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Abstract

The aim of this article is introducing and researching hyperbolic modules, bihyperbolic modules, topological
hyperbolic modules and topological bihyperbolic modules. In this regard, we define balanced, convex and
absorbing sets in hyperbolic and bihyperbolic modules. In particular, we investigate convex sets in hyperbolic
numbers set (it is a hyperbolic module over itself) by considering the isomorphic relation of this set with
2—dimensional Minkowski space. Moreover, bihyperbolic numbers set is a bihyperbolic module over itself, too.
So, we define convex sets in this module by considering hypersurfaces of 4—dimensional semi Euclidean space
that are isomorphic to some subsets of bihyperbolic numbers set. We also study the interior and closure of some
special sets and neighbourhoods of the unit element of the module in the introduced topological bihyperbolic
modules. In the light of obtained results, new relationships are presented for idempotent representations in
topological bihyperbolic modules.
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1. Introduction

J. Cockle introduced commutative quaternions as Tessarine numbers in [10, 11, 12]. Besides C. Segre studied these numbers
by denominating them bicomplex numbers [3]. Afterwards, G. B. Price comprehensively analyzed bicomplex numbers,
functions defined by bicomplex power series, derivatives, integrals, holomorphic functions and also their generalizations to
higher dimensions [7]. Actually, the system of bicomplex numbers (Tessarine numbers) is a special case of the commutative
fourcomplex numbers system that was generalized by F. Catoni et al. in [6]. The set of generalized commutative quaternions is
defined as

{q| g=t+ix+jy+kz t,x,y,z € R}

where i> = k> = @, j* = 1, ij = ji = k. A generalized commutative quaternion is called an elliptic, parabolic or hyperbolic
commutative quaternion, respectively; provided that & < 0, & =0 or ¢ > 0. In the case of & = —1, the elliptic quaternions
corresponds to bicomplex numbers. However, the case of & = 1 has not been handled as well as the bicomplex case. In the
meantime, the commutative quaternions and their higher versions were considered by S. Olariu and in the case of ¢ =1, a
commutative quaternion was called hyperbolic fourcomplex number in [20]. Recently, the set of zeros of polynomials of
hyperbolic fourcomplex numbers were studied and these numbers were denominated bihyperbolic numbers since they can be
written as a pair of hyperbolic numbers [1].

On the other hand, the hyperbolic fourcomplex numbers are used in digital signal processing and these numbers are called



Topological Bihyperbolic Modules — 116/129

multi-hyperbolic numbers [4]. Also, multi-hyperbolic numbers are a generalization of the hyperbolic fourcomplex numbers,
since multi-hyperbolic numbers include the hyperbolic fourcomplex numbers.

Apart from all these, detailed surveys on the algebraic [13], geometric and topological [14], and combinatorial properties
[8, 9] of bihyperbolic numbers were given. However, bihyperbolic modules and topological bihyperbolic modules have not
investigated yet.

The real or complex vector space, topological vector space and balanced, convex and absorbing sets in these spaces are
known very well in the literature [2, 21]. These concepts are thought again with the discovery of the quaternions and especially
commutative quaternions. For instance, the bicomplex modules are introduced with the discovery of bicomplex numbers. The
set of bicomplex numbers is a commutative ring. Hence, the researches on modules over this ring are accelerated with new
results on commutative algebra [5, 16]. Also, topological bicomplex modules are presented and balanced, convex and absorbing
sets are investigated in these modules [17, 18].

As its known, the set of hyperbolic numbers is a subalgebra of the algebra of bicomplex numbers and the system of
hyperbolic numbers is an active studying area in several disciplines. Besides, hyperbolic module and convex set in this module
partially are studied in [15]. In connection with these, we introduce hyperbolic modules, bihyperbolic modules, topological
hyperbolic modules and topological bihyperbolic modules. Also, we give new results on these subjects by using the idempotent
representations of bihyperbolic numbers which were analyzed in detail [13, 14].

2. Preliminaries
Definition 2.1. The set of bihyperbolic numbers is defined as

Hy={{| { =z +jhn, u,2€H())}

where j,, j, are hyperbolic units satisfying j,j» = joj; =Jj3 j> =1, j, #+1 fors=1,2,3and H (j) = {z| z=x+j;y: x,y € R}
is the set of hyperbolic numbers based on hyperbolic unit j; [13].

Definition 2.2. The set of multi-hyperbolic numbers is given by
Hy,={A+j,B|A,BEH, 1, ja=1,j,#*1}
forneZt.

The set Hy is the real numbers set and the set H; is the hyperbolic numbers set corresponding H (j;) in the previous
definition. In the rest of the article, the notion H will be used for the hyperbolic numbers set based on the hyperbolic unit j;.

The space, null, and time cones of zo € H are defined as

SH (z0) = {ZEH\ (z—20) (z—2z0) >Oorz=zo},

NH (z0) = {z€H| (z—zo)(z—z())zo},

and
TH(zo)z{zeHl (Z—Zo)(Z—Zo)<00rZ=Z0}7

respectively [14].

Although the sets H and H, are commutative rings with unity according to the addition and multiplication operations, they
do not have field structure algebraically since they have non-invertible elements according to multiplication operation.

There are especially non-invertible elements such as

1+4+j 1—i
elj, = ;JS and ey = ZJS fors=1,2,3.

These numbers are hyperbolic numbers with the hyperbolic units j, and they are called idempotent elements because of
(e1j,)" = e, and (erj)" = ez, forn € Z* [13]. Every element of H can be written as a linear decomposition of the set
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{ el-JS»eZ,js} in three different ways which are { = Cl.,jsel,js + CQ,jSEZ_’jS for { € H, with s = 1,2, 3. The coefficients of the linear
decompositions of a bihyperbolic number are bihyperbolic numbers for s = 1 and hyperbolic numbers based on the hyperbolic
unit j; for s =2, 3. These representations are given for s = 1,2 in [13] and for s = 3 in [6]. More details about the idempotent
representations of bihyperbolic numbers can be found in [13, 14].

