rough interval optimal solution of a numerical example.
Some existing research work on transportation problems are presented in Table 1.

Table 1. Existing research work on transportation problem.

Nature of Balanced/ Number of
References transportation problem Environment Unbalanced objective functions
Muthuperuma [27] TP Fuzzy Unbalanced Single
Bagheri et al. [7] TP Fuzzy Balanced Multi
Kumar and Kaur [21] TP Fully fuzzy  Unbalanced Single
Rani et al. [29] TP Fully fuzzy  Unbalanced Single
Kacher and Singh [18] TP Fully fuzzy Balanced Multi
Roy and Midya [31] STP IF Unbalanced Multi
Mahomoodirad et al. [24] TP Fully IF Balanced Single
Mahajan and Gupta [23] TP Fully IF Balanced Multi
Ghosh et al. [15] STP Fully IF Balanced Multi
Midya and Roy [26] TP Rough Unbalanced Multi
Akilbasha et al. [3] TP Fully Rough  Balanced Single
Proposed work TP Fully Rough Unbalanced Single

Contribution of the proposed work:

e The model of an unbalanced FRITP is formulated using the rough set theory.

e A novel method has been proposed to solve the unbalanced FRITP.

e The efficiency of the proposed method is demonstrated by solving a numerical
illustration.

e The solutions obtained by the proposed method are compared with the existing
methods.

This paper is summarized as: Section 2 depicts the basic definitions related to rough set
theory. Section 3 defines the mathematical model of an unbalanced FRITP. The drawbacks
of some existing studies are explored in Section 4. A new proposed methodology to solve
the unbalanced FRITP is defined in Section 5. Section 6 illustrates the application of
proposed methodology to solve a numerical example of an unbalanced FRITP. Results
and discussion are given in Section 7. Finally, Section 8 summarizes the conclusions of
this study and suggests directions for future research.

2. Preliminaries

This section depicts some fundamental definitions, which are utilized in this work.

Definition 2.1. [22] Let YT be a non-empty set and S is a o algebra of its subset Y. The
is an element in S and w be positive, real-valued, additive set function. Then, (1,Q, S, w)
is referred to as a rough space.

Definition 2.2. [34] Let U be a universe and R be an equivalence relation on U, then
the pair (U, R) is called as approximation space. Let X C U, then the lower and upper
approximation of X is defined as

e The lower approximation of X

B(X)= U {R(): R(z) € X},

e The upper approximation of X
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R(X)= U {R(z): R(z) N X # ¢}.

zeX

e The boundary region of X

bnr(X) = R(X) - R(X).
The graphical depiction of the rough set is given in Figure 1.
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Figure 1. Rough set.

Definition 2.3. [34] A rough interval is defined as SB! = [pLL nUL [n=V nUV] where, n™L,
vL LU ,UU LL’ UUL]

nYL, ntY nUY are all real numbers and n'V < nll < UL < nUV. The interval [n
is called lower approximation interval and [n™V, nU] is called upper approximation interval
such that

o If y € [nPL VL], then S®! surely takes y.

o If y € ™V, YY), then SRI probably takes y.

o If y ¢ [V, nYY], then SEI definitely does not takes y.

Remark 2.4. Let S = nEE UL [n™Y ,nYY] be a rough interval. If n*F = nV and

nYL = YU, Then rough interval SEI converts to a crisp interval.

Remark 2.5. A rough interval SB/ = [0,0][0,0] is referred to as zero rough interval
number.

Definition 2.6. A rough interval SB! = [p~L nUL|[n™V nUV] is said to be positive if and
only if n*V > 0.

Definition 2.7. Let S = [t pUL)[ntV nUU] and TH! = [9¥L 9UL)[0EV  9UY] are two
rough intervals. Then S®!/ = TH! if and only if n = gL UL = gUL plU = LU UV —
ouvY.,

Definition 2.8. Let & = [pFl nUL] [tV nUU) and TR = [9FL, 9UL][9FU | UU] be two
rough intervals with n“V, 6%V > 0. Then the arithmetic operations on these two rough
intervals are defined as follows:

° S:Rl@ijI: [nLL+0LL’,rIUL+‘9UL][,’7LU+0LU,77UU+0UU],
° SRI o TRI — [nLL _ 0UL77]UL _ QLL][T]LU _ 0UU77’UU _ 9LU]7
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° §RI ® fRI — [77LL9LL7 nULgUL]’ [T]LUQLU, nUU@UU]’
° §RI %) TRI — [ULL/GUL,nUL/QLLHnLU/QUU,nUU/HLU],
o LRI _ {[knLL,anL][knLU,anUL if k>0

[knYL, kn"E)[knVY  kntY], if k < 0.

