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ABSTRACT

The object of the present paper is to study the Z-symmetric manifold with the projective curvature
tensor. At first, we study the case of Z-tensor and projective Ricci tensor being of Codazzi type.
Next, we consider recurrent Z-tensor and recurrent projective Ricci tensor. We also study the Z-
symmetric manifold with projective curvature tensor with divergence-free Z-tensor. Finally, we
construct an example of the Z-symmetric manifold with projective curvature tensor.
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1. Introduction

The projective curvature tensor is an important tensor from the differential geometric point of view. Let M be
an n-dimensional Riemannian manifold. If there exists an one-to-one correspondence between each coordinate
neighborhood of M and a domain in Euclidean space such that any geodesic of the Riemannian manifold
corresponds to a straight line in the Euclidean space, then M is said to be locally projectively flat. For n > 1, M
is locally projectively flat if and only if the well known projective curvature tensor P vanishes. The projective

curvature tensor P of type (0,4) is given by [1]
P(Y,2,0,V) = R(Y, 2,U,V) = ——[S(Z,0)g(¥ V) = S(¥,V)g(Z, V)] (1

where R is the curvature tensor and S is the Ricci tensor. Let {ei, i=1,2,.., n} be an orthonormal basis of the
tangent space at any point of the manifold. Then the Ricci tensor S of type (0,2) and the scalar curvature r are

given by the following;:

n

S(X,Y) = ZR(Q‘,X, Y,e;) and r= ZS’(ei,ei) = Zg(Qei,ei)
i=1

=1 i=1

where Q is the Ricci-operator ie., g(QX,Y) = S(X,Y).
Now, from (1.1), we have the following [2]:

()Y Plei, Z,Uyei) = > Plei,e;,U,V) =Y P(Y, Zei,e;) =0
i=1 i=1 i=1
(ii)P(Y, Z,U,V) = —P(Z,Y,U,V)
(i0)P(Y,Z,U,V) # P(U,V,Y, Z)
(v)P(Y,Z,U, V) + P(Z,U,Y,V) + P(U,Y, Z,V) = 0. (1.2)
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Also from (1.1), the projective Ricci tensor can be obtained as [3]

n
n—1

P(Y,V) = Z P(Y,e;,e:,V) = [S(Y,V) — %g(Y, V)] (1.3)

By the aid of (1.3), we get the divergence of the projective Ricci tensor as the form

n—2

(divP)(Y) = =Ty

(Vr)(Y). (1.4)

In fact, M is projectively flat (that is, P = 0) if and only if the manifold is of constant curvature [4]. Thus, the
projective curvature tensor is a measure of the failure of a Riemannian manifold to be of constant curvature. A
Riemannian or a semi-Riemannian manifold is said to be semi-symmetric [5-7] if R(X, Y ).R = 0, where R is the
Riemannian curvature tensor and R(X,Y) is considered as a derivation of the tensor algebra at each point of the
manifold for the tangent vectors X,Y. If a Riemannian manifold satisfies R(X,Y).P = 0, then the manifold is said
to be a projectively semi-symmetric manifold. In [5], it is proved that the projectively semi-symmetric spaces
are also semi-symmetric.

It is interesting to note that the some curvatures restricted geometric structures formed by imposing a
condition on P are equivalent to the similar structures formed by R. For example, (i) locally symmetric (VR =
0) & projectively symmetric (VP = 0), (ii) recurrent (VR = AR) < projectively recurrent (VP = \P), (iii)
semisymmetric (RR = 0) < projectively semisymmetric (RP = 0), (iv) pseudosymmetric (RR = LQ(g,R)) &
projectively pseudosymmetric (RP = LQ)(g, P)), etc. For details about these facts we refer the reader to [8] and
references therein. As R - P = 0 is equivalent to R - R = 0, the study of R - P = 0 is meaningless, however, many
researchers (e.g. see [9-11], etc.) studied this condition in the context of the contact geometry.

It is noteworthy to mention that the different curvatures restricted geometric structures for P along with
some additional assumptions were studied by several authors (see [10-13]).

