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Bipolar Fuzzy Supra Topological Spaces 

Hami MALKOÇ1, Banu PAZAR VAROL*2 

Abstract 

In the present work, we introduce bipolar fuzzy supra topological space as a generalization of 

fuzzy supra topological space, investigate the basic properties, give the concepts of interior and 

closure and encouraged them by examples and counterexamples. Moreover, we study the 

concepts of bipolar fuzzy supra continuity and 𝑆∗ bipolar fuzzy supra continuity and see that 

composition of two 𝑆∗ bipolar fuzzy supra continuous functions may not be a 𝑆∗ bipolar fuzzy 

supra continuous function. Also, we attempt to define the concept of compactness on bipolar 

fuzzy supra topology. 

Keywords: Bipolar fuzzy set, bipolar fuzzy supra topology, bipolar fuzzy supra continuity, 

bipolar fuzzy supra compactness. 

 

1. INTRODUCTION 

The fundamentals of theory of fuzzy sets were 

given by L. Zadeh [1] in 1965. Fuzzy 

generalizations of different mathematical 

concepts were introduced and studied such as 

interval valued fuzzy sets [2], intuitionistic fuzzy 

sets [3], fuzzy soft sets [4] etc. In 1994, Zhang [5] 

introduced the notion of a bipolar fuzzy set and in 

2004, Lee [6] gave the definition of bipolar fuzzy 

sets as an extension of fuzzy sets. In bipolar fuzzy 

sets membership degree space is extended from 

the interval [0, 1] to [−1, 1]. In this set, the 

membership degree 0 produces that elements are 

irrelevant to the corresponding property, the 

membership degrees on (0, 1] assign that element 

somewhat supply the property and the 

membership degrees on [−1, 0) assign that 

elements somewhat supply the implicit counter 
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property. At present, studies on bipolar fuzzy 

theory are very popular and have been applied in 

various fields. In 2013, M. S. Anitha et. al. [7] 

defined the concept of bipolar fuzzy subgroup and 

worked some properties. S.P. Subbian et. al. [8] 

studied on bipolar valued fuzzy ideals of ring in 

2018. B. Pazar Varol [9] gave the definition of 

bipolar fuzzy submodule of a given classical 

module and investigated some fundamental 

properties in 2021. The concept of bipolar fuzzy 

topology was introduced by M. Azhagappan and 

M. Kamaraj [10] in 2016. Then, J. H. Kim et. al. 

[11] introduced the bipolar fuzzy neighborhood 

structure, base and subbase in 2019. 

In 1983, Mashhour et al. [12] defined the concept 

of supra topology, which is the weaker version of 

classical topology and they also studied supra 

closed (open) sets and supra continuous functions.  
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They called a family  𝜏 ⊂ ℘(𝑋) a supra topology 

on 𝑋 if it contains 𝑋 and ∅ and is closed under 

arbitrary union. In 1987, Abd El-Monsef et al. 

[13] defined fuzzy supra topological space as a 

generalization of the concept of supra topological 

space and studied fundamental concepts of fuzzy 

supra topological spaces. Then, many authors 

studied supra topology and its extensions such as 

supra soft topology and fuzzy supra (soft) 

topology ([14], [15], [16], [17], [18], [19]). In this 

paper, we have given the definition of bipolar 

fuzzy supra topology and have investigated some 

concepts on bipolar fuzzy supra topology such as 

interior, closure, continuity and compactness. In 

bipolar fuzzy supra topological spaces we have 

lost some of the properties in bipolar fuzzy 

topological spaces, for example, the concept of 

closure (interior) does not have distributive 

property on union (intersection). We have showed 

these by the examples. We have defined 𝑆∗ 

bipolar fuzzy supra continuity and seen that 

composition of two 𝑆∗ bipolar fuzzy supra 

continuous functions may not be a 𝑆∗ bipolar 

fuzzy supra continuous function. 

2. PRELIMINARIES 

Definition 2.1: [6] Let 𝑈 be a nonempty set. A 

bipolar fuzzy set 𝑋 in 𝑈  is defined as  

𝑋 = {< 𝑢, 𝜇𝑋
+(𝑢), 𝜇𝑋

−(𝑢) > | 𝑢 ∈ 𝑈} 

where 𝜇𝑋
+: 𝑈 ⟶ [0,1] and 𝜇𝑋

−: 𝑈 ⟶ [−1,0] are 

two functions. 𝜇𝑋
+(𝑢) is called the positive 

membership degree of 𝑢 and it denotes the 

satisfaction degree of 𝑢 is to be the element of 𝑋. 

𝜇𝑋
−(𝑢) is called the negative membership degree 

and it denotes the satisfaction degree of 𝑢 to some 

implicit counter property of bipolar valued fuzzy 

set 𝑋. 

The family of all bipolar fuzzy set in 𝑈 is denoted 

by 𝐵𝑃𝐹(𝑈). 