Definition 2.9. [13] Let S/ = [S®/ SRI] he a rough interval on the rough space
(Y,Q,S,w). Then the lower trust measure of the rough interval S/ < r is defined
as

(y e S* |y <r)

TriSRl <\ =
l{ — T} card(ﬂ) )

where card() denotes the number of elements in a given set.
Similarly the upper trust measure is defined as

(y € SRI|ly <)
card(ﬁ)

Hence, the trust measure is defined as the convex combination of the lower and the upper
trusts measure which is as

Tr{S* <r} =

Tr{§F < r} — ;(Tr{?“ <)+ THS" < r}).

Definition 2.10. [13] Let 57 = [n=L, nUL][n*, nUV] be a rough interval, then the trust
measure of ST < r is defined as

0, if r < ntv
%(M})’ if gtV < ¢ < Ll
Tr{SR <r} = ;(,,EJZZ‘LU + nszifj;L), if nbl <7 <Vt
%(M—i—l), if nVE < <l
1, if U <r
0, if nVY <
5(%)7 if UL < p < Ul
Tr{SRI > r} = ;(ngiii;zU + nﬁii;ﬁ) if pbh <r < gVt
%(m%—l), if ntV < <tk
1, if r <tV

Definition 2.11. ~[22] Let S be a rough variable on the rough space (1,Q,5,w). The
expected value of S is defined by

E[SE) = [ Tr{SE > rYdr — [ Tr{SH < r}dr,
where F represents the expected value operator and T'r is the trust measure.
Theorem 2.12. [3/] Let S™ = [n™L nUL|[n™V nUV] be a rough interval. Then the ex-
pected value of SE! is defined as E[S®] = L[r(n"L + nUL) + (1 — ) (Y +nVY)], where
7€ [0,1].
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Remark 2.13. If 7 = 0.5, then E[SH!] = 1 (nFE 4 UL 4 kU 4 Uty

Theorem 2.14. [3/] Let SEI and TR are two rough intervals with finite expected values.
Then for any real number p and q, E[pS™ + ¢TI = pE[S®!]| + ¢E[TH)].

Proof. Since S™ = [ntL UL [ntV VU1 and TR = [9LL, 9UL][92V, 0] are two rough
intervals and p, ¢ are two positive real numbers. Therefore, using arithmetic operations
on rough intervals, we get

pgRI + qjvvRI — [anL + qHLL,anL + qHULHanU + qQLU’anU + qQUU]

which is also a rough interval. Then using Theorem 2.12,

1
_ Z(anL 1 g0 + UL 4 gL + pyFU 4 gt 4 pnUU qGUU)

_ g(nLL UL 4 gtV 4 VU %(HLL 4 QUL 4 LU 4 gUU)

E[S"™] + ¢B[T™]

E [pSVRI + quI}

3. Mathematical model

Here, the model of an unbalanced FRITP is constructed in which product is supplied
from u (I =1,2,...,u) sources to v (m = 1,2,...,v) destinations. The main objective of
the decision maker is to calculate the amount of item to be shipped from I*" source to m*"
destination in a way that minimizes the total transportation cost, which is represented by
Eq. (3.1). Constraints (3.2), (3.3) and (3.4) represent supply, demand and non-negativity
constraints, respectively. To articulate the proposed mathematical model, we make use of
the following notations and assumptions:

Notations:

u: the number of sources (I =1,2,...,u)

v: the number of destinations (m =1,2,...,v)

[eEL VLY (kU YU unit transportation cost from I** source to m!" destination
abL gUL) 2LV 2UU) amount of item shipped from 1" source to m'™ destination

[
[aFE al L] [aFV, aY'V]: availability of the item at lth source
[bLL bUL] [bLU bUU

LL pUL] [bEU BUU]: demand for the item at m!" destination

Assumptions :

e All the parameters (transportation cost, availability, demand) and decision vari-
ables (transported amount) are rough intervals.

o [af%,alt] [, afV] > 0, bEE,BUE] BV, B9V] > 0V 1, m.

e The problem is unbalanced ie.,

Eu: LL UL LU UU ?é Z bLL bUL bLU bUU]
m rm m 'm °

=1 m=1
Mathematically the model of an unbalanced FRITP is formulated as:

