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•• 

Ozet-Bu çalışmada, regüler bir matris ve bir Orlicz 

fonksiyon dizisi yardımıyla üç yeni dizi uzayı 
tanımlayıp bazı özellikleri incelendi. 

Anahtar _'f.elimeler- Dizi uzayları,Orlicz fonksiyonu. 

Abstract-ln this paper, we introduce and examinc 
r '�e properties of three sequence spaces defined 

by using a regular matrix and a sequence of Orlicz 
functions. 
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I.INTRODUCTION 

Let lrr.ı and c denote the Banach spaces of real bounded 
and convergent sequences x=( Xn) normed by 
ll x ll =supJ Xn; respectively. 

An Orlicz function is a functi on M: [O,oo)-�[O,co), 
which is continuous, non-decreasing and convex with 
M(O)=O, M(x)>O for x>O and M(x)�oo as x-4co. If 
convexity of Orlicz function M is repla ced by 
M(x+y)sM(x)+i\.1(y) then this hınction is called 
modulus function defıned and discussed by Ruc kl e[ 1] 
and Maddox[2]. 

Lindenstrauss and Tzafriri[3] us ed the idea of Orlicz 
function to construct sequence space 

<oo , for sonıe p >0 

The space !M Vlith n orrn 

C() 

llxJj=inf p )0: I 
k=l\ 

<1 

becomes a Banach space which is called an Orlicz 
sequence space, whe re (J) be the family of real or 

complex scquences. 
An Orlicz function M can always be represented (see 

Krasnoselskii and Rutitsky[4],p.5) in the integral form 
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X 

M(x)= Jq(t)dt where q, known as the kernel of M is , 

o 
right-differentiable for t � O, q(O)=O, q(t)>O for t>O, q is 

nondecreasing , and q(t)� co as t-> co .The space !M is 
closely related to the space IP wh ich is an Orlicz sequence 
space v1ith M(x)=xP; 1 � p< oo. 

Recent ly, Parashar and Choudha ry[S] intioduced and 
examined soıne properties of fol1o�·ing four sequence 
spaces defıned by Orlicz function M: 

Let p=(pk) be any sequence of posi ti ve real nun1bers. 
z�.t(p )= 

XECU: I M hi 
k=I p 

<oo , for sonıe p>O 

W(M,p)== 
XEüJ: 

Lfor sofne p>O and f>O 

W o(\'l,p )== 

Pk 

Pk 
�o as n�oo , 

-+O as n�co , XECV: 1 n -I 
n k=l 

for some p>O 

n ( 1 xkj XEaJ: sup I: M � 

n k==l P Wcc(M,p)= 

for so nı e p >0 J 
\Vhen Pk=l, for all k, then /M(P) b ec on1es !M. Iftv1(x)=x then 

the family of sequences defined above become l(p), [c,l,p], 

[c,l,p]o and [c,l,p]oo respectively. We denote W(M,p), 
W o(M,p) and W r/J(M,p) as W (M), W 0(1\1) and W o-iM) w· hen 
pk= 1, for each k. 

Let M=(Mk) be a sequence of Orlicz functions and suppo se 
that A =(an k) be a regular matrix. W e define 
Vl 0(A,M,p )= 

f XECO: I ank 
k 

for some p >0 

W(A,�1,p)= 
J 
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lxk -.ej 'ıP k 
xEcv: L ank M k -40 as n-->-oo 

k p ) 
for s ome p >0 and .f>O 

Ww(A,M,p)= 

XEW: sup L ank 
l ll k 
l for some p >0 

Pk 
<oo 

When Nlk(x)=-x for aU k, then the family of sequences 
defıned above becomes [A,p ]0 , [A,p] and [A,p ]cm 
respective 1 Y. 

When Mktx)=x for all k and .�-'\=(C, 1) Cesaro matrix, 
w e have the sequence spaces W0(M,p ), W(M,p) and 

W ,.c(M,p) that are defıned by S. D. Parashar and 
C .oudhary. 

II.MAlN RESULTS 

Tlıeorenr 1: Let p=(pk) be bounded. Then W 0(A,M,p ), 

vV(i\,�1,p) and Vl oo(A,M,p) are linear spaces over the 
set of complex numbers C. 

