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Abstract: In this paper, we extend the result due to Liu Qihou and prove some
sufficient and necessary conditions for modified Ishikawa iterative sequences of
asymptotically quasi-nonexpansive mappings with error member to converge to
fixed points.
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1. Introduction

Let E be a subset of normed space X, and let T be a self-map of E.T is said to be
an asymptotically quasi-nonexpansive map, if there is u,, € [0, +00),lim, o u, =
0,such that [|T"z — p|| < (1 +wuy)||lz —pl|,Vz € E,¥p € F(T) (F(T) denotes the set
of fixed points).

T is an asymptotically nonexpansive map if |77z — T"y|| < (1 + uy)||z —
yl|,Vx,y € E.
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Petryshyn and Williamson [1], in 1973, proved a sufficient and necessary condition
for Picard iterative sequences and Mann iterative sequences to converge to fixed
points for quasi-nonexpansive mappings. In 1997, Ghosh and Debnath [2]extend
the result of [1] and gave the sufficient and necessary condition for Ishikawa iterative
sequences to converge to fixed points for quasi-nonexpansive mappings. In 2001,
Liu [3] extend the above result and obtained some sufficient and necessary condition
for Ishikawa iterative sequence of asymptotically quasi-nonexpansive mappings with
error member to converge to fixed points. In this manuscript, we will extend the
result of [3] to the modified Ishikawa iterative sequences with errors and will prove
some sufficient and necessary conditions for modified Ishikawa iterative sequences
of asymptotically quasi-nonexpansive mappings with error member to converge to
fixed points.

2. Main Results

Theorem 2.1. Let E be a nonempty closed convex subset of Banach space, and
T : E — E an asymptotically quasi-nonexpansive mapping of E (T need not be
continuous), and F(T) nonempty. Vx; € E, let

Tp+1 = Qpdp + bnTmnyn + cpUn

Yn = AnTy + b, TF 2, + CpWy, VN € N,

where vy, wy, € E and (||v, )02, ([[wn]|)5L, are bounded,m.,, ky, are two any positive
integer sequences; 0 < . Gn, bn, bn, CnyCn < 1,an+bp+Cp = Gp+by+6, = 1,Yn €
N, by, < 400,300 byug, < 400, Yoo ¢y < 400,y o & < +00.
Then (x,)22, converges to a fixed point if and only if lim,,_, infd(x,, F(T)) =
0,where d(y,C) denotes the distance of y to set Ci.e., d(y,C) = infyrccd(y, ).

Theorem 2.2. Let E be a nonempty closed convex subset of Banach space,
and T : E — E an asymptotically nonexpansive mapping of E (T need not be
continuous), and F(T) nonempty. Yz, € E, let

Tn+1 = Qndp + bnTmnyn + cpUn,

Yn = AnTy + b, TF 2, + CpWy, VN € N,

where vp, wy, € E and (|lon|))7Zy, ([wn )5z, are bounded, my, ky, are two any pos-

itive integer sequences;0 < Gy, Gn,bn, bn, CnyCn < 1,05 + by + € = @y, + by, + Ep =
LVn € N. 307 by, < 400,207 bpug, < +00,% 0 ¢p < 400, 0 & <

+00.Then (x,)52, converges to a fixed point if and only if lim,, - infd(z,, F(T))
0, where d(y,C) denotes the distance of y to set Cji.e., d(y,C) = infyrecd(y, ).
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Theorem 2.3. Let E be a nonempty closed convex subset of Banach space, and
T : E — E an asymptotically quasi-nonexpansive mapping of E (T need not be
continuous),and F(T) nonempty. Vx, € E, let

Tp4+1 = QpTp + bnTmnyn + cpUp
Yn = GnZn + bnT*"z, + Epw,,Vn € N.

where vy, w, € E and (||va]))o2y, (Jwa])o2 are bounded, m.,, k, are two any posi-
tive integer sequences; 0 < Gy, Gn, bn, bns CnyCn < 1, an + by + € = G + by, + G =
LYn € N, Y07 by, < 400,35 o0 byug, < 400,50 ¢ < 400,300 Cp <
+00. Then (x,)52, converges to a fixed point p of T if and only if there exists some

infinite subsequence of ()52, which converges to p.

In order to prove the above theorem, we will first prove the following lemmas.

Lemma 1. Let E be a nonempty convexr subset of linear normed space, T an
asymptotically quasi-nonexpansive mapping of E, and F(T) nonemptyNz, € E,let

Tn+1 = Qndp + bnTmnyn + cpUn

Yn = QnTp + BnTk”mn + Chwn,Vn € N,

where vy, wy, € E and (v, )5, (Jwn )5, are bounded,m,, k,, are two any posi-
tive integer sequences with Y~ | by, < +00,Y oo byug, < +00;an + by + ¢ =
Gn + by + G, =1,0 < an,an,bn,bn,cn,én < 1,Yn € E. Then

()| xnt1 — pl| < (1 +7)||zn — || + tn,Vn € N,Vp € F(T),

where 1y, = by, (U, + Uk, + L, ), L = supn>otn, tn = by (14 up, )enl|lw, —p|| +
cnllvn — pl|-