Model 1:

Minimize Z%# = Z Z [kl YLV U @ [ahL VL[V VU] (3.1)
I=1m=1
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subject to
v
D lwhs wip ity a1 < laf™ af Mlaf?,af V) 1=1,2,3,...,u (3.2)
m=1
u
Z[z%,m%][mﬁg,x%] > [bﬁqu lefLL][b,LnU, b%U]; m=1,23,...,v (3.3)
=1
[ty @i V[l 2y ] 20V Lm (3.4)

4. Drawbacks of some of the existing methods

It can be observed from the literature that various researchers [3,13,14,26] have studied
the transportation problem in rough interval environment. But there are some drawbacks
of the existing methods which are presented below:

e In order to solve the fully rough interval integer transportation problem, Akil-

basha et al. [3] proposed split and separation method based on the zero point
method. However, the problem solved by the authors is a balanced problem, and
the proposed solution approach in [3] is not applicable on an unbalanced problem.
Das et al. [13] introduced rough interval approach to solve the profit maximizing
solid transportation problem in which the original problem is transformed into
four different transportation problems. But the method proposed by the author
obtained crisp solution to the problem with rough interval data.

Methods proposed in [14,26] are suitable for solving transportation problems in
which all parameters except decision variables are represented by rough intervals.
However, with these methods we can not find the solution of FRITP.

Numerous researchers [16,21, 24,27, 29] have studied unbalanced transportation
problem in fully fuzzy or intuitionistic fuzzy environment. But no research paper
has been published on unbalanced transportation problem in the context of fully
rough interval environment.

5. Proposed method

A new method to solve an unbalanced FRITP (Model 1) has been proposed in this
section. The stepwise methodology to obtain the solution of Model 1 is as follows:
Step 1: Determine whether the problem is balanced or not, i.e., either

> lar® al Ml af ") = 3 (o b b 0
=1 m=1
or
> lar® alMar, o) # Y (o bl 007,
=1 m=1
Case 1: If FRITP is balanced, i.e., 12 [aFE, aVFl[aFY, oY) = S50 [bEE WU L [BEV TV

then go to Step 2.
Case 2: If FRITP is an unbalanced, i.e.,

u

SlaFt ol FlafY V] £ 37 R WEH AT 85,
m=1

m “m m %m
=1

then proceed according to the following subcases to make it balanced.

Subcase 2a: If

ialw < Z by
=1 m=1
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u u v v
LL LU LL LU
doart =t < by =) by
=1 =1 m=1 m=1

u u v v
daft =>aft < Y bE - bhE
=1 =1 m=1 m=1

and

u u v v
vu UL UU UL
oot =Yt < b =D b,
=1 =1 m=1 m=1
LLjaUL][aLU7aUU]

then add dummy source with availability [a , where

u

v v u
L _ Z bﬁlL_ZalLL, UL — Zb%L_ZGEJL’
= m=1 =1

=1

v v u
CLLU Z bLU ZaLU CL — Z b%U _ ZQ?U‘
m=1 m=1 =1

Subcase 2b: If
u v
LU LU
doat =) by
=1 m=1
u u v v
LL LU LL LU
doart = aV =y bt = > by
=1 =1 m=1 m=1

u u v v

S Al S TabE > YU - 3 gk

=1 =1 m=1 m=1

and
v

u u v
SV S alE s S - S Wk,
=1 =1 m=1 m=1

then add dummy destination with demand [b**, bV L][bEV BUV], where

Za Z bLL, bUL:ZalUL_ Z b%L,

m=1 = m=1
v v
U _ ZalLU _ Z bLU bUU ZQUU Z an’LU
=1 m=1 m=1

Subcase 2c: If none of Subcase 2a or Subcase 2b is satisfied, then add dummy source
with availability [a”%, aVF][a™V, aYY], where

alt = max{ Z bEU ZaLU} +max{ , ( XU: bl i: b,LnU> — (Zu:afL — zu:alLU>},
m=1 m=1 =1 =1
aLX{O7 Z bEU ZalLU} + maX{O, < i bl — i bﬁlU> — (ialLL - ialLU>}
m=1 =1 = m=1 =1 1=1
+max{o,<§;by_§bg) (S-5ar))
m=1 m=1 =1

v u
= max4 0, bEU alLU},
=1

m=1
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a’l = maX{O7 i bEU ialLU} erax{(), < i bl i b,LnU> — <ialLL - ialLU>}
1=1

m=1 =1 m=1 m=1 =1

Fmasf0 (0= o) - (Lat - Lt}
=1 =1

m=1 m=1
oS- S)- (£ 549)
m=1 m=1 =1 =1

and add dummy destination with demand [b%%, bYL][bEV | VY] where

v

bEE = max{&ialuj — Z b#U} —i—max{O, (ialLL - ialLU> - ( i bﬁzL - i banU> }7
=1 1=1 =1

m=1 m=1 m=1
Bt = maX{O,zu:alLU S 50§+ maclo, (f:alu - iayf) ~( S -y )}
=1 m=1 =1 =1 m=1 m=1

