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Ozet

Pell, Pell-Lucas ve Modified Pell dizilerinin terimleri i¢in bazi toplam formiillerini elde ettik. Ayrica, bu toplamlarin bu

dizilerin terimlerine gore yazilabilecegini de gosterdik.

Abstract

We derive some sums formulae for certain products of terms of the Pell , Pell-Lucas and modified Pell sequences. Also, we

show that these sums can be rewritten in terms of these sequences.
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1. INTRODUCTION

The Fibonacci and Lucas sequences can be considered as
interesting classes of numbers. Applications of the
Fibonacci and Lucas numbers provide a wide area to
researchers. Also, Pell numbers and Pell identities have been
the subject of many studies, see for instance [1, 2, 3]. For
> 2 , the Pell {B,}, Pell-Lucas {Q,} and modified Pell
sequences {q,} are given by the following recurrence

relations:
Pn=2Pn_1+Pn_2, P0:0, P1:1,
Qn = 2Qn—1 + Qn—Z s QO =2 ) Ql = 29

n =2Qn-1+qn—2, =1, q=1
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The Binet formulae for these sequences are

an_Bn

a-p

a™+pm"
a+p ’

b= s Qu=a+p" , qn =

where a and [ are the roots of the characteristic equation

for these sequences. For n =1,2,3, ...
{p,} = {1,2,5,12,29,70,169,408,985, ...},
{0} =1{2,6,14, 34,82,198,478,1154, ...},
{g9.}=1{1,3,7,17,41,99,239,577, ...}

can be written. Horadam in [1, 2] gave some identities

concerning with these numbers. Some of them are

Py = Pn2 +Pr%+1' Qn = 2qy
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where P, and Q,, are the nth Pell and Pell-Lucas numbers,

respectively.  Also, in [3] authors gave some equations

involving the Pell numbers as
2P, 1P = P-r%+1 - Pﬁ—l — 2Py B,

P24+ P24 +P:= _P’“;Pn.

The purpose of this paper is to derive some relationships
among these numbers and obtain closed formulas for their
sums. By Binet formulas for these sequences, we easily get

the following equations;
Pan = Pn+m + (_1)m Pn—m , myn €7 5

Py = PQn, Popy1 = BiQpir + (=17,

_ Qn41tQn-1 2 _ Qap+2(-1)"*?

1

Q73 =2(qzn + (=™ = (Qzn + 2(=D") q; =
> (@on + (=DM,

PPpys = i(q2n+1 + (=DM,
Pons1 = i(PnQrHl + QnPni1)s
Q2n+1 = %(8Pnpn+1 + QnQn+1),
PPy = %(Q2n+k + (D™ Qs
PPpys = é(QZnH +2(=1)""),
PPy = i(q2n+k + (D™ )qy.
QnCQn+1 — Qapnsr = 2(-1)7,

BQns1 — Pry1Qn = 2(_1)n+1’

2q5 — qzn = (1),
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2qnGn+1 — Q2n+1 = (_1)n’

Budni1 + Pai1Gn = Panyas

ann+1 - Pn+1Qn = (_1)n+1_

2. SOME SUMS FORMULAE FOR PELL, PELL-
LUCAS AND MODIFIED PELL SEQUENCES

Now, we will give the following sums formulas by using the

equations given in the section one.

Proposition 1. If P, and Q,, are the nth Pell and Pell-

Lucas numbers, respectively, then we have

Pang1-1
S, PQy = Pt

Proof. If we write the sum Yr_,(P,+Qx)? in the

following form,

(Pnt+Qn) (Pn+1+Qn+1)
Z;cl:l(Pk'i'Qk)z == 2n+1 2l (P1+Q1) >

then, we can write

Pp Ppyi+ P +P +
Z;clzl(Pk‘i'Qk)z — Pn Pnia nQn+12 n+1Qnt Qnt+1 On 3,

n P 2 1|1 _ﬂ 2P
Zk:1( k+Qk) 5 8Q2n+1 4 + 2n+1 + QZn+1 +

2(-1)"] -3,

9 7
She1(Pe+Qi)? = Py + TeQznsr t g(_l)n - 3.

On the other hand, we can write

i=1( PetQ)? =Xk P?+23k-1 PQr +

Z;(l=1( Qk)zs

Y1 PetQi)?