There is another idempotent representation of bihyperbolic numbers in the literature. Briefly, a bihyperbolic number
& =x0+]j;x1 +jyx2 +jsx3 can be written as § = wyi| 4+ woiz +w3isz + wais Where iy, iz, i3 and ig are bihyperbolic components
such that i} = lﬂlzjﬁb, ih = 17“?27]3, i3 = HJ];JZ*B, Qs = H‘;Jﬁb and wy = xg + X1 +x2 + X3, Wp = X0 — X1 +x2 — X3,
w3 = xo +x1 —x2 —x3 and wq = x9 — X1 — X2 + x3 where xp,x1,x2,x3 € R [20]. Hence, a partial order is defined on the
real vector space H, by using this representation in [13]. It defines as { < ¢ for {, ¢ € H; if and only if w; < W, where
€ = wiip and @ = Wi for k = 1,2,3,4 [13]. Moreover, positive bihyperbolic numbers set is given with this partial or-
der such that H2+ = { | & = wyig,wr > 0} [13]. Also, positive hyperbolic numbers are known in the literature such that
HY={zl z=x+jiy=(x+y)erj, +(x—y)ej,, x+y >0, x—y >0} [5].

- On the other hand, a bihyperbolic number £ = xo + Ji%1 + JpX2 + j3x3 has three conjugates such that
&' =x0+j1x1 —jpx2 —jsx3. & = x0—jix1 +joxa —jaxs and § = xg —j1x1 —jpx2 +j3x3 [6]. Considering these conju-

gates, the hyperbolic valued modulus is introduced [9]. It is defined as | |js = 'C?S for s = 1,2, 3 and named j,—modulus

of §. Also, by taking xpx; —xpx3 = 0, xpx2 — x1x3 = 0 and xpx3 — x1x, = 0, three different hypersurfaces of H, are defined such
that

My = {xo+jix1 +]jox2 +j3x3| x0x1 —x2x3 = 0},
My = {x0+]; X1 +jox2 + j3x3| X022 — x1x3 = 0}

and
M3 = {x0+];x1 +jox2 + j3x3| x0x3 — X102 = 0} .

The modulus of { is given by

1€, = y/ho? +0% 2 a2,

&5, = \/Ixo2 —x1% +x% —x37|

and

1€, = y/ho? % 2?32

in My, M, and M3, respectively [13]. The cones of a bihyperbolic number §y € M C H, are classified as

SMi (%) = { ¢ e M (E - Q) [T=T)" > 00r g = Lo}

NML(G0) = { L e Ml (6~ ) (T-&)* =0},

TM (Go) = { £ € M (£~ 60) (T~ G)* <0or{ =G}
and they are called space cone, null cone, and time cone for k = 1,2, 3, respectively [14].

Definition 2.3. Let X be a vector space over a field F (real or complex numbers set) and & # A C X be a subset. If Ax € A or
AA C A where AA :={Ax| x € A} for every x € A and every A € F with |A| < 1, then A is balanced (circled) set [19].

Definition 2.4. Let X be a vector space over the real numbers field R and @ # A C X. A is convex if the line segment connecting
x andy is included in A for all x,y € A. This means that (1 —t)x+ty € Afor0<t <1 [19].

Definition 2.5. Let X be a vector space over a field F (real or complex numbers set) and @ #+ A C X. A is absorbing set, if
some real number A > 0 for all x € X, x € UA for all scalars | € F that is ||t| > A where UA .= { ua| a € A} [19].
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3. Topological Hyperbolic Modules

Definition 3.1. Let (X,®) be a commutative group. If the operations
D XxX—=X and O HxX =X

(u,v) = u+v (z,u) = z0u

satisfy the properties
(z122) Qu=210 (220 u),

(z1+2)Ou=(210u)®(220u),
20wdv)=(210u)® (21 OV),
lyQu=u, (lg=1+4;0=1)
forevery z1,zo € H and every u,v € X, then (X,H,®,®,+,-) is called H—module. Later on, z® u will be denoted by zu.

Example 3.2. Hyperbolic numbers set H, bihyperbolic numbers set Hy and multi-hyperbolic numbers set H, for n € Z" are
H—modules.

Remark 3.3. Real numbers set R is not H—module because of H x R — H.

Since hyperbolic numbers set H includes the isotropic numbers, the unit balls in H can be classified into three types. So, let
us define a new three types of balanced sets by considering three different cases for each hyperbolic number A = A, +j;4, € H

satisfying |A|, = \/W: VIAE-AZ <1

Definition 3.4. Let X be a H—module, & #B C X and A = A1 +j, A, € H.

i) Bis called SH—balanced set if AB C B for every A € SH (O) such that A} — A} <1,
ii) B is called NH—balanced set if AB C B for every A € NH (O) that is A7 — A3 =0,
iii) B is called TH—balanced set if AB C B for every A € TH (0) such that —1 < A2 — A3.

Here, SH (O), NH (O) and TH (O) denotes the space cone, the light cone and the time cone of H at the origin, respectively.

Example 3.5. The subsets SH (O) and TH (O) in H—module H are SH—balanced sets. But, they are not NH—balanced set
and TH—balanced set. Also, the subset NH (O) C H is TH,NH and SH—balanced set.

The partial order on the real vector space H, was introduced in [13]. The definition of H—convex set is given in [15] by
using such an order as follows: Let X be a H—module and & # BC X. If Ax+ (1 —A)y € Bforevery x,y€ Band A € H"
with 0 < A < 1, then B is called H—convex set. Nevertheless, here we investigate especially the H—module H. Eventually,
three different definitions of convex sets which are geometrically meaningful will be given in H—module H for the first time as
follows.