A Riemannian manifold is said to have Codazzi type of Ricci tensor if its Ricci tensor S of type (0,2) is
non-zero and satisfy the following condition, [14]

(Vx )Y, W) = (VyS)(X, W). (1.5)

A non-flat Riemannian manifold is said to be generalized Ricci-recurrent manifold if its Ricci tensor is non-
vanishing and satisfies the following condition, [15]

(VxS)(Y, 2) = MX)S(Y, Z) + B(X)g(Y, Z) (1.6)

where ) and 3 are two non-zero 1-forms.
A non-flat Riemannian manifold is called a recurrent manifold [16] if the curvature tensor of this manifold
satisfies the relation

(VwR)(X,Y, Z,U) = AW)R(X,Y, Z,U) (1.7)

where A is a non-zero 1-form. A non-flat Riemannian manifold is called a Ricci-recurrent manifold if the Ricci
tensor of this manifold satisfies the relation([17-19])

(Vx9)(Y, 2) = A(X)S(Y, 2) (1.8)

where A is a non-zero 1-form.

This paper is organized as follows: In the first section of this paper, the definition of the projective curvature
tensor of a Riemannian manifold is given. In the second section, the properties of the Z-symmetric tensor are
considered. The third section deals with some theorems about the Z-symmetric tensor admitting projective
curvature tensor. In the last section, an example for the existence of these manifolds is constructed.

2. The Z-Tensor on a Riemannian Manifold
The notion of the Z-tensor was introduced by Mantica and Molinari [20]. A (0,2) symmetric tensor is

generalized Z-tensor if it satisfies
Ziy = S+ dgw, 2.1)
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where ¢ is an arbitrary scalar function. The scalar Z is the trace of the Z-tensor and from (2.1), it can be written
as
Z=g"Zy =r+ng. 2.2)

The classical Z tensor is obtained with the choice ¢ = —1r. Shortly, the generalized Z-tensor is called as the
Z-tensor. In some cases, the Z-tensor gives the several well known structures on Riemannian manifolds. For
example, i) If Z;; = 0 (i.e, Z-flat) then this manifold reduces to an Einstein manifold, [21]; ii) If V;Zy; = \; Zy,
(Z-recurrent) then this manifold reduces to a generalized Ricci recurrent manifold [22]; iii) If V,;Z;;, = V. Z;,
(Codazzi tensor) then we find V;Sy; — V.S = ﬁ(gklvj — gj1Vk)r, [23]. This result gives us that this
manifold is a nearly conformal symmetric manifold ((NCS),), [24]; iv) The relation between the Z-tensor
and the energy-stress tensor of Einstein’ s equations, [25], with cosmological constant A is Z;; = kT;; where
¢ = —%r + A and k is the gravitational constant. In this case, the Z-tensor may be considered as a generalized
Einstein gravitational tensor with arbitrary scalar function ¢. The vacuum solution (Z=0) determines an

Einstein space with A = <"2712 7; the conservation of total energy-momentum (V!T}; = 0) gives V ;Z = 0then

this spacetime gives the conserved enery-momentum density.

This manifold has received a great deal of attention and is studied in considerable detail by many authors [26-
33]. Motivated by the above studies, in the present, we examine the properties of the Z-tensor of a Riemannian
manifold admitting the projective curvature tensor.

3. The Z-Symmetric Manifold Admitting the Projective Curvature Tensor

In this section, we consider the Z-symmetric manifold admitting the projective curvature tensor. In the local
coordinates, from (1.1) and (2.1), the relation between the Z-tensor and the projective curvature tensor can be
found as

1
Priji = Rniji — E(Zijghk — ZnjGik — (9ijnk — 9nigin)) (3.1)

By taking the covariant derivative of (3.1), we can find

Prijig = Rhijrg — ni(Zij,lghk — Znjagik — 01(9ijgnk — 9nigix))- (3.2)

-1
Now, we have the following theorems:

Theorem 3.1. Let (M,g) be of Codazzi type Z-symmetric tensor. A necessary and sufficient condition for the projective
Ricci tensor to be divergence-free is that the scalar function ¢ of (M,g) be constant.

