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Özet 

Pell, Pell-Lucas ve  Modified Pell  dizilerinin terimleri için bazı toplam formüllerini elde ettik. Ayrıca, bu toplamların bu 

dizilerin terimlerine göre yazılabileceğini de gösterdik. 

Abstract 

 We derive some sums formulae for certain products of terms of the Pell , Pell-Lucas and modified Pell sequences. Also, we 

show that these sums can be rewritten in terms of these sequences. 
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1. INTRODUCTION 

The Fibonacci and Lucas sequences can be considered as 

interesting classes of numbers. Applications of the 

Fibonacci and Lucas numbers provide a wide area to 

researchers. Also, Pell numbers and Pell identities have been 

the subject of many studies, see for instance [1, 2, 3]. For 

   , the Pell {  }, Pell-Lucas {  } and  modified Pell  

sequences {  } are given by the following recurrence 

relations: 

              ,                , 

              ,                , 

               ,               . 

The Binet formulae for these sequences are 
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where   and     are the roots of the characteristic equation 

for these sequences. For             

{  }   {                            }, 

{  }  {                              }, 

{  }  {                        }  

can be written. Horadam in [1, 2] gave some identities 

concerning with these numbers. Some of them are 
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where    and    are the      Pell and Pell-Lucas numbers, 

respectively.  Also, in [3] authors gave some equations 

involving the Pell numbers as 

             
       

           ,  

  
    

      
   

        

 
 . 

The purpose of this paper is to derive some relationships 

among these numbers and obtain closed formulas for their 

sums. By Binet formulas for these sequences, we easily get 

the following equations; 
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2. SOME SUMS FORMULAE FOR  PELL, PELL-

LUCAS AND MODIFIED PELL SEQUENCES 

Now, we will give the following sums formulas by using the 

equations  given in the section one. 

Proposition 1.  If     and      are the      Pell and Pell-

Lucas numbers, respectively, then we have 

∑     
 
    

       

 
 . 

Proof.  If we write the sum   ∑ (     )
  

     in the 

following form, 

∑ (     )
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 (     ) , 

then, we can write 
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On the other hand, we can write  
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By the certain arrangements, we get 

∑       

 

   

 
       

 
  

Thus, the proof of the proposition is completed. QED. 

Corollary 1.  Let     and     are the     Pell and Modified 

Pell numbers, respectively. Then, for all positive integers    
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Proposition 2.   If      ,     are the      Pell and Pell-Lucas 

numbers, then we have 

∑           
 
    

 

  
(            ) ; if    is even.  

∑           
 
    

 

  
(            ); if   is odd.  

 

Proof.  Using  the equation           
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we can write the following equations; 
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Then, we obtain that 
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where   {
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Notice that there are two different cases according to the 

choose of   . That is,   is an odd integer number such that  

           , then 
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can be obtained. And then, we consider   is an even integer 

number such that         . Thus, 
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Thus, the proof is completed. QED. 

Moreover, we can get some sums for Modified Pell 

numbers; 

If   is a even number, then we can write  

∑          

 

   

 
 

 
(            )   

If   is a odd number, then we can write  
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(            ). 

 

Proposition 3.  If      is the     Pell-Lucas number, then 

we have  

              (  )
     

Proof. For             we write the following equation; 
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Taking             in the last equation and using the 

identity              

we  can get  
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Here, if we use   
       (  )

 , then we have  
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On the other hand,  we know that  ∑           
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If we equal the right sides of the last two equations, then we 

have  

              (  )
     

Thus, the proof  is completed. So, the next corollary can be 

given without proof. 

 

Corollary 2.  If       is the      modified Pell number, then 

we have 

             (            )   (  )
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