Proof: W c sha11 only prove for W 0(A,M,p). The atlıers 
can be treated similarly. Let x,y E W 0(A,M,p) and 
a,jJE C. In order to prove the result we need to find 

some p3 such that 

P!c 

Since x,yE W0(A,M,p) , therefore there exist some p1 
and p2 such that 

Pk 
�o' as il-400 

and 

( lxk \ Pk 
I an k M k �o, as n---j>oo, 

k � Pı 

Defıne p3=rnax (2iajpı, 2!BiP2). SinceM is non decreasing 
and convex, 

I a,ık k 

Iank k 

M (jaxk + PYk j kl P3 

M k 
\axkl IPYkl + 

P3 P3 

Pk 
� 

Pk 

157 

T.Böyü� M.Başanr 

Pk 1 lxk j IYk ı <I: M k +N! k an k $ 
k 2Pk Pı P2 

Pk 
C Lank lv[ k Tc L ank k Pı k 

n___,. oo , 

\Vhere C=max( 1 ,2H·1) . This proves 
line ar. 

!Yk 1 Pk 
M k �o 

Pı ) 
that W0(A,M,p) 

as 

. 
ıs 

Theorem2: Let H=max(l,sup Pk ). Then W0(A,M,p) is a 
bnear topological space paranornı.ed by 

G(x) =inf 

n ==1, 2,3, ... 

1 
P1c H 

<1' 

Proof: Clearly G(x)=G( -x). By us ing Theoreml for a=f3 1, 
ıve get G(x+y)<G(x)+G(y). Since M(O)=O, we get inf 

Pn /' { p IH }=O for x=O . Conversely, suppose G(x)=O:- then 

( 1 
ı ı Pk H xk l'ı;f k < 1 ' =O. 

p 

This implies that for a given & >0, there exists some 

pE(O<pc <E) such that 

Thus 

( 

1 
Pk H 

sı. 

ı 
-

P1c H 

ı 
Pk H 

J 

< -

<1. 

Suppose x ::f::. O for soıne m. Let c�O 
11111 

The n ---7 ro it follo\:vs that 
p 
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ı 
\Pm H 

x,ı m �oo which is a 

) 
p m 

\ 

contradiction. Therefore X == O for each nı. 
11111 

Finally, we prove scalar nıultiplication is continuous. 
Let A. be any number. By definition, 

G(A.x) = 1nf 

The n 
( �;"x)==inf 

p� ( p H : � a"k l M k 

\. 
n==1,2,3, ... 

ı 
Pk H 

<1 , 

n=l,2,3, . . . 
where r=p/A.. 

S ince 1 A.jPk <max( 1, :A-IH) therefore 
E_t H 1/H l!ı.l H < max(l, lA! ) . 

Hence 

G( A.x) :::; max( 1, llıw IH) l/H 
ı 

-

Pk H 

n==l,2,3, ... 

<1, 

Which converges to zero as G(x) converges to zero in 
W0(A,M,p) w here 
\V0(A,M,p)= 

Pk 
-;.O, as n -)co forsonıe p>O 

For arbitrary E: >0, let N be a pozitive integer such 
00 

that I ank 
k=N+I 

implies that 

ro 

L ank A1k 
k=N+l 

'\ l/ 

< E for s ome p>O. This 2 

ı ı \Pk l/H 

-� ) J < � 
Let 0< ;l <1, using convexity of M we get 
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00 
< 2: ank k=N+l 

S ince M is continuous every where in [O,oo ), the n 

< 

N r t xk 1 
f(t)= L ank Mk is continuous at O. So there 

k=1 \. 
p 

is 1 >8>0 such that 1 f( t)/ < c for O<t <5. Let K be such that 2 

A1, <8 for n>K, then for n> K, 

Thus 

N 
Lank k=l 

p 

Pk Xr 
<c 

1/H Pk ll-

for n>K. 

c < -2 

Re mark: It can be easny veri fied that when M k( x)=x, the n 
the paTanorn1 defined in W 0(A,M,p) and paranann defined 
in [ A,p ]o are saıne. 

DejilıUion(Krasnoseiskii and Rutitsky[4],25):An Orlicz 
function M is said to satisfy �2-condition for all values of u, 
if there exists, constant K>O, such that M(2u)<Kı\1(u) 

(u>O). 

The L\2-condition is equivalent to the satisfaction of 
inequality M(lu)<K.IM(u) for all values of u and for!> I. 

