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1. Introduction and Preliminaries

Main and earlier result of fixed point theory is the Banach contraction principle which guarantees existence and uniqueness of fixed point. It
was proved in complete metric spaces by Banach in 1922. Banach contraction principle was applied as a important method in mathematics
and other sciences. Some problems of Mathematics and other sciences didn’t solve using Banach contraction principle. Thus, more general
fixed point theorems be needed. Some of these theorems were gived in more general spaces of metric spaces, some of them were gived by
new contaction mappings which are more general than Banach contraction principle. b—metric spaces was introduced by Bakhtin [3] and
Czerwik [8] as a generalizations of metric spaces. They proved the contraction mapping principle in b-metric spaces. Recently, Kamran [11]
introduced extended b-metric spaces using the idea of b-metric spaces as a new type of generalized metric space and they proved some fixed
point theorems on this space. Also some generalized fixed point theorems proved in extended b-metric spaces [1,2,6,7,9, 10, 12-14].

In this work, we define almost contraction in extended b-metric spaces which was defined in metric spaces by Berinde [4,5]. And we prove
fixed point theorems for mappings satisfying these type contractions.

Definition 1.1. [71] Let X be a nonempty set and 0 : X x X — [1,00) be a mapping. A function dg : X x X — [0,00) is called extended
b-metric if it satisfies, for all x,y,z € X

(dg1) dg (x,y) =0 if and only if x =y,
(dg2) dg (x,y) =dg (y,x),
(dg3) dg (x,y) < 0 (x,y)[dg (x,2) +dg (z,y)].

In this case, the pair (X ,dg) is called extended b-metric space, in short extended-bMS.

Example 1.2. [1]1]Let X = {1,2,3}and 0 : X x X — [1,0), 0 (x,y) = 1 +x+y. Define dg : X x X — [0,00) as

dg(x,y) = 0 forx=y
dg(1,2) = 80, dg(1,3)=1000, dg(2,3)=600.

Then, (X,dg) is an extended-bMS.
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Example 1.3. [/]LetX =[0,1]and 6 : X x X — [1,00)

0(x,y) = )%_;1 for x,y € (0,1]
0(x,y) = 1, forx,y=0

Define dg : X x X — [0,00) as
doxy) = = forxye (0.1 v,
dg (x,y) = 0 forx,ye[0,1], x=y,
dg (x,0) = % forx e (0,1].

Then, (X,dg) is an extended-bMS.

Definition 1.4. [11] Let (X,dg) be an extended-bMS.
(i) A sequence {x,} in X is said to converge to x € X , if for every € > 0, there exists N = N (&) € N such that dg (x,,x) < € foralln > N. In
this case, we write

lim x, = x.
n—yo0

(ii) A sequence {x,} in X is said to be Cauchy if for every € > 0, there exists N = N (€) € N such that dg (xn,xm) < € for all n,m > N.
(iii) (X,dg) is said to be complete if every Cauchy sequence in X is convergent.

Let (X,dg) be extended-bMS. If dy is continuous, then every convergent sequence has a unique limit.

2. Fixed point theorems

Theorem 2.1. Let (X,dg) be a complete extended-bMS and f,g : X — X be two self mappings satisfying
dg (fx,8y) < 6M (x,y) + LN (x,y) 2.1

Sorall x,y € X, where 8 € [0,1) and L > 0 such that for each xo € X, limy, 00 0 (xn, %) < % With xpp11 = fxon and xpp42 = gXon+1 for
n>1and

M(xay) = rnax{de (x’y) ,dg (xvfx) ,dg (yagy)}

N (x,y) =min{dg (x, fx) ,dg (v,8y) ,dp (x,8Y) .dg (. fx)} -
Then f and g have a unique fixed point.