# max{o, <zu:alm - zu:afﬁ) -( Sy i) )
=1 =1 m=1 m=1
bV = maX{O,zu:alLU — XU: b,LnU},
=1 m=1
b = max{O,ial’:U — i b#U} + maX{O, (ial““ — ialLU> — ( i bl — i bﬁlU>}
=1 =1 m=1 m=1

m=1 =1
+ max{o, (f:a;fb - f:alu) -( Sy )]}
=1 =1 m=1 m=1
" max{(), <Za5ﬂf - Zayb) - ( S -y bgf) }
=1 =1

m=1 m=1
Let us suppose that the unit transportation cost corresponding to dummy source or desti-
nation be zero rough interval number. Now the unbalanced problem (Model 1) turns into
balanced form as follows:

Model 2:
Minimize 27 = 3" 3 b Mkl Y] © o UM 20 (5.0)
=1 m=1
subject to
i [xﬁﬁ,x%] [azﬁg, J:Z%U] = [alLL,alUL][alLU, alUU]; [1=1,2,3,...,w (5.2)
m=1
S ahl el 2V = BEE MR U m= 12,3, (53)
=1
[mﬁ%,m%] [mlL,g,xl%]] >0, Vi,m, (5.4)

where w=uoru+1, z=wvorv+1.

Step 2: By applying the equality and non-negativity conditions on the constraints (5.2)
to (5.4), i.e.,

P U Y U] = (95, gUL [0V, gUU] = yEL = gEE UL — gUL LU _ gLU UU _ gUU
and

=L, UEEY, VU1 > 0= pEU >0, ptt—ptU >0, pUL —pEE >0, YU — UL > 0.

)



An approach for unbalanced fully rough interval transportation problem 1417

Model 2 is becomes Model 3 as:

Model 3:
w z
Minimize Z™ =% " " el cinr (el s cin 1 @ lafy s @iy V@, x| (5.5)
=1 m=1
subject to

z
Yol =aft, Vi=12,.. 0 (5.6)

m=1

z
leUmL:alUL, Vi=12...,w (5.7)

m=1

z
Zxﬁg:aluj, Vi=12...,w (5.8)

m=1

z
Z:L‘l%]:alUU, Vi=12,...,w (5.9)

m=1

w
dapb=blt, Vm=12...2 (5.10)

=1

w
doapl=blt, Vvm=12..,z2 (5.11)

=1

w
oapl=bl, vm=12.. 2 (5.12)

=1

w
gl =V, vm=12,...,z (5.13)

=1
eEV >0, ViI=1,2,...,w, m=1,2,...,2 (5.14)
ekl U0 Vi=1,2,...,w, m=1,2,...,2 (5.15)
dfl ol >0 vi=12...,w, m=1,2,...,2 (5.16)
eV 2Vl >0 vi=1,2,...,w, m=1,2,...,2 (5.17)

Step 3: Use the multiplication operation on rough interval which is given in Definition
2.8, i.e.,

[T]LL, T]UL] [nLU7 nUU] ® [QLL7 QUL] [GLU, QUU] — [T]LLQLL, nULeUL] [77LU(9LU7 nUUQUU],

to transform the Model 3 into its equivalent model, i.e., Model 4 as

Model 4:

w z
Minimize Z1! = Z Z ([c%x%,c%m%] [cﬁgm%,c%]x%]]) (5.18)

=1 m=1

subject to constraints (5.6) to (5.17)

Step 4: The Model 4 can not be directly solve due to the existence of rough parameters.
Therefore, by using the expected value of rough interval numbers discussed in Theorem
2.12, the Model 4 is converted into a crisp model, i.e. Model 5:
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Model 5:

Minimize E( ZRI [Z Z (c%x% + clUnf l{nL + cLleLW? + c%x%)
I=1m=1
subject to constraints (5.6) to (5.17)

(5.19)

Step 5: Determine the optimal solution [zEl* xUL*|[xLUx 2UU*] of the crisp model

(Model 5) by using any of the optimization solver.