Proof. Assume that (M,g) is of Codazzi type Z-symmetric tensor, then, we have from (1.5) and (2.1),
Siji— Sij = 0;9i — $19i5- (3.3)
Multiplying (3.3) by g%/, we get
re=2(1-n)d. (3.4)

Differentiating covariantly of the projective Ricci tensor given as the equation (1.3), we obtain

_ n T,l
Pija = ——5 (Sija = = gij)- (3.5)
Multiplying (3.5) by ¢*, it can be found
57 n—2
i — Q(n _ 1)T7l‘ (36)

Thus, if we use the equations (3.4) and (3.6), we can easily see that

Pl;=(2-n)er. (37)

)

In this case, if the projective Ricci tensor is divergence-free, the scalar function ¢ must be constant. The converse
is also true. Thus, the proof is completed. O
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Theorem 3.2. Let (M,g) be of Codazzi type projective Ricci tensor. A necessary and sufficient condition for the Z-
symmetric tensor to be Codazzi type is that the scalar function ¢ of (M,g) be constant.

Proof. Assume that the projective Ricci tensor of (M,g) is Codazzi type. Thus, we have from the equations (1.3)
and (1.5)

Tk T
Sijk — —=9ij — Sikg + ~Lgix = 0. (3.8)
n n

Multiplying (3.8) by g%/, we get
Sl = 1 3.9
k,j nr,k- (3.9)

Now, using the expression S% ;= %r’k, known as Ricci Identity, in (3.9), we find
rp=0. (3.10)
By the aid of the equations (1.5) and (2.1), if the Z-tensor is Codazzi type, we have
0="Zijr— Zit,j = Sij e — Sik,j + OuGij — OiGik- (3.11)
Thus, multiplying (3.11) by g%/, the equation (3.11) reduces to
k=S, = (1—n)y. 3.12)
In this case, comparing the equations (3.10) and (3.12), one can obtain
¢ = 0. (3.13)

Conversely, from the equations (3.8), (3.10) and (3.11), if the equation (3.13) is satisfied then it can be obtained
that the Z-tensor is Codazzi type. Thus, the proof is completed. O

Theorem 3.3. Let the projective Ricci tensor of (M,g) be a Codazzi type tensor. The trace function of the Z-tensor is
harmonic if and only if the 1-from ¢, generated by the scalar function ¢ is divergence-free.

Proof. Assume that the projective Ricci tensor of (M,g) is Codazzi type. In this case, we have from (2.2) and
(3.10)

7k = noy. (3.14)
Hence, by taking the covariant derivative of (3.14), we find
Z ki = ngp- (3.15)
Now, multiplying (3.15) by ¢g*!, we get
G Z = A7 = nqbfl. (3.16)
In this case, if the trace of the Z-tensor is harmonic, then the vector field ¢; is divergence-free. The converse is
also true. Thus, the proof is completed.

O

Theorem 3.4. If the projective curvature tensor of (M,g) is recurrent tensor with the recurrence vector field \; then the
Z-symmetric tensor is generalized recurrent as the form

Zij1 = NZi; + Bi1gij

where B = L(r; — \r) + ¢ — \ig.
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Proof. Let (M,g) be a Riemannian manifold with the recurrent projective curvature tensor admitting the
recurrence vector field );. By the aid of the equation (1.7), we get

Prijki = MiPhijk- (3.17)
Thus, multiplying (3.17) by ¢/ and using the equation (1.3), we have
1
Siji = NiSig + — (ri = Nr)gij- (3.18)
Now, putting the equation (3.18) in the equation (2.1), we find
1
Ziji = NiSij + ﬁ(ﬁ,l = \ir)gij + $iGij- (3.19)
Thus, we conclude from (3.19) that
1
Ziji1 = NZij + (ﬁ(?“,z —Nir) + 1 — Nid) gij- (3.20)

Hence, if we take 3; = %(r 1 — Nir) + ¢ — M@ in the equation (3.20) and if we use (1.6), then the Z-tensor reduces
to a generalized recurrent tensor in the form Z;;; = \;Z;; + 19:;. Thus, the proof is completed. O

Theorem 3.5. If the Z-tensor of (M,g) is a recurrent tensor with the recurrence vector field A, then the projective Ricci
tensor is a recurrent tensor with the recurrence vector field .

Proof. Assume that (M,g) is of the recurrent Z-tensor admitting the recurrence vector field );. Thus, from (1.7)
it can be written as

Zijk = e Zij- (3.21)

Now, if we use the equations (3.2) and (3.21), we obtain

1
Prijk, = Rhijr,g — 1 (N(Zijgne — Znjgin) — 61(9ijgnk — Injgin)) - (3.22)

Hence, multiplying the equation (3.22) by ¢/, we find

n
n—1

_ r _
Py = Ai(Shi — Eghk) = NP (3.23)

It is clear from (3.23) that the projective Ricci tensor is also recurrent tensor. This completes the proof. O

Theorem 3.6. Let the Z-tensor of (M,g) be divergence-free. A necessary and sufficient condition the projective Ricci
tensor to be divergence-free is that the scalar function ¢ to be a constant.