Definition 3.6. Let B be a non-empty subset of H—module H. For all x,y € Band all A e Rwith0 < A <1,

i) Bis called SH—convex set if y € SH (x) and Ax+ (1 —A)y € B,
ii) Bis called NH—convex setif y € NH (x) and Ax+ (1— A1)y € B,

iii) Bis called TH—convex setify € TH (x) and Ax+ (1 —A)y € B.

This definition indicates that the classical definition of the convexity is valid for the convexity of a subset of the hyperbolic
numbers set. However, three different convexity types are needed depending on whether the line segments connecting all two
different elements of the set belong to either the space cone, the light cone or the time cone.

Definition 3.7. Let X be a H—module and @ # B C X. Forall x € X,

i) Bis called SH—absorbing set if there is a non-negative real number A such that x € UB for all u € SH (O) C H with
Wl >4,
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ii) Bis called TH—absorbing set if there is a non-negative real number A such that x € UB for all u € TH (O) C H with
)y > A

Definition 3.8. Let X be a H—module and © is a Hausdorff topology on X. If the operations
+:XxX—=X

tHxX =X

are continuous, then the pair (X, 7T) is called a topological hyperbolic module or topological H—module.

4. Topological Bihyperbolic Modules

Since (Ha,+,-) is a commutative ring with unity, we can construct a module structure over this ring. For instance, the
bihyperbolic numbers set H, or the multi-hyperbolic numbers set H, for n € {2,3,4,...} are Hp—modules.

Let X be an arbitrary H, —module with the classical addition and multiplication operations. The idempotent representations
of the elements of X are given correlatively the elements of H; in the following theorem.
Theorem 4.1. Let X be a Hy—module. Then X = ey j X +e3; X fors=1,2,3.

Proof. Letx € X. Theneyj +eyj = 1forey;,er; €H (js) € H> and s = 1,2,3. Hence, the element x can be written as
x= (e +eaj)x=erjx+eyx

Since each element of X can be written as above, it can be generalized to the whole set.

Here if we write e1j X = X1j and exj X = X5 , then X = X1 +Xa. .
Corollary 4.2. Let X be a Hy—module. Then, there are e X =e1; X1 andeyj X =ey; Xs; equations fors=1,2,3.

Proof. Lete;; X =X, Then multiplying both sides of this equation from left by ey ; gives us e; ds (e] X ) =e1,X1,- Hence
e X = ey X1, since ey j and ey are the idempotent elements. Similarly, we can write e . (627jSX ) = ey Xaj, Whenever
e X =Xp5.50,e; X =e2j Xpj is obtained.

O

Corollary 4.3. Let X be a Hy—module. Then, X = ey ; X1 +e2; Xo; fors=1,2,3.
Corollary 4.4. Let X be a Hy—module. Then, X1 ; and X are Hy—submodules of X for s =1,2,3.

Proof. Let X be a Hy—module and X;; C X for s =1,2,3. Moreover, let 11,1, € X;j,. There are the elements x and y
in X satisfied the equations #; = ey j x and 1, = ey y, since X1, = e1j X. (X,+) is a commutative group, since X is a
H,—module. Hence, x—y € X. So, t) —th = ejj x—e1y = e1j (x—y) € e;j X = X1 j,. On the other hand, let { € H, and
t € X, j,. The product of § and r is {1 = (& j.e14, + G2j,€2,) (e1,x) = C1j,e1,x and §;j x € X since X a Hy—module. Hence
Cr= e1j, & X € e13,X = Xpj,. Consequently, Xy is a Hy—submodule of the H,—module X. Similarly, the set X5; is a
H,—submodule of the H—module X.

Especially, the subsets X1 ; and X ; are H—submodules of the H; —module X for s = 2,3 since & s> C27js €H.

Corollary 4.5. The subsets e Hy and ey j Hy are Hy—modules for s = 1,2,3. Especially, these sets are H—modules for
s=12,3.

Definition 4.6. Let X be a Hy—module. If there is a finite Hy—base such that {x;:1=1,...,n} C X, then X is a free

n
H,—module. The free Hy—module X can be written as X = {x| x=Y Gx;, § e Hyxp € X}.
=1

Definition 4.7. Let X be a free Hy—module.

n
3={f| =Y G, QEHWEX} cX

is a free H—module depending on the H,—base of X.
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Here, when the elements of any subset A of the free H;—module X are written as a linear combination of the finite base
{x;:1=1,...,n} CX, if the coefficients are bihyperbolic number, then the subset A is a free H,—module depends on the
H,—base of X.

Example 4.8. Each element of H, can be written as a linear combination of the idempotent elements e| j_and ey j fors=1,2,3
such that § = ¢ J.etj+ CZJSeZ,iS € Hy. Also, the set {eluﬁwelis} is linearly independent. Therefore, the subset {eux,e%} CH,
is a base of the Hs. It is known that §; ,C; € Hy for s =1 and {1, ;. € H for s =2,3. So, Hy is a free Hy—module for
s = 1. Moreover, Hj is a free H—module according to Hy—base for s = 2,3.

Now, let us give the necessary conditions for any subset of a Hy—module to be balanced, convex or absorbing set. In order
to give the conditions specified here, there must be a real-valued norm on the ring in which the module structure is defined.
Since there are real-valued norms on the hypersurfaces M; C H; for k = 1,2, 3, related conditions will be given and theorems
will be proved by using the elements of Mj.

Three different balanced (circular) sets, convex sets and two different absorbing (swallowing) sets have emerged on the
Hj—module due to the presence of light cone on hypersurfaces My C H,.

Firstly, the following definition of a balanced (circular) set is given by considering the three different conditions for each

bihyperbolic number { € My C H, satisfying the condition |{]; = 4/ ’C?k <.
Definition 4.9. Let X be a Hy—module, @ ~<B C X and { e My CHp (k=1,2,3).
i) Bis called SMy—balanced set if B C B for every § € SMy (O) such that ijk <1,
.. . . ik
ii) Bis called NMy—balanced set if B C B for every § € NMy (O) such that {&" =0,
iii) Bis called TMy—balanced set if {B C B for every § € TMy (O) such that —1 < Czjk.

