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Ozet-Bu calismada, regiiler bir matris ve bir Orlicz
fonksivon dizisi yardimiyla ii¢ veni dizt uzay
tanimlayip baz 6zellikleri incelendi.

M(x)= jq(t)dz‘ where q, known as the kernel of M, is

right-differentiable for t= O, q(0)=0, q(t)>0 for >0, q is
nondecreasing , and q(t)—> o0 as t—>00.The space /y, is

Anahtar Xelimeler- Dizi uzaylary,Orlicz fonksiyonu. closely related to the space /, which is an Orlicz sequence

: . X space with M(x)=x": 1 <p<oo,
Abstract-In this paper, we introduce and examine B (%) I=p

*~me properties ot three sequence spaces defined

by using 4 regular matrix and a sequence of Orlicz
functions.

Recently, Parashar and Choudhary[5| introduced and
examuined some propertics of following four sequence
spaces defined by Orlicz function M.

Key words-Sequence spaces, Orlicz function. | L
Let p=(pi) be anv sequence of positive real numbers.

Zx‘»?’(p)z
.INTRODUCTION B NG W
{xew: Y. (M[--f- J < for some p>0}
Let /,and ¢ denote the Banach spaces of real bounded A=l e 4
and convergent sequences x=(x,) normed by S ’
“xl‘=sup,,| x,J respectively. | n [*-’k‘ {] \ Pk
| - | W(M,p)= ﬁxea): ;kz:l M( . ] —0 asn-oow | ?
An Orlicz function is a function M: [0,00)->[0,0), /
which 1s continuous, non-decreasing and convex with  for some p>0 and £>0 J
M(0)=0, M(x)>0 for x>0 and M(x)—oc as x—c. If Wo(M,p)=
convexity of Orlicz function M is replaced by ( ) Y‘p )
M(x+y)<SM(x)+M(y) then this function 1s called 1} o ' ;fl ¢
- - XEW:
modulus function defined and discussed by Ruckle(1] $rE n ,\ZILM £} —0 asnow r"
and Maddox[2]. ]
for some p>0 J
[.indenstrauss and Tzafriri[3] used the idea of Orlicz r & 7 ‘ |x. Py /
function to construct sequence space XEW: o k] ‘ 5
P Wo(M,p)=1 """ Sl,lp 2_:1! M( P R
 H \ \ J
{ } ' el i . for some p>0 J
" e P J<°O i N oy When p.=1, for all k, then /\«(p) becomes /. If M(x)=x then

the family of sequences defined above become /(p). [c,!,p],
[c,1,p]s and [e,l,p]e respectively. We denote W(M,p),
Wo(M,p) and W_(M.,p) as W(M), We(M) and W_(M) when
p=1, for each k.

The space /,y with  norm
(

o fl. INY
|x]=inf{ p30: S ,(Ml ) o
: k=l \ P )},
becomes a Banach space which is called an Orlicz
sequence space, where @ be the family of real or

'

-

Let M=(M,) be a sequence of @rlicz functions and suppose
that A=(a,) be a regular matrix. We define

\A]O(A:Map)z
complex sequences. ( | )
An Orlicz function M can always be represented (see | | ( / Ik[ \lepk
Krasnoselskii and Rutitsky[4],p.5) in the integral form § V&L %a"" \M‘fi _;}“) | 0 asno |
| for some p >0
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\ Pk
il \'xk -—'gl |
XEO: Y a | M, | —0 asn—o
3 2 P J i

forsome p >0 and £>0
W(AM,p)=

JX€w: sup % a, .
n '

for some p >0

When M (x)=x for all k, then the family of sequences

defined above becomes [A,p]o . [A,p] and [A,p].,
respectively.

When M (x)=x for all k and A=(C,1) Cesaro matrix,
we have the sequence spaces Wy(M,p), W(M,p) and

W.(M,p) that are defined by S.D. Parashar and
C .oudhary.

ILLMAIN RESULTS

Theorem!:Let p=(py) be hounded. Then Wy(A,M,p),
W(A,M.,p) and W (A,M.p) are linear spaces over the
set of complex numbers C.

