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Ozet - Bu caliymada baz1 yarigruplarin idempotent
elemanlart karakterize edildi. Ayrica, D(I) birim
arahiktan birim araliga tanimh tiirevlenebilir fonksi-
yonlarin yarigrubu olmak tlizere, D(I) yarigrubunda
iki elemanin bileskesinin bir homeomorfizm olmasi
~in gerekli ve yeterli kosul verildi.

Anahtar Kelimeler - yangrup, idempotent eleman,
tiirevlene-hilir fonksiyon, birim.

Abstract - In this study, we characterize idempotent
elements of some semigroups. In addition to this, a
necessary and sufficient condition for composition of
two elements in D(I) to be a homoeomorphism was
given where D(I) is the semigroup ot all the differcn-
tiable function form the unit interval into the unit
interval.

Keywords — semigroup , idempotent element, differenti-
able function , unait.

I. INTRODUCTION

Let X be a topological space and let S(X) be the set of all
continuous selfmaps of X. Let o represent commposition
and let i€ S(X) be the function such that i(x)=x for
every x In X. Then (S(X),0) i1s a semigroup with identity
{ where fog 1s the composition of f and g. Let fe S(X).
If f(x)=a for every x in X, then it is said that f 1s a con-
stant function.

Let X=R or X=I where R 1s the real numbers and I 1s the
unit interval and let D(X) denote the semigroup of all the
differentiable selfmaps of X. We recall that f i1s differen-

tiable at 0 if and only if f] (0) exists. In addition, f is

differentiable at 1 if and only if f’ (1) exists where

fe D(I). It can be seen easily that (D(X),0) 1s a senu-
group with 1dentity i. In this study we characterize the
idempotent elements of D(1).
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As a results of our study we determine a necessary and
sufficient condition for fog to be a homeomorfizm,
where f and g are in D(I).Let (S,0) be a semigroup and
let x,y € S. Then by xy we mean xoy.

[1. MAIN THEOREMS

lLetS be a semigroup and let a€S. If a ; a, a 1s said
to be an idempotent element of S. An element z€ S 1s
said to be a left zero of Si1f za =z foreveryaeS. It
can be seen that fe S(X) is a lelt zero of S(X) i1f and
only if f 1s a constant function.It 1s clear that if fe& S(X)
is a constant function, it 1s an idempotent element of
S(X). We can give many idempotent elements in S(I)
and S(R), which are different from the constant func-
tions. The following theorem is proved in [1]. We will
give a different proof.

—

Theorem 2.1. Let J= { f € D(I) | f 1s constant func-

tion or =1, i is identity function } Then J is the set
of all the i dempotent elements of D(I).

Proof. Suppose that g 1s idempotent and g # ¢ and that g
1s not constant function. Let the image of I under g be
[a,b]. Then i1t follows that a<b and [a,b] #[0,1]. Let
X € [a,b]. Then x=g(y) for some y in [0,1]. Thus

g(x) =g(g(y))=g K (y)=g(y) =x. Therefore we see that
g'(x)=1 for every x in [a,b]. On the other hand, it fol-
lows that

a(a)=a =min{g(x) | x€ I}
and

g(b)=b=max{g(x) | xeI}.
Since [a,b]# [0,1] ,either 0<a or b<l. If 0O<a, then we
see that g'(a)=0. In the same way , 1f b<I, then
g'(b)=0. But this 1s a contradiction since g'(x)=1 tor
every x 1n [a,b].

The proof of Theorem 2.1 carries over easily to the
semugroup D(R). Thus we can state the following theo-
rem.

Theorem 2.2. An element of D(R) 1s idempotent if and

only i1f it is identity or it 1s a constant function (left zero
of D(R) ).
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Let S be a sermgroup with identity e and let x € S. Then
x 1s said to be a unit if xy=yx=e for some yeS . An
element a€ S is said to be a regular element 1f axa=a
for some x € S.

It can be seen that an element fe S(X) 1s a unit if and
only if f1s a homeomorphism from X to X.

Theorem 2.3. Let S be a semigroup with identity e.
Suppose that the following property is satisfied :"If xe
S is an 1dempotent element, then x=e or x is the left
zero of S". Then we get

- xy 1sunitin S ifand only x and y are units in S.
2- ai1s aregular element of S if and only if 4 1s a unit or
a 1s a left zero element of S.

Proof. If we show that xy =e implies yx =e, then the
proof follows. Assume that xy=e. Then, since
sa)(¥X)=y(xy)x =yex =yx, yx 1s an idempotent.

Thus yx i1s a left zero or yx=e. If x=e, then y=e.
Thus yx = -. Assume that x# e. We show that yx=e.
On the contrary, if yx# e, then yx i1s a left zero of S.
Therefore we have yx=(yx)y=y(xy)=ye =y and thus
we obtain e =xy=x(yx)=(xy)x=ex=x, which is a
contradiction. So we have yx =e.

Now suppose that a 1s a regular element of S. Then
axa=a for some x € S. We may suppose a # e. We see
that ax and xa are idempotent elements of S. Suppose
thatax =e. We assert that xa=e. For, 1f xa is a left zero
element of S, then xa =(xa)x =x(ax) =xe =X, and thus
a=axa=ax=e, which 1s a contradiction. Therefore,
xa=e. That 1s a i1s a unit. Assume that ax is a left zero
element of S. Then ax=(ax)a=axa=a. Thus a 1s & left
zero element of S. If a1s a unit or ai1s a left zero element
of S, then a 1s a regular element.

Before main theorem, we give a theorem from(2].

Theorem 2.4. Let R" be n-dimensional Euclidiean
space and let f,g€ S(R").Then fog is a unit if and only

if fand g are unitsin S(R" ).

However, the same 1s not true for S(IN) ,where
IV ={(x, X5 seeer Kiy) [0S, £1,1KiEN)

Let g:[0,11 —[0,1] defined by g(x) =cx where 0<c<I

|
and let f: [0,1]->[0,1] defined by f{x)=—x for

C
0<x=<c and f{(x)=1 for c¢c<x<1. Then (fog)(x)=x
but gof is not the identity function. That is fog is a unit
but f is not a unait.

Morteover let £ — I defined by
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ey — Xy ) for
C C

0<x, <c and f((x;,X5,......Xy))=1 otherwise and

let g: I 51" defined by
{ (S0 U X)) =(CX0nnnn. ,CX ) Wwhere
O<c<l. Then (fog)(x)=x.

That is, fog is a unit but f is not a unit.
In view of the Theorem 2.1 and Theorem 2.3, we can
give the following easily.

Theorem 2.5. Let [ be the unit interval and let
f,g.h€ D(I). Then the following statements are satisfied.

1- fog is a unitt in D(I) if and only if f and g are units in
D(I).

2- h 1s a regular element of D(I) if and only if h is a
constant function or h 1s a unit in D(I).

REFERENCES

[1] Nadler, S.B. The idempotents of a semigroup, Amer.
Math. Montly. 70(1963), 996-997.

[2] Cezus, F.A.,, K.D. Magill, Jr. ,and S. Subbiah,
Maximal Ideals of Semigroups of endomorphisms, Bull.
Aust. Math. Scc., 12(1975) 211-225.

[3] Clifford, A.H. and Preston, G.B., The algebraic
theory of semigroups. I, Math. Survevs No:7, Amer.
Math. Society, Providance, 1967.

(4] J. Berglund, H. Junghenn and P. Milnes, Analysis on
semigroups,Wiley, New York, 19



	c6s3sy118
	c6s3sy119