Here the sets SMj. (0), NM;. (O) and TM; (O) are the space cone, the null cone and the time cone at the origin in the
hypersurfaces My, respectively.

Theorem 4.10. Let X be a Hy—module and the set B is a SMy—balanced or T M —balanced subset of X for k =1,2,3.
i) {B =B forevery { € M; C H, such that |Z_f|jk =1
ii) {B = |C|; B for every { € My C H; such that [C|; # 0.

Proof. i) Let { € My such that |{ |jk = 1. Since B is a SM;—balanced or T M;—balanced set, {B C B. On the other hand

’ R
Cly 18,
So %B C B and in this way B C {B. Consequently {B = B.
ii) Let’s take any { € My such that |C|jk # 0. Then
‘ ol =
e
So,
S p_p
T,

from the condition (i). Hence, we have {B = [{|; B.

Theorem 4.11. Let X be a Hy—module and the set B is a SMy—balanced subset of X for k =1,2,3.
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i) Fors=k=1,e; B=B); and e>; B= By are SMy—balanced subsets of Hy—modules e| ; X = Xy and ez; X = X3,
respectively.

ii) For s,k =23 and s =k, e;; B= By, and e>j B = By are SH—balanced subsets of H—modules e ; X = X ;. and
e X = Xa,, respectively.

Proof. i) Let X be a Hg—module and B be a SM;—balanced subset of X for k = 1. Therefore, {x € B for all x € B and all
{ € SM; (0) such that ¢T% < 1. Assume that the idempotent representation of ¢ is & = gerj, + 8 e, fors=1.
Since ¢ € SM; (0) and T < 1, C14, € SMy.(0) and &, (Cldx)Jk < 1. Aneclement? € ey By j, = e} B is represented
byt =e; xforx € B.

Hence, §yt = Gijerjx = e, 81 x = e {x € e1j B =e1j B, where e § = ey (G114, +Gjeay) = e1, Gy,
So, the set ey j By j, is SMy—balanced set of the H,—module e ; X j . Similarly, the set e;; B = B, j_is a SMy—balanced
set of the H—module ez X = Xp; fors=k=1.

i) Let X be a Hy—module and B be a SMy—balanced subset of X for k = 2,3. Hence, {x € B for all x € B and all
£ € SM;.(0O) such that C?k < 1. The idempotent representation of { is § = {yj e, + & e, for s = 2,3 and
e1j. 8 =ey (Cl-,jsel,js + CZ-J'S"ZJ'S) = ey,C1,- Moreover, the coefficient {1 ; € H C H, is {1j, € SH (O) and it provides
the inequality Chjs Clij <1fors,k=2,3s=k Anelements € e;B;j =e;B can be written as t = e j x since
x € B. Thus, {1t = C1j.e1jx=e1j C1jx=e;Cx e jB=ejBij. So,the sets e j By j, are SH—balanced sets of
H—modules ey j X j for s,k = 2,3 and s = k. Similarly, the sets e, B = By, are SH—balanced sets of H—modules
e X =Xp; fors,k=23s=k.

O
Theorem 4.12. Let X be a Hy—module and B be a NM—balanced subset of X fork =1,2,3.

i) Fors=k=1,e;B=By; ande;;B= B, are NMy—balanced subsets of Hy—modules e1 ; X = X1 ; and ez ; X =Xz,
respectively.

ii) For s,k =2,3 and s =k, e;j B= By and e;; B= B, are NH—balanced subsets of H—modules e, ; X = X ;, and
e2j X =Xy, respectively.

Theorem 4.13. Let X be a Hy—module and B be a T M—balanced subset of X for k =1,2,3.

i) Fors=k=1,e,; B=B; andey; B =B are T My—balanced subsets of Hy—modules e1 ; X = X} j and ez; X = X3,
respectively.

ii) For s,k =2,3 and s =k, e1jB=By and e2; B =By are TH—balanced subsets of H—modules e1; X =Xy, and
e2j X = X, respectively.

Theorem 4.14. Let X be a Hy—module and B be a NMy—balanced subset of X for k =1,2,3. Then e1; B= By, C B and
erjB=By; CBfors=1,2,3ands *+k.

Proof. Let x € B and an element 7 € e1j,B1j, =e1;,Bbe given by t = ey x. Since the set B is NM;—balanced set, {xeB
forall { € NM; (0). e1j, € NM; (O) for s,k =1,2,3 and s # k. Thus, if we choose { = ey , then ey By C B. Similarly, if
{ = ey ischosen, eyj Byj C Bfors,k=1,2,3 ands # k. O

The inclusions ey ; B = By j C B and e B = By;j, C B do not exist for a SM—balanced or TM;—balanced subset B of
Hy—modules X. Because the idempotent components ey ; and ey are ey , ez, ¢ M, for s = k and e1j,,e2j, € NMy for s # k.

Definition 4.15. Ler X be a Hy—module and & # B C X. B is a Hy—convex set if {x+ (1 — )y € B for all x,y € B and all
§ € HY suchthat0 < < 1.

Theorem 4.16. Let X be a Hy—module and & # B C X is a Hy—convex subset of X.
i) The sets ey j B and e j B are Hy—convex sets of Hy—modules e j X and e X for s =1, respectively.

ii) The sets e1j B and ey j B are H—convex sets of the H—modules e ; X and e>; X for s = 2,3, respectively.
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iii) There are the inclusions e\ ; B C B and e3; B C B for s =1,2,3, if 6 € B where 0 is the unit element of the Hy—module
X.