Step 6: Use the solution determine in Step 5 to calculate the optimal value of objective
function as follows:

w oz
7RI LL LLx UL, ULx, LU, LUx UU, UUx
zZ Z Z ComTim 5 Cim Lim Hclm Lim 5 Cm Lim ]
=1 m=1

5.1. Advantages of the proposed method:

(i) The rough set theory is advantageous over the fuzzy set theory and intuitionistic
fuzzy set theory as it manages the ambiguity and imprecision in a better way.
Therefore, the mathematical model of the real world problem in terms of rough
intervals reflects the actual situation and the solutions obtained by using the pro-
posed approach are better than those obtained by using the other theories.

(ii) Most of the real-world transportation problems are unbalanced and proposed
methodology can handle such problems effectively. Hence, the proposed approach
is best suited for practical applications.

(iii) The proposed method obtains the rough interval solution to a problem with rough
parameters, which gives the decision makers a broader range of solutions and a
better understanding of them.

(iv) It provides the non-negative solution for the considered problem, which enhances
its feasibility and applicability.

6. Numerical example

A fruit supply company has three supply points at Delhi, Chandigarh and Lucknow
with product availability a; (I = 1,2, 3) and four destination points at Ahmedabad, Jaipur,
Ludhiana and Jodhpur having demand b, (m = 1,2,3,4). Due to imprecise information,
the transportation cost between source and destination, demand of destination points and
supply of origins are taken as rough interval, which are presented in Table 2. The main
objective of the decision maker is to find the amount of product :1: I shipped from I*"
source to m'" destination so that we get the minimum total transportatlon cost. The
transportation cost is considered in dollar ($) per ton and supply, demand are measured
in tons.

Table 2. Unbalanced fully rough interval transportation problem (FRITP).

D1 D2 D3 D4 Supply
S 36, 37][35, 38] | [40, 42][38, 44] | [38, 40][36, 42] | [37, 39][35, 40] | [7, 8][6, 10]
Sy [41, 42][40, 44] | [40, 42][39, 45] | [42, 45][40, 46] | [30, 32][28, 33] | [9, 10][7, 12]
Ss | [30, 32][29, 33] | [28, 33](26, 35] | [35, 37][34, 39] | [42, 43][40, 44] | [16, 20][15, 22]

Demand | [4, 5][3, 7] [6,10][5, 13] | [10, 12][9, 14] | [8, 11][7, 12]

From Table 2, it is seen that Y7 [aFr, aV][afV, al/V] # Sk 1 [bEE, bUE] LY, 6UU],

m *Ym m ''m
hence the problem is unbalanced. We ﬁnd from Section 5 that neither Subcase 2a nor

Subcase 2b of Step 1 hold to make it balanced. So as per Subcase 2c¢, we introduce
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0 iaf, of )

[0,4][0,6] and dummy destina-

a dummy source with capacity [ay
tions with demand [bE%, bLV][bLY bUU] [4,4][4, 4] so that the total availabilities and to-
LL ULH LU ZUU] — [bLL bULHbLU bUU]

tal demand becomes equal, i.e., Y1 [aFr, alF][a] b b by

[32,42][28, 50]. The transportatlon cost from dummy source to dummy destination is con-
sidered as zero rough interval, i.e., [ckk c{L][ckV YUl = [0,0][0,0] Vm = 1,2,3,4,5
and [ckL, clLF][eBY V] = (o, 0] [0, O} V1=1,2,3,4. After this procedure the unbalanced
FRITP presented in Table 2 is converted into a balanced transportation problem presented

in Table 3.

Table 3. Balanced fully rough interval transportation problem (FRITP).

D1 D2 D3 D4 D5 Supply
S [36, 37][35, 38] | [40, 42][38, 44] | [38, 40][36, 42] | [37, 39][35, 40] | [0, 0][0, O] | [7, 8][6, 10]
Sy [41, 42][40, 44] | [40, 42][39, 45] | [42, 45][40, 46] [30 32][28 33] | [0, 0][0, O] | [9, 10][7, 12]
S [30, 32][29, 33] | [28, 33][26, 35] | [35, 37][34, 39] | [42, 43][40, 44] | [0, 0][0, 0] | [16, 20][15, 22]
Sy [0, 0][0, 0] [0, 0][0, 0] [0, 0][0, 0] 0. 0f0.0] | [0, 0][0. 0] | [0, 4]0. 6]
Demand | [4, 5][3, 7] [6, 10][5, 13] | [10, 12][9, 14] | [8, 11][7, 12] | [4, 4][4, 4] | [32, 42][28, 50]