Proof. Let x( be an arbitrary point in X. Define the sequence {x, } in X as xp,1 = fxp, and x,,12 = gxp,,+1 for n > 1. Suppose that there
is some n > 1 such that x,, = x,,4 1. If n = 2k, then xp; = x4+ and from (2.1),

dg (Xok+1,%2%42) = do (fxok, 8%k 41) < OM (Xop, X0 11) + LN (X0, X2k 41)

where
M (xap,x0611) = max{dg (Xor,%2k11) ,de X2k, fX2k)  do (X2k41,8%2k+1) }
= max{dg (o5, X2k41) ,do (X2k,%2k+1) »do (¥2ks1,%2%12) }
= max{0,0,dq (xoxt1,X%+2)}
and
N (%o, X0+1) = min{dg (xor, fxor) ,do (Xors1,8%%41) »do (Xox, 8%2k41) s do (Xorg1, fxok) }
= min{dg (Xok,%2%+1) ,deo (Xok+1,%2k+2) »do (X2k, X2k42) ;do (Xopt1,%2k+1) }
= 0

Thus, we have

dg (Xopt1:X2k42) < 8dg (Xopt1:X2k+2)

which is a contradiction with § € [0,1) . Therefore xz | = x4 2. Hence, we have xo; = xp511 = Xox1 2. It means that xp; = fxo; = gxog,i.e.
Xy is a common fixed point of f and g.

If n =2k + 1, then using same arguments, it can be shown that x5z is a common fixed point of f and g.

Now, suppose x, # x,41 foralln > 1.

dg (X2n11,X2n+2) = do (fXon,8%2n11) < OM (X24,X2n41) + LN (X2, X2, 41) 22

where
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M (x2p,%0041) = max{dg (x2n,X24+1),de (X2n, fX2n) ,do (X2n41,8%2n41)}
= max{dg (x2n,%n+1) ,do (X2n,%20+1) ,dg (X241, X2042) }
= max{dg (x2n,X20+1),do (X2n11,%2n42) }

and
N (x2n,X041) = min{dg (x2n,fx2),dg (X2n+1,8%2n+1) ,de (X21,8%20+1) ,do (X2n+1, fX2n) }
= min{dg (x20,%0+1) ,d (¥2n+1,X20+2) ,do (X20,X2042) ,0}
= 0.

If M (x2,,%0n+1) = dg (X2n+1,%20+2), then by (2.2)
do (Xant1,X2n+2) < 8dg (X2n11,%20+2)
which is a contradiction. Thus M (x,,,X2,+1) = dg (X241, X25+1) and from (2.2)
do (xan+1,X2n+2) < Odg (Xan, Xont1) -
Similarly it can be proved that
de (Xan+3:X2n+2) < O8dg (Xan12,%2n+1) -
So,
dg (xpt1,%n) < 8dg (x,xn—1) < 8"dg (x1,%0)

foralln > 1.
We show that {x, } is a Cauchy sequence. For all p > 1,

dg (xnvanrp) < 0 (xnaxn+p) [de (Xn,Xng1) +dg (xn-H 7xn+p)]
< 6 <x11,xn+p) [6"dg (x0,x1) +dg (xn-H 7xn+p)]
< 0 (xn7xn+p) 0"dg (x0,x1)+ 6 (xn7xn+p) 0 (er-l 7xn+p) 5n+1d6 (x0,x1)

+...+06 (xmanrp) .0 (anrpflvanrp) 5n+P71d6 (x0,%1)
n+p—1 i
= do(vox1) Y, 8TIO(wnsjirnep).
~ e
The last inequality is dominated by
n+p—1 i n+p 1

Z S’HG XntjrXntp) Z 5’><H6 Xj Xngp) -

i _

By the ratio test, the seriesy;  S; where S; = &' [] 6 (xj,x4,) converges to some z € (0, o) . Indeed, lim;_c. S'Sf‘ =1imj_00 80 (X7, Xj1p) <
j=1 '

1.

o o
Thus, we have a =Y, 8" [ 0 (x;,xn4p) with the partial sum a, = ¥, 6" T 0 (x;,Xntp) -
j=1 j=1
Hence, forn <1, p <1 wehave
dg (xn7xn+p) < d"dg (x()7x1) [Sn+p71 _Snfl] . (2.3)

Letting n — oo in (2.3), we conclude that the sequence {x; } is a Cauchy sequence. By completeness of (X,dg), there exists r € X such that
Xy —>Fasn— oo,
Now, we prove that fr = r. By b—rectangular inequality ,

dp (x2n+1,87) = dg (fX2n,87) < M (x24,7) + LN (x24,7)
where

M (x2n,7) = max{dg (x2n, ) ,dp (X2n,%2n+1) ,dg (r,gr)} — dg (r,87) ,
as n — oo and