Proof. i) Let B be a Hy—convex subset of the H,—module X and ¢;,7, € e, B for s = 1. There exist x,y € B such that
Hh=epjx¢€ elijB and 1, = €1y € 617st. Consider C = Clﬁjseles + Cz:«jsezﬁjs S H2+ for all C]JS, CQJS € ]‘12Jr such that
C1j,, 62, €[0,1]. If &y 5, &5, € [0, 1], then § € [0,1] [13]. Thus, since the set B is H—convex, {x+ (1 —{)y € B for
x,y € B, { € H and { € [0, 1]. In that case,

erj, (Cx+(1=8)y) =erj, ((Crjeny, + &jeaj,) x
+ (1= (Grgeng + Ggeezi) ) v)
=Gijergx+ (1—Cij,) er,y
=G+ (1-84,)n €eyB.

From here, the set e1j B is a Hy—convex subset of H, —modules e ; X. Similarly, it can be proved that the set e ; B is
H,—convex subset of H, —module erj X fors=1.

i) Let t; = ey jx € eyj B and o = ey y € eyj B for x,y € B and s = 2,3. { = {1je1, + ez, € H; such that
1,6, €H and {1, 8. €[0,1]. Hence, & € [0, 1]. Since the set B is Hy—convex set {x+ (1 —{)y € B. Similarly,
we get

erj, (Cx+(1=8)y) =erj, ((Crjery, + &jeag,) x
+ (1= (Grjeery, + &) y)
= Cijerjx+ (1—Cij,) erjy
= Cl,jxtl + (1 — Cl,jx> Hh e el,jA_B.

Hence, the sets ey ; B for s = 2,3 are H—convex subsets of H—modules e ; X. Also, it can be proved that the sets e;; B
are H—convex subsets of H—modules e;; X for s = 2,3 in a similar manner.

iii) Let B be a Hy—convex subset of the H—module X and 6 € B. 1 € ey j B for s = 1,2,3. There is an element x € B
such that 7 = ey j x € 1 B. Considering that 6 € B, since B is H,—convex subset e j x + (1 — el,j_y) 0=ejx=1EB
where 0 < e, <l ande;j € Hy (H" CH; ) forx,6 € B. Consequently e j B C B is obtained. Similarly, we deduce
EQ’LVB CBHB for s = 1,2,3.

O

Lemma 4.17. Let X be a Hy—module and the sets {B; : | arbitrary} be any Hy—convex subsets of X. Then, the set rlTBl =B
is Hy—convex, too.
Theorem 4.18. Let X be a Hy—module and & # B C X be a Hy—convex subset. Then, B = e1jB+ey; Bfors=1,23.
Proof. Assume that B is a H,—convex subset of H,—modules X and take x € B. ejjx€ejBandey;x€eyj B fors=1,2,3.
Since ey j, +e2, = 1 then

x=(e1j, +ezj)x=erjx+erx ey B+eyB.
Thus, B C e1j B+ej B. Conversely, letus take t; € ey j Band t; € e B where ) = e j x and t, = ey y for x,y € B. Since the
set Bis Hy—convex, fj +f =ejjx+ey; y=ejx+ (1 — elﬁjs) yE€Bwhereeyj e € H;r and0<epj,exj <1 Therefore,

e1j,B+ey; B C B. This completes the proof.
O

Theorem 4.19. Let X be a Hy—module and @ # B C X. If the sets e B and ey B are Hy—convex sets for s = 1,2,3 then the
set ey j B+ ez ; B is a Hy—convex subset of X, too.

Proof. Assume that x,y € ejj B+ej B and { € Hy” such that 0 < { < 1. Then, x = e;jx+exjx and y = e y+eajy

where e x, e1jy € ey Band ey x, ez; y € ez B. The idempotent representation of { is { = {y e1j + 2.2, Hence,
0< 8,8, <land Gy, 8y, € H; because of { € H,". Since the sets e1j,B and e B are Hy—convex, then

erj,Grixter (1-81)y€eB,

e Gajxten (1-Gj)y € eryB.
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Therefore,
Cx+(1-Q)y="CjejxtGjeajx+ (1-Ciy) e y+ (1-8y ) eayy

= Qe+ (1= 8y ergy+Gjeajx+ (1 &y) 24y

and [Cx+ (1 —§)y] € e1j, B+ ez B. This proves the assertion.
O

Especially, if we take H—modules X = H», three different convex set definitions which are meaningful geometrically are
given for the first time in the following definition.

Definition 4.20. Let B C My, C H; be a subset of Hy—module H, for k = 1,2,3. For all x,y € B and all real numbers A € R
such that 0 < A < 1, then

i) Bis called SMy—convex set if Ax+ (1 — A1)y € Band y € SMy (x),
ii) Bis called NMy—convex set if Ax+ (1 —A)y € Bandy € NMy (x),
iii) Bis called TMy—convex setif Ax+(1— A1)y € Bandy € TMy (x).

Theorem 4.21. Let B C My C H be a SMy—convex subset of Hy—module Hy. The sets e\ j B = e1; B1j and ex; B= e By,
are, respectively s,k =1,2,3,
i) SMy—convex subsets of Hy—modules ey j Hy and ey H, if s =k,

ii) NMy—convex subsets of Hy—modules ey j Hp and e j Hs if s *k.

Proof. i) Letustaket;,f, € e1j,B1j, for s =k s,k = 1,2,3. There are arbitrary elements x,y € B such that 1] = ey j,x and
ty = ey, y. Since the set B is a SM;—convex set, Ax+ (1 —A)y € B where y € SM; (x) and A € Rsuchas 0 <A < 1.
Moreover, we find

erj,(Ax+(1=2A)y) =Aejx+(1—=2A)ery
=A+(1-A)n e B
= e1j B,

Also, if 11,1, € ey B, then t; = ey t; and 1o = e;j to. When s = k, if y € SMj (x), then 1, € SM (#1) from [14].
Consequently, the sets ¢; j B are SMy—convex subsets of the H,—modules e; j H>. Similarly, it is proven that the sets
eyj, B are SMy —convex subsets of H—modules e;j H> for s = k.

ii) Following a similar way to the first proof and considering that if y € SM; (x), then t, € NMy (¢1) for s # k from [14], it is
proven that the sets e ; B are NM;—convex subsets of H;—modules e ; H,. Similarly, the sets e ; B are NMj—convex
subsets of H, —modules ez, Hz, too.