The model of obtained balanced problem is formulated as:

[36, 37][35, 38] ® [z11", 1 ][zl , 2TV] @ [40, 42][38, 44] ® [foL,xlUQL][xu L2 ]
@[38’40} [36742] ® [IfzsL»I(lJ:sL][Iffamls ]EB [37 39] [35 40} & [x14 73314 ][x14 75514 ]
®[0,0][0,0] ® [z15", 275] [:cif], oty ] @ [41,42][40, 44] ® [257, 257" |[x5), 25 ]

[ 78 ][UC2L2U71’2UQU] ® [42, 45][40, 46] @ [$§3L7$2U3L][3?2L3U7$33U]

(P) Minimize ZR =

®[40, 42](39, 45] ® [xo5 ,Jc22

P30, 32](28, 33] @ [z51, 254 ] [x54, 25 ] @ [0,0]]0, 0] ® [55", x55 | [z5y , 25 ]
®(30,32][29,33] @ [251", 251 |[w51, 251 ] @ (28, 33][26, 35] @ [25y, w55 |[w32 , 255 |
®(35,37][34,39] @ [253", 255 |[w35 , w55 | @ [42,43][40,44] @ [25), 255 w5y, 255
®[0,0](0,0] ® [w35", 55 |25 , 255 ] & [0,0][0,0] ® [wii", 28" (24, 28]
®[0,0][0,0] ® [z15", 45 ][215 , 285 ] ® [0,0][0,0] ® [24s", 245 |[xds , z45 |

@[070] [070] ® [$£4L7SUZ4L][CU£4U7I44 ] [ ) ][0, ] [I4s 7I4UsL][Igja$g5U]



1420 Shivani, D. Rani, A. Ebrahimnejad

subject to
1, 2Tty 210] @ [oly s 205 ety s 21y ] @ oty a0y ) [o1s, oty ) @ [otf, oY1y at]
@[xfé’xﬁL][xfgax%U] = [778] [67 10]’
[, 25" fest, 25 @ [agy, 2 legs s oy | @ logg, wny ] [253) w53’ @ [wgi, e |[wg) 25y ]

@['73§5L’ .13%]5—)1‘][1‘5‘5[], ngU] = [97 10][77 12]7

[25, a5t [25 28] @ [agy, af ) fesy by ) @ (o35, 25 (28, a5 © (a5, e [esy, 5,
@[xgé’x%L][xggax?%U] = [16’20][15722]7

il el ety 287 @ [oiy, o ek, 2857 ) @ ol 285 ey, 2557 ) © ol 20 i, 24

@[mfé’x%L][xfgvm%U] = [074] [076},

et a8 ety V7] @ fogt, a3 e, 25)7) @ [ a5 sy, 2517]

@zl af )28, 28] = [4,5](3,7),
[ LL UL][ LU UU]EB[ LL UL][ LU UU}@[ LL UL][ LU UU]

T2 T12 [[T12 > X12 Lo Xz ||[T22 »Tog T332, X3z |[T32 »L32
®lery oy ok, 28y’] = [6,10][5,13],

215, a¥3 (215, 215 7] @ (285", 295 |25, w55”] @ [255", 2557wy, 053]
®legy, oy gy, 28y ’] = [10,12][9, 14],

[, eV (21, 271 @ (28, 23 |[ohd 23] @ (a5t 25wy, a5,
oyl o x50 = [8,11][7,12],

215, a3 (215, 215 ] @ (253, 255 |2y, 055 ] @ [255", 255 [y, 55 ]

@[xfévx%L][xfg’x%U} = [4,4] [474]a

ety 2, 217) 2 0, [a1y, 21y ety 2157) 2 0, [, 215721, 2157] > 0,
ety 2 ety 247] 2 0, o157, 25 (01, 215 ] 2 0,
gy, 25w, 2517) 2 0, [03y7, 255 gy, 2557) 2 0, [y, 25" [235, 2557] > 0,
lwsi’ s 231 wgy’ s 257] 2 0, [agg”, 25 ez 255 ] > 0,
s g Nlesy s 25)7] > 0, (w55, w55 |[a3y s’ ) > 0, [2337, 255 gy, ] > 0,
sy’ wai |[wsy s 250] > 0, (w35, w357 [235 w5 ) > 0,
i el ey, 287] 2 0, oy 23 N[ty 23] 2 0, [o4y”, 283 iy 0] > 0,
iy el eiy, 2501 > 0, o4, 2457 [ogg 285] > 0

Applying Step 2 to 4 of the proposed approach discussed in Section 5, the above balanced
problem (P) transformed into an equivalent crisp problem (P').