Proof. Let (M,g) be of divergence-free Z-tensor generated by the scalar function ¢. Thus, we have

Z, =0. (3.24)
Using the Ricci identity and the equation (2.1), the equation (3.24) takes the form
Ty = 72(,25] (325)
By the aid of (1.4) and (3.25), the divergence of the projective Ricci tensor is found as
— 2—n
Piy="—0;. (3.26)

Now, we assume that the projective Ricci tensor is divergence-free, i.e., the condition

P, =0 (3.27)
is satisfied. Thus, from (3.26) and (3.27), we obtain

¢; = 0. (3.28)

Conversely, if the equation (3.28) holds then it can be obtained from (1.4) that the projective Ricci tensor is
divergence-free. Thus, the proof is completed. O
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Theorem 3.7. Assume that a manifold (M,g) with a constant scalar curvature admits the recurrent projective curvature
tensor with the recurrence vector field \;. If the Z-symmetric tensor is recurrent with the same recurrence vector field \;
then the vector fields ¢, and \; are parallel and they satisfy the following form

¢ = (= +0)N

Proof. Let us assume that (M,g) with a constant scalar curvature is of the recurrent projective curvature tensor
with the recurrence vector field );. Then, we have the equation (3.18). Also, assuming that the Z-symmetric
tensor is a recurrent tensor with the recurrence vector field );, from the equation (2.1) and (3.21), we obtain

Siji + digij = M (Sij + ¢gi5)- (3.29)

Since (M,g) has a constant scalar curvature then we get from (3.18)

Siji = NSij — %/\lgij- (3.30)

So, comparing the equations (3.29) and (3.30), we find
b = (% + @) (3.31)
In this case, the proof is completed. O

4. An Example for the Existence of These Manifolds

We define a Riemannian metric on the 4-dimensional real number space R* by the formula
ds? = gy da'de’ = (do')? + € [ (da?)? + ¢* (da®)® + € (dz*)?]. (4.1)

Then, the only non-vanishing components of the Christoffel symbols, the curvature tensor, the Ricci tensor
and the scalar curvature are found as, respectively,

) ext +a? L ext +a® L ext et
22 9 ) 33 9 ) 44 2
1
2 3 4 2 3 4
M=l =T =Ty =T =T = DX
1 1 < 1
et + x2 et + .’L‘3 et + .’E4
Rio1 = 4 Rizg1 = 4 Rian = —
P e i o N e ks o
832 =, 2 = T 343 = T
P 3er’ +a? 3ev’ +a? 3ev o'
11 — 47 22 — 4 ) 33 — 4 ) 44 — 4 ’
r=3 (4.2)

and the components obtained by the symmetry properties. Then, by using the equation (4.2), the only non-zero
components of the Z-symmetric tensor are found as

3 1,23
anz-l-qb7 Zgg =" 17 (Z+¢)’

1 3 1 4 3
233 =¢e” +m3(1 + QZS), Z44 =¥ te (Z + ¢) (43)
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By, using the equations (3.6) and (4.2), it can be obtained that the projective Ricci tensor satisfies the relation

Pijr— Pi,; =0 1 =1,2,3,4 (4.4)

Now, we will show that R* given by the metric (4.1) satisfies the condition of Theorem 3.2. To verify the relation
(3.8), it is sufficient to check that the following equations

Zijk — Zieg =0 1=1,2,3.4 (4.5)

are satisfied. Hence, by taking the covariant derivative of the Z-tensor in the form (4.3) and putting them in the
equation (4.5), we find

le,j:¢j:O .7227334
zt 42 .
Zyzj=¢ ¢; =0 j=1,34
42 -
Z33,j =€ ¢;=0 j=124

Z44,j — em1+x4¢j =0 ] = 172,3 (46)

It, it can be seen that the scalar function ¢ is independent of the coordinates x',z?, 23, z%. Thus, the scalar

function ¢ must be constant. Finally, we can say that this manifold endowed by the metric (4.1) is an example
to satisfy Theorem 3.2.
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