Theot·eın3:Let A be a nonnegative regular matrix, and 
M=(Yfk) b e  a sequence of Orlicz functions which satisfies 
�ı-condition for all k. Then 

i) 
ii) 
iii) 

Where 

[ A,p ]oc W 0( A,M,p) 
[ A,p )cW(A,M,p) 
[A,p]c/JcW oo(A,M,p) 

[ A,p ]0= { XEW : I ank lxk !Pk �o , as n �a:ı 
l k 

[A,p]= xEm: Iank\xk-l\Pk -)Ü, as n-..::,oo � 

k 
[A,p]oo= XECV : supn I a11k \xk \Pk < ocı 

k 
Proof· (ii) Let xE [A,p l, then 

Sn= Lan k \x k -I\ Pk -')-O, as n�oo. 
k 

Let B >0 and choose 8 \Vİth 0<8<1 such that Mk(t)<E for 
Ostsö and for all k. 
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Write yk=! xk -lı and consider 

Lank(Mk(Yk))Pk=I +L 
k ı 2 

where the firs t summation is over Yk< 8 and the 

second summation over Yk>8. Since Mk is continuous 

for all k 

H I < E L: a nk and for Yk>Ö we use the fact that 
ı k 

Y < ll < 1 +( Yk ) . ,A r5 Ô 

Since Mk is  non decreasing and convex for all k, it 
follo\\·s that 

Mı<(yk) < Mk[l+( � )] 
1 1 y < - Mk(2) -1- - Mk [2( ı)] 2 2 o 

Since Mk satisfics �2-condition for all k, therefore 

Mk(Yk) < _l k Yk Iv1k(2) +_!_k Yk Mk(2) =k Yk Mıc(2). 
'1 8 2 o 8 

Hen ce 
L Mk(J·k)< k8-1 Mk��).n.Sn, which together with 

2: <E llL ank yields [A,p]cW(A,M,p). 
ı k 

Following s imilar arguments we can prove that 
[A,p]ocWo(A,M,p) and [A,p]rocWoo(A,M,p). 

Theorenı4: i) Let O<infpk <pk<l, then 

W(A,M,p )cW(A,l\11) 
ii) Let 1 <pk <s up pk<oo, then 

W(A,M)cW(A,M,p). 
iii) Let O<pk<qk and ( qk/pk) be bounded. Then 

W(A,M,q)c\V(A,M,p). 

Proof· (i) Let xEW(A,�vtp). 
Since O<inf Pk <pk<l., '\Ve get 

,. 1 xk -ll ( L...Jank M k <I ank Mk k p k � 
and hence xEW(A,M). 

(ii): Let 1 <pk<sup Pk<co for each k. Let XE W(A .. ,�1) . 

Then for e ach 1 >€>0 there ex1sts a pozitive integer N 
such that 

xk -lj l "Lank Mk ) <s<l 
k p 

for all n�'t�. This implies that 

k p 

Therefore xEW(A,M,p). 

(iii): Let x E W(A,M,q). 

P1c 
<Iank 

k p 
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and Ak= Pk . Since Pk< qk qk 
therefore Ü<Ak < 1. 

Take Ü< A <tvk· Define Uk = tk (tk > 1 ), =O (tk <1) and V k =O 

(tk >1), =tk (tk <1) . So tk= Uk + Vk and 
A. /..., A. 

tk k = lik k + Vk k . 

Therefore 

2: t�c ii k < L: t�c + I v/c 
k k k 

and hence xEW(A,M,p). 
Corollary: Let A=(C, 1) Cesar o matrix and M=(Mk) a 

sequence of Orlicz functions. 'fhen 
i) If M =(M k) satisfies ô.2-condition for all k, then 

W 1cW(M,p),WocWo(M,p),W cocW �(M,p) 
where 

n 
1 �' Pk \V 1 = X E (i) : 7; .i....J x k � 0 , as n --j- oo 

k=l 
1 11 

k-1 
( 

ll 1 
Woo= XEOJ: 1 � x jPk <oo supn ---;; L...J k 

k=l 
ii) Let O<infpk spk�l, then W(l\.tf,p)cW(M) 
iii) Let 1 �pk<sup Pk<oo, then W(M)cW(M,p). 
iv) Let Ü<pk<qk and ( qk/pk) b e  bo und ed, then 

W(M,q)cW(M,p). 

Proof· It is tTivia1. 
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