(P') Minimize E(Z™) = % (36211 + 37211" + 3521y + 3821 + 4021y + 42215 + 3821y + 4daty
+38x5f + 402V + 3621 + 425Y7 + 372 FE + 392YF + 35217 + 402V + 025 + 028 + 027
+0z¥ + 4125 + 4225F + 40257 + 4425V + 4005 + 4225F + 39257 + 45557 + 4225 + 4525F
+40z5Y + 46257 + 3005 + 3225 + 2825F + 33257 + 022 + 025 + 008 + 0257 + 302EL
+3225 + 29257 + 3325 + 28xy + 3325y + 2625y + 3525y + 35xis + 37xly + 345y + 39z5y
+4225 5 4+ 43258 + 4025 + 44287 + 025 + 025 + 025 + 025Y + 0z i + 028 + 02k + 0287
+0x52L + OmggL + Oxffo + Oxfng + OxfgL + Oxf{f + Omfg,U + Oxfng + Oxiﬂf + Omf{f + Oxﬂj + Omfﬁfj

+0x5s + 025" + 0wiy + 085 ]
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subject to
T ay +als + ot ey =7, 2+ 2l + oy 2l a2 =8,
oy +aty + a1y ard +ats =6, 2 ety +ars il el =10,
ool %y +wys +asi +wss =9, @3+ + %y + %y + %y =10,
ool a3y +ass sy +ay =T, @5 +as +asy +as +ady =12,
woi’ Fagy +asy + sl + oy = 16,25 + xk + gy’ +whl + aky =20,
oy + a5y +ags s +ass = 15,250 +agy + oy +oy +ay =22,
T+l +ads + el +ads = 0,0a Fany b sy b o oy =4,
ail +aky to +ai +ais =0, 28 + ot +ahs +aly +afs =6,
ol F o Fast + ol =4 +ah +aflt bl =501 + ol + ey +ai =3,
o + sy g +af =1,
wiy Fan tasy +any = 6,01y ok + iy fan = 10,21 + a3y +asy +ai =5,
oy + a5y + a3 +ag =13,
a3 + gy a5y +ars = 10,20 + a5y + a5y +aky = 12,208 + 253 + a5y +agy =9,
oy + w5 + w5 + oy = 14,
oid o)+l + ol =8,wli +abd + b+ ol =121y + a3 +agy + il =7,
wis sy +asy +ai =12,
iy +ans +agy +afy =400 ek +asy bols =401 oy +agy fai =4,
als + a5y + a3 +ags =4
w11 2 0,000 — il 20,21 — a1 2 0,20 — a1l 20,215 > 0,01y — a1y 20,25y — 13 20,
oy =ty > 0,w15 > 0,21y — a1y > 0,01 — a1y > 0,215 — w1y > 0,215 > 0,008 — a1y’ >0,
J31U4L - xff 2 071’1U4U - 3?1U4L 2 075€1LsU >0, iU]st - iU]fsU > 07$¥5L - $1L5L > O,JU%U - chst =0,
w3t 20,51 — a3 > 0,25 — w5 > 0,25 — w5 > 0,033 > 0,253 — a3 > 0,255 — a3 >0,

UuU UL LU LL LU UL LL UuU UL LU LL LU
Tgz —Taz 2 0,233 > 0,233 — w33 > 0,293 — 233" > 0,223 —xa3 > 0,23y > 0,255 — a3y >0,

ahy — x5y > 0,25 — x5 > 0xky’ > 0,25 —x35 > 0,255 — 55 > 0,258 — x55 >0,

a5y > 0,257 — % > 0,25 — a5 > 0,25 — 25" > 0,255 > 0,255 — a%y > 0,255 —aky >0,
aly — by > 0,285 > 0,255 —x55 > 0,25 —x55 > 0,25 —x55 > 0,285 > 0,25 — x5y >0,
afl — x> 0,25 — a8 > 0,258 > 0,25 — 2%y’ > 0,25 — 2k > 0,255 —aky >0,

aiy > 0,25 — 2 > 0,28 —aff > 0,287 — 2" > 0,25 > 0,28 — 2y > 0,25 — 2iy >0,
xhy — x4y > 0,248 > 0,24 — x5 > 0,755 —aks > 0,24 —ahy > 0,25 > 0,25 — x5y >0,

UL LL vu UL LU LL LU UL LL UU UL
Tag —xgs 2 0,4 — 244 20,245 20,255 —wyy > 0,245 — x5 > 0,045 — 235 2> 0.