O

Theorem 4.22. Let B C My C Hs be a NMy—convex subset of Hy—module H,. The sets ey j B=ey; By and ey B=es; By,
are NMy—convex sets of Hy—modules e\ j H, and e j H, respectively s,k = 1,2,3 where s =k or s # k.

Theorem 4.23. Let B C My C H; be a TMy—convex subset of Hy—module H;. The sets ey j B=e1; By and e;j B=e3; B
are, respectively s,k =1,2,3,

i) TMy—convex subsets of Hy—modules ey j Hy and ey ; Hy if s =k,
ii) NMy—convex subsets of Hy—modules ey j Hy and ey j H, if s # k.

Definition 4.24. Let X be a Hy—module and @ + B C X. Some real numbers A > 0 for all x € X and for all scalars
1 € My C Hy such that |p|; > A (k=1,2,3),

i) B is called SMy,—absorbing set if x € UB and 1 € SM; (O),
ii) B is called T M} —absorbing set if x € UB and L € TM; (O).

Theorem 4.25. Let X be a Hy—module and @ # B C X. If the subset B is a SMy—absorbing set (k =1,2,3). Then
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i) e1jB=e1;B1; and ex; B = ey By are SMy—absorbing sets of Hy—modules e|; X = X and ez; X = Xa;_ for
s =k =1, respectively.

ii) e1j B = e By, and e; B = ey; By are SH—absorbing sets of H—modules e1; X = Xy ; and e;; X = Xp for
s,k =2,3 and s =k, respectively.

Proof. i) Let’s take X € e1;, X for s = 1. There is an element x € X such that ¥ = e x. Since B is SM;—absorbing
set for k =1, x € uB for some real numbers A > 0 and all scalars y € SM (0) such as [u[; > A. If we take
H= Hj e, +Haj e, then

= el-,jlx € elﬁjluB = el'rjl (ulvjlel-,jl +‘u2!jlezvjl) B = ‘ulvjlelvle

is obtained. On the other hand, if 4t € SM; (0), then |uf; = |11, |jl and hence uyj, € SM; (O) from the [14]. Conse-
quently, X € uy j ey j, B for some real numbers A > 0 and for all scalars u;j, € SM; (O) such that “i]dl ‘jl = |.u|j1 >A.In
that case, the set ey j; B = ey, B j, is a SM| —absorbing subset of H,—module e} ; X = e1; X,

ii) Consider ¥ € ey j,X for s = k =2 where £ = e} j,x and x € X. Since B is SM»—absorbing set for k = 2, x € B for some
real numbers A > 0 and for all scalars y € SM, (O) such that [u[;, > A. Hence

= el»jzx € elﬁjZ'LLB = el»jz (‘u'lv.jZel-,jZ +‘u'2!j2627j2) B= ‘uLjZelijB

is obtained where [ = py j, ey j, + Uz j,€2,- On the other hand, ”‘jz = |/.Llyj2 ’H and y j, € SH (O) from the [14]. Hence,
the set ey j, B = e1j,B1,j, is SH—absorbing set of H;—modules e} j,X = e1j,X)j,. The case s = k = 3 can be proved by
using the similar way.

O

Theorem 4.26. Let X be a Hy—module and & # B C X. If the subset B is TMy—absorbing set for k = 1,2,3, then

i) e1jB=e1;B1j and er; B = ey By are TMy—absorbing sets of Hy—modules e1; X = X1, and e>; X = Xaj, for
s=k=1,

ii) e1; B =e1;B1 and ex; B = ey By are TH—absorbing sets of H—modules e1; X = Xy and e;; X = Xy for
s,k=23ands=k.

Topological bihyperbolic module which is not previously found in the literature is defined as follows.

Definition 4.27. Let X be a Hy—module and t is a Hausdorff topology on X. If the operations
+:XxX =X

HyxX —X

are continuous, then the pair (X, ) is called a topological bihyperbolic module or topological Hy—module.

When the topological vector spaces were introduced in [21], there was a condition such that the single point sets are
closed according to the topology on it. The topological vector spaces are Hausdorff space with this condition. But, when the
topological vector spaces were introduced in the literature, it was not said that the topology which is corresponding with the
topological vector spaces are Hausdorff topology. The reason for this is usually that most of the spaces already provide the
Hausdorff property. For instance, the topologies generated by norms on the normed vector space or the topologies generated
by metrics are Hausdorff topologies. These structures which are using in the functional analysis frequently appear in the
topological vector spaces, too. Although this article has more general structure than these structures, the topology corresponding
with H,—module is taken as Hausdorff topology, unless otherwise stated.

Theorem 4.28. Let (X, T) be a topological Hy—module. The families
Tj, = {elljSG: GET},
Tj, = {ezJSGZ GET}

are Hausdorff topologies on the Hy—modules X1 and Xy for s = 1,2,3, respectively. Especially, they are Hausdorff
topologies on H—modules Xy j, and Xz j, for s = 2,3, respectively.
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Theorem 4.29. Let (X, 7) be a topological Hy—module and ( ijos Tij, ) be topological spaces for s = 1,2,3 and i = 1,2. Then,
the operations
-I—ZX,‘J'S XXi-js —>X,'J'S,

:Hy XXi.jS —)X,l]s
are continuous.

Especially, the subsets X;; and X; are H-—modules of the H,—modules X, since Cl-,jygljs € H where
¢ =Cij.e1, +8aj.e2, € Hy for s =2,3. Hence, the operations

+ 1 Xij, X Xij, = Xij
tH X X,"js — X,JY
are continuous for s =2,3 and i = 1, 2, too.

Corollary 4.30. Let (X, 1) be a topological Hy—module. The pair (Xi Jos Ti _js) are topological Hy—modules for s = 1,2,3 and
i =1,2. Especially, the pair (Xi-jsvTiJS) are topological H—modules for s =2,3 and i = 1,2, too.