Proof: We shall only prove for Wy(A.M,p). The others
can be treated similarly. Let x,y€ WA ,M,p) and

a,fe C. In order to prove the resuit we need to find
some Pz such that

(lax + Gy !
| k TPk
E%;{Mk , |

k

—0, as n—>o0,

Since x,ye Wy(A,M,p) , therefore there exist some p,
and p; such that

.’Lk
S a,| M, 'I_W
: nk J o

.

Py

—0, as n—wo

and

( 'x | Pk
Ya, M|~ —0, as n »w.
k

L P2

Define p;=max (2ja|p;, 2!Bip,). Since M is non decreasing

and convex,

Pk
S ol M laxk +,BYk| <
] nk k D3

; AN T)k
%ank(Mk[ ~ 1 .

g
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f \P/( \Pk
o ,;a,z,{Mk[l-%—lJ] + & %ank(Mk{lﬁ—le —0 as
n— o0,

where C=max(1,2""). This proves that Wy(A,M,p)
linear.

Theorem?2: 1.et H=max(1l,sup py ). Then W (AM,p) is a

linear topological space paranormed by

1
p;/ / xkl\ P \-/7
G(x) = inf4 F~ i Zank[ﬁfk[-**—- } Sl 4
k P
\. /
n=1,2,3,...

Proof: Clearly G(x)=G(-x). By using Theoreml for a=£~=1,
we get O(x+y)<G(x)+G(y). Since M(0)=0, we get inf

Pn/
§ p 7/ H }=0 for x=0. Conversely, suppose G(x)=0, then
.r L
i \\2k | H
- pH / ‘Xk I ' |
lnl'ﬁ p rHY T8y Myl — = psll
k \ 7
\ /
\ J

This implics that for a given & >0, there exists some
P.(0<p <€) such that

4 N

lx NPk |H
Y. M{-L <1
k Pg /'/

\ /

'Thus

Suppose x, #0 for some m. Let e—0
[

Then | I—

\

> v 1t follows that
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‘ . (I | (b))
| ‘xnm | . ¢ k=N+1 /) =N+l -\
xa | M, . '| —oc which 1s a . )H
|\ . \ /) ) 2

contradiction. Therefore x. =0 for each m.

For arbitrary & >0, let N be a pozitive integer such

n,, Since M 1s continuous every where in [0,%), then
X , .
Finally, we prove scalar multiplication is continuous. f(t)= Z Qa,; L' I(I J is continuous at (). So there
nk J2;
Let A be any number. By definition, /
B A 1s1>6>0 such that |f(t)| < £ for 0<i<#. Let K be such that
AR ’
G(Ax)=mfi P 74 Zar:kL/wk( pk ] | <1, } L, | <0 for n>K, then for n>K,
k ) ! 1
\ : , \
n=1,2,3 N 'z*n-’fkl A 4{ £
it : Zan/\-[‘“k( ] =3
L\;’(=1 \ P 7, J
Then
( (wXx)=Inf Thus
, l 3 |
/ P ‘\'}7 i , \ Pk \AI
P; AXi k ‘A”.I.'A-
o e o) S ) G
k P | x=i / )
\ /
n=1.2,3,... ; Remark:1t can be easily verified that when My(x)=x, then
where r=p/A. the paranorm defined in Wy(A,M,p) and paranomm defined
in [A,p], are same.
Since |4|P* <max(1,Al") thercfore | |
Definition(Krasnoselskii and Rutitsky[4],25):An Orlicz
|A| H < max(1, M iy 'l .hmctlon M 1.5 said to satisfy A,-condition for all values of u,
if there exists, constant K>(0, such that M(2u)<KM(u)
(u=0).
Hence
G(Ax) < rnax(l,lk[”)”H The A,-condition is equivalent to the satisfaction of
f 1 ! inequality M(/u)<K./M(u) for all values of uand for />1.
( \z27
| . NPk |H
e J(r) / | ErAET, ’f‘-xkl | <1 # Theorem3:I.et A be a nonnegative regular matrix, and
: kk i s ) ’ M=(M;) be a sequence of Orlicz functions which satisfies
/ A,-condition for all k. Then
\n=1,2,3,... :
Which converges to zero as G(x) converges to zero in ) [A,plocW(AM,p)
Wo(AM,p) where i1) [A,p]=W(A,M,p)
VVO(A,M ,p)z ‘u) [A,p coCWoc(AaMap)
| I\ DI " Where \
<xea):%a”_, [M,{[ s J —0,asn—o forsome p>0 ¢ [A,p].={\ — %“nk!’ckl k=50, , a8 n—>oo}