PnP2n+1 +2 Z?=1 PoQu+ Qn+1+2 (1" -4

2
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9 7
P2n+1 + EQ2n+1 + g(_l)n -3

NIE

=2 P Qy

=
Il

1
9Q2n+1114 (_1)n —32
* 16

By the certain arrangements, we get

zn: P Qx =

k=1

P2n+1 -1
—2 .

Thus, the proof of the proposition is completed. QED.

Corollary 1. Let P, and g, are the nth Pell and Modified

Pell numbers, respectively. Then, for all positive integers n

n

Pz 1_1
Zpqu =—n+4 )
k=1

n
Z 2 Qon+1 T (_1)n+1
Pk =
8
k=1

n

Gon — 2+ (="
ZPkPkH = - 3 )
k=1

n

Z p2 — Qensr t 2(-1)™*!
L 16 '

k=1

Proposition 2. If P,, Q, are the nth Pell and Pell-Lucas

numbers, then we have
1 . .
n — .
Yik=1 P Py = E(Q2n+k+1 — Qg+1) ; if niseven.
n
k=1 Pi Pitk

1 . .
= 72 (Qznsks1 = Qr-1); if nis odd.

Proof. Using the equation PP, = %(szk +
(=1)™*1)Qy,
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we can write the following equations;

1

PPy, = §(Qk+2 + Qk),
1

PPy, = §(Qk+4 = Qk),

1
P3Pyys = §(Qk+6 + Qk),

1
PnPn+k = g (Q2n+k + (_1)n+1 Qk)
Then, we obtain that
PP+ PPyt BiPoyy
1
= g(Qk+2 + Qr4a + -+ Qopix +6),

Qy if nis even,

whereé‘z{ 0 ifnisodd °

Notice that there are two different cases according to the
choose of k. That is, k is an odd integer number such that

k=2p—1, p€Z,then

n
1
Z PPy = g(szH + Qupiz + -+ Qanizp-1 +6),
i=1

n n+p-1 p-1
D PP =g D Qi) Qi+
i=1 i=1 i=1
E QZn+2p -6 _ Q2p -6

( #9)

8 2 2

n
Z P Py =
i=1

n
1
Z PPy = E(Q2n+k+1 — Qg+1 +26)
i=1
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can be obtained. And then, we consider k is an even integer

number such that k = 2p, p € Z. Thus,

1
Yic1 PiPiyy = E(Q2p+2 + Qapsat -+ Qonaop + 5),

n+p
i=1

n
i=1

P Py =§(Z f=1Q2i+5)s

i

1
= Te (Q2n+k+1 — Q1 + 26).

Q2 —

Qan+2p+1—=2  Qap+1—2
2 2

Ty PPy = +5),

Die1 PPy
Thus, the proof is completed. QED.

Moreover, we can get some sums for Modified Pell

numbers;

If n is a even number, then we can write

n

1
Z P Py = g(QZn+k+1 — Qk+1)s
i=1

If n is a odd number, then we can write

1
2iz1 PPk = P (G2n+r+1 = Qr-1)-

Proposition 3. If Q, is the n** Pell-Lucas number, then

we have

Qn+1Qn-1 = Qan = 6(_1)n+1-

Proof. For 1, 2,3, ...,n — 1 we write the following equation;

2YR21 PePeyq =
P£+1+P712_P12_P22_222;% PkPk+1 _ZPnPn+1+
2P, P,.

Taking P; = 1, P, = 2 in the last equation and using the
identity 4P, = Q, + Qu_1
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we can get
n-1 (Qn+1 + Qn)2 + (Qn—l + Qn)z
_ 4 4
> BePin = .
k=1

_ (Qn+14+ Qn) (Qn—14+ Qn) -1

+
2

Here, if we use Q2 = Q,, + 2(—1)™, then we have

n-1
> PP
k=1

_ Qn+z + Qon-z — 2Qu41Qp_1 + 4(—=1D)"*1 — 16
64 :

On the other hand, we know that Y721 P, Ppyq =
Qan—4+2(-1)"

64

If we equal the right sides of the last two equations, then we

have

Qn+1Qn-1 = Qan = 6(_1)n+1-

Thus, the proof is completed. So, the next corollary can be

given without proof.

Corollary 2. If q, isthe nth modified Pell number, then

we have

Qzn+2F92n-2 — 4(A2ntqn+19n-1) = 6(—1™
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