(b)There exists a constant M > 0, such that ||xpim — pl| < M||x, — p|| +
MY tx,¥n,m € N,Vp € F(T),where M = eXi=n bi(tm;+uw; +Lum;),

Proof of (a). For all p € F(T),

[Zn41 = pll = llan®y + 0, T"" Yy + crvn — pl|
(1) < apl|zn = pll + 0u T yn — pll + cullvn — pl|
< apllzn — pl| + 0n (1 4 wm, ) 1y — pll + cnllvn = p;
and
[yn = Pl < @nlln = pll + bul| T 2 — pll + Enllwn — pl|
(2) < anllzn = pll + bn (1 + ur,) |0 — pll + Enllwn — p

< (1 + boug, |20 — pll + Enllwn — pl|.
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substituting (2) into (1),it can be obtain that
lZnt1 =PIl < anllzn = pll + b (1 + wm,, ) (1 + bpug, )z — pl
+ 0n (1 + tm, )nllwyn — pll + cnllvn — pl|
+ bn (1 + tm, )nllwyn — pll + cnlvn = pll
< (X4 rn)llzn = pll + tn,
where 7, = by (U, + Uk, + L, ), L = supy>otn, tn = bp(1l + wm, )Cnl|w, — p|| +
¢n||vn — pl|- This completes the proof of (a).
Proof of (b).From (a) it can be obtained that
[Zn+m — Pl < (L + Tngm—1)|[Tntm—1 = pll + tntrm—1
S ern+m71 ”xn—i—m—l - pH + tn+m—1

e(Tn+m_1+7"n+m_2) ||xn+mf2 - p” + ern+m_1tn+m72 + thrmfl

IAIA

Zn+m—1 r Zn+m—1 r nAmt
I A = S
=n

n+m—1
< M|z, —pl| +M Z ti, whereM = e i=n bi(um;+tk; +Ltm;),

This completes the proof of (b).

Lemma 2[3]. Let the number of sequences (an)5%q, (bn)o>y,and(r, )22, satisfy
that a, > 0,b, > 0,7, > 0,507 b, < 400,> 0" 1y < +00 andan+1 < (1 +
Tn)an + by, ¥n € N.Then

(a)lim, o a, exist.

(b)If lim,, . infa, =0, then lim,_. . a, = 0.
Proof of the Theorem 2.1. From Lemma 1,we have

(3) [#nt1 = pll < (L4 7r0)l|zn — pll + 0, Vp € F(T),Yn € N,

oo

Since >0 | bptm,, < 400, Yoo byug, < 400, D0 ¢ < 400, Do | T < +00,
(lon ]2y, (JJwn )22, are bounded; thus we know Y °° 7, < +00,y oo t, <
+o0.From (3),we obtain

d(@n i1, F(T)) < (1 + rp)d(zn, F(T)) + tn,
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Since lim,, o infd(x,, F(T)) = 0 and from Lemma 2,we have

lim d(z,, F(T)) =0.
It will be proven that (z,)52; is a Cause sequence.

For all ¢, > 0, from Lemma 1,it can be known there must exist a constant
M > 1,such that

n+m-—1
(4) |2nsm —pll < Mllzn —pl +M > tx,Vp € F(T),¥n,m e N.
k=n

Because lim,_, d(z,, F(T)) = 0 and Y-, tx < +00,there must exist a constant
N7, such that when n > Ny,

€1 > €1
d n,F T S —_— d t S A
(n, F(T)) < gpan ;; £ 6M

so there must exist p; € F(T'), such that d(zn,,p1) < 33
From (4),it can be obtained that when n > Ny,

||xn+m - $n|| < Hxn—km _pIH + Hxn —p1||

o0
< Mlzy, —pill + Mlzy, —pil +2M >
k=N,
S €1.

This implies (z,)52; is a Cause sequence. The space is complete; thus lim,, o =,
exists.

Let lim,,_, o x,, = p. It will be prove that p is a fixed point.

For all €5 > 0,lim,, o x,, = p; thus, there exist a natural number N, such that
when n > No,

€2

5) n—Dl < .
5) = pll < 75

lim,, 00 d(zp, F(T)) = 0 implies that there exists a natural number N3 > Na, such

that
€2

4+2’LL1.

d(staF<T)) <
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Thus, there exists a po € F(T'), such that

€2
6 ol = d <
( ) Hst p2” (mN:aapQ) = 4+ 2u,

From (5) and (6),

ITp —pll = ITp — p2 + p2 — TN, + 2N, — Pl
<|Tp — pall + llzn, — p2ll + 2N, — D
< (1 +u)llp = p2ll + |z g — p2ll + [[zn; — Pl
< (1 4uw)llzng —pall + (L +ur)llzng = pll + lzng — pall + lznvg — pll
= (2+u1)l|zn, —pll + (2 + 1)z, — P2l
€

2.

IN

€ is an arbitrary positive number. Thus Tp = p; i.e., p is a fixed point of T'. This
completes the proof of Theorem 2.1. Using the same method, Theorem 2.2 can be
proven. Theorem 2.3 can be proven by Theorem 2.1.

Remark. Theorem 2.1-2.3 extend the result of [3] to the modified Ishikawa
iterative sequences with errors.
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