Theorem 4.31. Let (X, ) be a topological Hy—module. If the operation T, : X — X for any y € X is defined as T, (x) =x+y
for all x € X, then it is a homeomorphism.

Proof. The operation 7, is continuous by the definition of the topological module and it is bijective by the axioms of the
module. Moreover, Ty’l (x)=T_y(x) =x—yand T,oT_y, = T_, o T, = I are obtained. Therefore, the operation Ty*1 =T_,is
also continuous. Consequently, the operation 7y is a homeomorphism. O

Theorem 4.32. Let (X, ) be a topological Hy—module. If the operation My : X — X for any § € Hy is defined as My (x) = {x
for all x € X, then it is a homeomorphism.

Proof. The operation M is continuous by the definition of the topological H,—module and it is bijective by the axioms of the
module. Mgl (x) = M|/§ (x) = 7 for { € H5 and M, OM]/C = M|/§ oM = I are obtained. Hence, the operation Mgl =M,
is also continuous. This completes the proof. O

We will investigate the properties of the interiors and the closures of the subsets of the H—module X in the following
theorems. A° represents the interior of the set A and A represents the closure of the set A.

Theorem 4.33. Let X be a topological Hy—module and @ # B C X. Then the followings are satisfied.

i) (el, ) = ey, B° and (ngSB)O =e;B° (s=1,2,3).
ii) (e1,,B) = ey Band (e2;B) =e; B (s=1,2,3).

Proof. i) Let’s take x € (elyst)o. There exists an open neighbourhood G C X such that x € e1; G C e1; B where x =ey y
and y € G. Clearly, y € G°. Thus, x = ey € €1 B° and (817]'33)0 C ey, B° are obtained. Conversely, let’s take
y € B°. Hence, ey € eljjSBo. If y € B°, then there is an open neighbourhood G C X such as y € G C B. Therefore,
e1jy€ejGCeB. Since G is the open set in X, the set e1;,G is also an open set in e X from Theorem 4.28 , too.

Consequently, e1; y € (e B)° and e B° C (e1; B) are obtained. These two inclusions prove the assertion. Similarly,

o
it can be shown that (ej2 B) = ej2 B°.

ii) Let’s take x € (e B). There exists a net {x;} € e;j B such that {x;} — x. Moreover, the net {y,} € B where
{x;} = {e1j,y} can be taken such as {y;} — y. Hence, y € B. This means that {x;} = {e;jy/} — e1jy. Since
the topological space (X, T) is Hausdorff, the spaces (e1 3.5 T, ) are Hausdorff, too. So, if there is the limit of a net in

the subset e j B C e, X, itis unique. Therefore, x = erj,y € el B. From here, the inclusion (eLJéB) Ceyy, B is obtained.
Conversely, take y € B. Hence, e, iy Een, B. If y € B, then there is a net {y;} C B such that {y;} — y. Therefore, there

exists anet {eyj y;} CeyjBsuchas {ejy} —e1jy. So,ejy€ (eB)andejBC (eB) are obtained. Similarly,

one can prove that (e B) = e B.
O
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Theorem 4.34. Let X be a topological Hy—module and & # B C X. If B is a Hy—convex subset of X then the following
relations are satisfied for s = 1,2, 3.

i) B° = elJSBO +62JSBO,
i) B=e1jB+ey; B
iii) B° is Hy—convex,
iv) Bis Hy—convex.

Proof. i) Take into consideration x € B°. Then x = (e1j +e2j ) x=e1jx+erjx €e1; B +exj B sinceerj +erj = 1.
So B’ C elijBo + ezd-SBo. On the other hand, since B is H,—convex, B = e j B+ ey ; B from Theorem 4.18. Hence,
e17jXBO + e27jSB° is an open subset of the topological H, —module X where eld-xB0 + e27jSB° CeyjB+eyj B=B. But, the
largest open set contained in B must be B°. So, ehsto + ezdsBo C B’. This completes the proof.

ii) If x € Bis taken, then x € e j B+ ey B and B C ey j B+ e, B are obtained. Note that in a topological vector space X if
ACXand BC X, then A+B C A+B|[21]. Thus,

eLjSB +62’jSB = eijB—l— 62‘]'53 - el_’jSB—&— 627jSB =B
from Theorem 4.33.

iii) Since B is Hy—convex, {x+ (1 —{)y € B for all x,y € B and for all { € H, such that 0 < § < 1. This means that
Cx+ (1 =)y is an element of B when the elements x and y are scanning the set B. So, {B+ (1 — {) B C B is obtained.
B = CBO +(1- C)BO C B since B° C B. Assume that { = 0. Therefore, é’BO +(1- C)BO = B° CB’. Now, let’s take
¢ #0. Since the addition and multiplication with scalar operations are homeomorphisms in X and B'is an open set
in X, {B°+ (1 —{)B° is an open set, too. But, the largest open set contained in B is B°. So, {B° + (1 —{)B° C B°.
Consequently, B° is a Hy—convex set.

iv) Let B be a Hy—convex subset of the topological H—module X. Let’s define an operation

P XxX—X

(x,y) = Cx+(1=0)y
forall { € H;r such that 0 < { < 1. Since X is a topological H,—module, the addition and the multiplication with
scalar operations are continuous on X and hence the operation ¢; is continuous, too. Moreover, since B is H—convex,
@¢ (Bx B) C B for { € Hy such as 0 < { < 1. Therefore, ¢, (B x B) C B. So we get ¢ (B x B) C ¢ (B x B) since
the operation ¢ is continuous. Consequently, ¢, (E X E) = @;(BxB) C B. Hence, B is a H,—convex subset of the
topological H—module X.

O

Theorem 4.35. Let X be a topological Hy—module and the subset & #+ B C X be a SMy—balanced subset of X for k =1,2,3.
Then, the sets B and B° are SMy—balanced sets under the condition 8 € B° where 0 is the unit element.