. [A,pl= Ixem Y, | % —I|% >0, as n )SC}
k
that Z a",([MA(I Mﬂ <% for some p>0. This

, I 2 .
s [Aapjooz{xew : SLlpn Zank‘xk \pk <OO}
implies that :
. \%{ Proof: (ii) Let xe[A,p], then
oo CINNPE
P ank(z\/{k{l"%lb <§ So= Y @, |x,~I|7* -0, as n—x.
k=N +1 ] N &
\
[.et £>0 and choose & with @<0<1 such that M(t)<e for

fugk U<y 0<t<6 and for all k.
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Write v,=! x, —/ | and consider
%an}c (Mk (l,‘v'k D)pk =2 v 2
; ! 2

where the first summation is over }, <90 and the
second summation over y,>8. Since M, is continuous

for all k

: 3 A
), <& > a,, and for y,>0 we use the fact that
1 k

vy < Y < 1 +( Yk N

Since My ts non decreasing and convex for all k, it
follows that

Mic(v) < Mic [1+( 2]

X L] Yie
< EMk(z) - Mg [2( 5 )]

)

Since M, satisfies A,-condition for all k, therefore
l 7 1 )
Mi() < 3 k75 Mi(2) + 5 k26 Mi2) =k 2 Mi(2),

Hence
Y Mi(ye)< ch_]Mk(;).n.Sn , which together with

Y <e'Ya, yields [ApJcW(AM,p).
l k

Following simtlar arguments we can prove that
[A5P]OC“;0(AaMsp) and [Aap]‘ﬁcww(A’M’p)

Theorem#: i) Let O<inf p, £p<1, then
W(AM,p)=W(A,M)

ii) Let 1<p,<sup py<oo, then
WA M)TW(AM,p).

iii) Let O<py<q, and (qi/py) be bounded. Then
W(A,M,q)ICW(A,M,p).

Proof: (i) .et xe W(A M p).
Since O<inf py <p<Ll1., we get

x| (% —1] )P
Eank[Mk[lrk |j}szankl(Mkt|Xk |
k 9 k '\ e ’J/

and hence xe W(A,M).

(ii): Let 1<p<sup py<= for each k. Let xe W(A,M).
Then for each 1>&>0 there exists a pozitive integer N
such that

for all n=N. This implies that
‘ I}\.k ~/

s 1, szan,{(,\,{k[lxk-"m
k k e 7 ) k F 7

Therefore xe W(A,M p).

(iii): Let xe W(AM.q).
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and Ax = L Since pk < qk
Ui

Write tx = a,,; (M;,’ e
therefore O<A; <1.

Take O< A <Ay Define u = ty (tk =1), =0 (t, <1) and vy =0
(thZI), =t (tc<1).So tx=ux+ vk and
t Meo=uy Mk o+ Vi e

; ) . A A
Now it follows that u; "k <ug <ty and vy k< v .

Therefore

k k

and hence xe W(AM p).

Corollary:Let A=(C,1) Cesaro matrix and M=(M,) a
sequence ot Orlicz functions. Then

i) If M=(M,) satisfics Aj-condition for all k, then
W,cW(M,p),WocWy(M,p),W, W _(M,p)

\A

e .

2y * S0k, J{ZWJ
k

where
& 1% p B
_ ! ‘. [Pk |
\’V|—<xea).';L|;\.kl —90,asn->oo J>
] l A ) W
W=+ _?CEG)ZTZ‘I{( —-Zl;k —>0,asn—>wx }
: |
L k=1
i( 1 4] P 1
_ . k
= , s <o
W, X < () sup, | Z |Xk| |
k=1 J

i) Let O<inf p, <p,<l, then W(M,p)cW(M)
i) Let 1 <p<sup py<w, then W(M)cW(M,p).
iv) Let O<py<qy and (qi/py) be bounded, then
W(M,q)cW(M,p).

Proof: 1t is trivial.
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