N (x2,r) = min{d (x2n,X2n+1) ,d (r,gr) ,d (X2, 8r) ,d (r,X2n41) } — 0.
Hence, taking the limit as n — oo, we obtain

dg (r,gr) < 8dg (r,gr)+L.0
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that is fr = r. Hence r is a fixed point of g.
Now, we show r = fr. Suppose r # fr, By (2.1)

dg (fr,r) =dg (fr,gr) < 8M (r,r)+LN (r,r)

where
M(rr) = max{dg(r,r),dg(r,fr),dg(r,gr)}
= max{0,0,dg (r,fr)}
= dg(rgr)
and
N(rr) = min{dg(r,fr),de(r,gr),dg(rgr).dg(r.fr)}

= 0.
Thus, we have
dg (fr,r) < 8dg (fr,7)

which is a contradiction. Thus r = fr.
Now, we show that uniqueness, Suppose r and ¢ are different common fixed points of f and g. By (2.1),

dg (r,t) =dg (fr,gt) < M (r,t)+ LN (r,1) 2.4)
where
M(rt) = max{dg(rt),dg(r fr).dg(t,81)}

= dg(nt)

and
N(rt) = min{dg(rfr),de(t,gt),dg(r.gt).dg(t,fr)}

0.

From (2.4)

dg (1) < 8dg (r;1)
Sody (r,t) =0,ie. r=t.

Example 2.2. Let X =[0,1]and 6 : X x X — [1,00), 0 (x,y) = 1 +x+Y. Define dg : X x X — [0,00) such that dg (x,y) = (x—y)2 with for
allx,y e X. Let f,g: X — X be defined as

F@=3 s="

Then, dy is complete extended b—metric on X. We have

2
dg (fx,gy) = (% - 341) < 8M (x,y) + LN (x,y)

where

M (x,y) :max{(x—y)27 (%)2, <%>2}
2
e —ma{ ()G (-3 0-3)'}

withSZ% and L > 0.

Ifx=y,

wime=(3-2) = () <3 ()

Ifx=0,y#0

do (frgy) = (0- 2 (> 2<§2+L0
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Ity =0,x £0,
X 2 3
dg (fx,gy) = (5 —0> < sz +L.0.
Ifx#y#0,
x 3y 2 03
do (fx,gy) = (E_Z) < ZM(x,y)—&-LN(x,y)

Also, foreachxe X f"x= 2"7, we have

4
lim_ 0 (vy,5,) = lim 02 +2_+1) <3

n,m—soo n,m—soo omn 2m
Thus all conditions of Theorem 2.1 are satisfied and x = 0 is a unique fixed point of f and g.

Corollary 2.3. Let (X,dg) be a complete extended-bMS space and f,g: X — X be self mappings satisfying

d9 (fxvgy) < 8d9 (xvy)+Lmin{d9 (X,fx),dg (y7gy)7d9 (.X,gy),de (yvfx)}

forall x,y € X, where 6 € [0,1) and L > 0 such that for each xg € X, limy, y—se0 0 (X, X)) < % With xpp11 = fxo, and xpp42 = gXon+1 for
n>1.Then f and g have a unique fixed point.

Corollary 2.4. Let (X,dg) be a complete extended-bMS space and f : X — X be a self mapping satisfying
do (fx,fy) < M (x,y) +LN (x,y)

forall x,y € X, where 8 € [0,1) and L > 0 such that for each xo € X, limy, p—se0 0 (X, %) < % with Xp+1 = fx,, where
M (x,y) = max{dg (x,y),deg (x, fx),do (¥, fy)}

N (x,y) = min{dg (x, fx) ,dg (y.fy) . dg (x, 1Y) ,dg (y.fx)}.
Then f has a unique fixed point.

Corollary 2.5. Let (X,dg) be a complete extended-bMS space and f : X — X be a self mapping satisfying

d9 (fxvfy) < 5d9 (x,y)+Lmin{d9 (x7fx),d9 (y,fy)7d6 (xvfy)adﬂ (yafx)}

forallx,y € X, where § € [0,1) and L > 0 such that for each xo € X, limy, j—se0 0 (X, X)) < % with X1 = fxn. Then f has a unique fixed
point.

3. Conclusion

The development of the field of fixed point theory depends on the generalization of the Banach Contraction principle on complete metric
spaces. This generalization or extension comes up by either introducing new types of contractions or by working on a more general structured
space such as extended b-metric spaces. In this article, we have proven some fixed point theorems for almost contraction in extended b-metric
spaces and hence our results generalize many existing results in the literature.
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