Proof. Let’s take & € SM (O) such that {C* < 1. If { =0, then {B = {6} C B. We assume that { # 0. Since B C X
is a SMj—balanced subset, (B C B. Hence {B C B. Considering that the multiplication with the scalar operation is a
homeomorphism for { € Hy from Theorem 4.32, {B = {B C B is obtained. Therefore, B is a SM;—balanced set. Assume
that 6 € B°. First, if { =0, then {B° = {0} C B°. Secondly, let’s take { # 0. {B C B since B C X is a SM;—balanced subset.
Thus, ({B)° C B° and {B° = ({B)° C B° from Theorem 4.32. Consequently, B° is a SM;—balanced set. O

Theorem 4.36. Let X be a topological Hy—module and the subset @ # B C X be a NM—balanced subset of X for k =1,2,3.
Then B is a NMy—balanced set.

Proof. Let’s take { € NM; (O) such that C?k =0.If{ =0, then {B= {0} C B. We assume that { # 0. Since BC X is a
NMj—balanced subset, {B C B. Hence, (B C B.{B C {B from Theorem 4.32. Finally, {B C {B C B is obtained and so B is a

NM; —balanced set. O
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The multiplication with scalar operation has inverse only for § € H;. Since the inverse of the multiplication with scalar
operation must be continuous so that {B° C ({B)°, B° do not have to be a NM;—balanced set while the subset B is a
NM; —balanced set.

Theorem 4.37. Let X be a topological Hy—module and the subset @ # B C X be a TMy—balanced subset of X for k =1,2,3.
Then, B and B° are T My —balanced sets under the condition @ € B° where 0 is the unit element.

Theorem 4.38. Let X be a topological Hy—module. The followings are satisfied for k =1,2,3.
i) All neighbourhoods of the element 0 contain a SMy—absorbing neighbourhood of the element 0 in X.
ii) All neighbourhoods of the element 0 contain a SMy—balanced neighbourhood of the element 0 in X.

iii) All Hy—convex neighbourhoods of the element 0 contain a Hy—convex and SMy—balanced neighbourhood of the element
0inX.

Proof. i) Let Uy be any neighbourhood of 6 € X and V; be any neighbourhood of x € X. If { = 0, then M (x) = 6. Since
the multiplication with the scalar operation M, ¢ is continuous, My, (Vi) C Ug. Also, there is a neighbourhood of radius
A > 0 and center 0 € H, such as Ay C M, C H,. Therefore, there is a neighbourhood Wy C Uy such that px € Wy,
“’L'Jk <A and u € (SMy (0O)NAp). Moreover, if we choose % =3, then § > 0 and x € i~ 'Wj for the scalars y such as

’u’l ‘jk > 8. Consequently, Wy is a SM; —absorbing subset of X.

ii) Let Uy be any neighbourhood of the unit element 6 € X. Since My (6) = 6 and the multiplication with the scalar operation
is continuous, there is a neighbourhood of 8 such as Vy and uVy C Uy where the elements of the neighbourhood of

0 € H, with radius § > 0 are p € H, and |pu[; < &. Especially, let’s choose u € SM (0). If we say | ‘U 5;,LVG = Ay,
Hj =

then ‘ ‘U a,uV9 =0 for gy =0and {6} C Uy. If u # 0, then Ay is a neighbourhood of 6 and Ag C Uy. Because the
Bl =

multiplication with the scalar operation is a homeomorphism only for the invertible scalars. On the other hand, take

x € Ag and § € SM; (O) such that |C|jk < 1. Hence, there is some y € Vy such as x = y. We get {x = Ly € Ag since

|Cul;, =181, [ml;, < 8. So, Ag is a SM—balanced subset of the neighbourhood Uy.

iii) Let Ug C X be a H,—convex neighbourhood of 0 € X and A = ‘ ‘ﬁ UUg. There is a SM—balanced neighbourhood
H.ik:1
of @ such that Vg C Uy from the previous proposition. Hence, u~!'Vy = Vp for u € SM; (O) such that | 'U“|jk =1 and
Vo C uUy. Moreover, Vg C A. It appears that A is a neighbourhood of 6 and 8 € A° C Uy. Now, let’s see that the
set A° is a Hy—convex and SMj—balanced subset. Since the images and inverse images of convex sets under linear
transformations are convex, the sets [tUp are H,—convex for 1 € SM (O) such that |p|;, = 1. Also, the intersection of
the H, —convex sets is H, —convex. So, the set A = ‘ lﬂ 1 uUy is Hy—convex, too. Hence, the set A° is H, —convex from
Hlj =
Theorem 4.34 (iii). Finally, since uUg are H, —convex sets containing the element 8, {uUy C pUg for all § € H; such

that 0 < { < 1. On the other hand, {A1A :| ‘ﬁ ICM,LUQ =N ]C/.LUQ - ‘ N ][,LUQ = A for A € SM; (O) such that
Hij = K= Hij=

A |jk = 1. Hence, the set A is SM—balanced. A° is SMk—balanéed according to Theorem 4.35 since 0 € A°.
O

Theorem 4.39. Let X be a topological Hy—module. Then the following properties are provided for k = 1,2,3.
i) All neighbourhoods of the element 0 contain a T My—absorbing neighbourhood of the element 0 in X.
ii) All neighbourhoods of the element 0 contain a T My—balanced neighbourhood of the element 0 in X.

iii) All Hy—convex neighbourhoods of the element 6 contain a H,—convex and T M—balanced neighbourhood of the
element 0 in X.

Since the multiplication with the scalar operation is a homeomorphism only for the scalars which have a multiplicative
inverse, the neighbourhood of 6 € X does not contain NMj—balanced neighbourhood. Also, a H,—convex neighbourhood of
the element 6 € X does not contain a NMj—balanced neighbourhood of the element 6.
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