7. Results and discussion

In this section, the optimal solution (#/1) of the crisp linear programming problem (P')
is obtained by using LINGO 18.0 optimization solver and is given as

il =[1,2][0,4], z8& =10,0][0,0], zI =[2,2][2,2], ZE& =[0,0][0,0], 2% = [4,4][4,4],
[ 71 )

2]
FRI _ %51[ = [0)0] [070]3 §§2[ = [O)O] [07 1]> 55—231 = ][O 1]) §§4[ = [8’9] [77 10]7 %55] = [Oa O] [0’0]’
i = [3,3][3,3], 755 = [6,10][5,12], Z§ = [7,7][7,7], 5 =[0,0][0,0], Z5H = [0,0][0,0],
%fl[ - [070] [070]7 54}1%21 - [an] [O,O]a gﬁl = [032][074]3 %411%4[ = [072][032]7 %411%5[ = [070} [030]

The graphical depiction of this solution set is given in Figure 2.

The optimal transportation cost is found to be ZF! = [897,1172][723,1449], which
takes into consideration the opinion of all involved experts (intersection) and respects
their knowledge (union) by the surely and possibly optimal ranges, respectively. In
the obtained optimal transportation cost, the range [897, 1172] is called the surely op-
timal range and [723, 1449] is called the possibly optimal range. From Figure 2, the
solution set corresponding to the lower bound of surely optimal range 897 is obtained
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Figure 2. Optimal transported amount.

xiLjL = {1,0,2,0,4;0,0,1,8,0;3,6,7,0,0;0,0,0,0,0} and for the upper bound 1172 is ob-
tained as z;* = {2,0,2,0,4;0,0,1,9,0;3,10,7,0,0;0,0,2,2,0}. Similarly, for the pos-
sibly optimal range the solution set corresponding to the lower bound 723 is obtained
as :L‘ij = {0,0,2,0,4;0,0,0,7,0;3,5,7,0,0;0,0,0,0,0} and corresponding to the upper
bound 1449 is obtained as x%U = {4,0,2,0,4;0,1,1,10,0;3,12,7,0,0;0,0,4,2,0}. This
visualization of the solution (Figure 2) can assist decision maker in determining the ap-
propriate amount of transportation for a given scenario.

Also, to prove the efficiency of proposed methodology, the numerical example considered
in [3] is solved and the obtained solutions are presented in Table 4. Table 4 shows that
our proposed method is suitable for solving the problem considered in [3] and produces
the same solution as [3]. However, the solution approach proposed by [3] is not applicable
for the FRITP discussed in Section 6 because this problem is an unbalanced problem.

Table 4. Comparison of solution with existing method and proposed method.

Example Existing Method [3] | Proposed Method
Akilbasha et al. [3] [125, 21860, 325] | [125, 218][60, 325]
Numerical example in Section 6 Not applicable [897, 1172][723, 1449]

8. Conclusions and future research scope

Rough set theory is practically more applicable to handle the uncertainty because no extra
data related information is required while using it. This advantage of rough set theory
has inspired us to formulate the model of an unbalanced transportation problem with
rough interval parameters called the unbalanced FRITP. To solve the proposed model, a
new methodology is developed that demonstrates its robustness in dealing with imprecise
mathematical modeling. It has also been empirically proven to be user-friendly for the
decision maker dealing with cost, availability, and demand as rough interval parameters.
However, the proposed approach cannot be used to solve an unbalanced non-linear or frac-
tional FRITP. The suggested solution approach is also not applicable to the transportation
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problem with multiple objectives. Therefore, in future, the intrigued researchers may ex-
tend the proposed technique to solve the unbalanced non-linear or fractional FRITP. Also,
solving an unbalanced fully rough multi-objective transportation problem is an interest-
ing area for future research. It would also be highly beneficial to solve the unbalanced
NP-hard FRITP using nature-inspired algorithms [10, 11].

Acknowledgment. The first author is thankful to the Ministry of Human Resource
Development, India, for providing financial support, to carry out this work.
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