Example 2.2: 𝑋 = {< 𝑎, 0.6, −0.4 >, <
𝑏, 0.8, −0.3 >, < 𝑐, 0.5, −0.5 >}  is a bipolar 

fuzzy set in 𝑈 = {𝑎, 𝑏, 𝑐}. 

Definition 2.3: [10] 1. Universal bipolar fuzzy set 

is a bipolar fuzzy set on 𝑈 and denoted by 𝟏𝑩𝑷 = 

(𝟏𝑩𝑷
+ , 𝟏𝑩𝑷

− ) where for each 𝑢 ∈ 𝑈, 𝟏𝑩𝑷
+ (𝑢) = 1 and 

𝟏𝑩𝑷
− (𝑢) = −1. 

2. Bipolar fuzzy empty set is a bipolar fuzzy set 

on 𝑈 and denoted by 𝟎𝑩𝑷 = (𝟎𝑩𝑷
+ , 𝟎𝑩𝑷

− ) where for 

each 𝑢 ∈ 𝑈, 𝟎𝑩𝑷
+ (𝑢) = 𝟎𝑩𝑷 = 𝟎𝑩𝑷

− (𝑢). 

Definition 2.4: [6] Let 𝑋, 𝑌 ∈ 𝐵𝑃𝐹(𝑈). Then, 

1. 𝑋 ⊆ 𝑌 ⟺ 𝜇𝑋
+(𝑢) ≤ 𝜇𝑌

+(𝑢) and 

                     𝜇𝑋
−(𝑢) ≥ 𝜇𝑌

−(𝑢), for each 𝑢 ∈ 𝑈. 

2. 𝑋 = 𝑌 ⟺ 𝜇𝑋
+(𝑢) = 𝜇𝑌

+(𝑢) and 𝜇𝑋
−(𝑢) = 𝜇𝑌

−(𝑢), 

for each 𝑢 ∈ 𝑈. 

3. 𝑋 ⋂ 𝑌 = {< 𝑥, 𝜇𝑋⋂𝑌
+ (𝑢), 𝜇𝑋⋂𝑌

− (𝑢) > |𝑢 ∈ 𝑈}, 

where 

𝜇𝑋⋂𝑌
+ (𝑢) = min{𝜇𝑋

+(𝑢), 𝜇𝑌
+(𝑢)}  

and 

𝜇𝑋⋂𝑌
− (𝑢) = max{𝜇𝑋

−(𝑢), 𝜇𝑌
−(𝑢)}. 

4. 𝑋 ⋃ 𝑌 = {< 𝑥, 𝜇𝑋⋃𝑌
+ (𝑢), 𝜇𝑋⋃𝑌

− (𝑢) > |𝑢 ∈ 𝑈}, 

where 

𝜇𝑋⋃𝑌
+ (𝑢) = max{𝜇𝑋

+(𝑢), 𝜇𝑌
+(𝑢)} 

and 

𝜇𝑋⋃𝑌
− (𝑢) = min{𝜇𝑋

−(𝑢), 𝜇𝑌
−(𝑢)}. 

5. The complement of a bipolar fuzzy set 𝑋 is 

defined as, 

𝑋𝑐 = {< 𝑢, 1 − 𝜇𝑋
+(𝑢), −1 − 𝜇𝑋

−(𝑢) > |𝑢 ∈ 𝑈}. 

Proposition 2.5: [11] Let 𝑋, 𝑌 and 𝑊 be bipolar 

fuzzy sets in common universal set 𝑈. Then 

followings are satisfied. 

1. 𝑋 ⋃ 𝑋 = 𝑋 and 𝑋 ⋂ 𝑋 = 𝑋.  

2. 𝑋 ⋃ 𝑌 =  𝑋 ⋃ 𝑌 and 𝑋 ⋂ 𝑌 = 𝑌 ⋂ 𝑋. 

2. 𝑋 ⋃ (𝑌 ⋃ 𝑍) = (𝑋 ⋃ 𝑌) ⋃ 𝑍 and 

     𝑋 ⋂ (𝑌 ⋂ 𝑍) = (𝑋 ⋂ 𝑌) ⋂ 𝑍. 

3. 𝑋 ⋃ (𝑌 ⋂ 𝑍) = (𝑋 ⋃ 𝑌) ⋂ (𝑋 ⋃ 𝑍) and 
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    𝑋 ⋂ (𝑌 ⋃ 𝑍) = (𝑋 ⋂ 𝑌) ⋃ (𝑋 ⋂ 𝑍). 

4. 𝑋 ⋃ (𝑋 ⋂ 𝑌) = 𝑋  and 𝑋 ⋂ (𝑋 ⋃ 𝑌) = 𝑋. 

5. 𝑋 ⋂ 𝑌 ⊂ 𝑋 and 𝑋 ⋂ 𝑌 ⊂ 𝑌. 

6. 𝑋 ⊂ 𝑋 ⋃ 𝑌 and 𝑌 ⊂ 𝑋 ⋃ 𝑌. 

7. (𝑋𝑐)𝑐 = 𝑋. 

8. (𝑋 ⋃ 𝑌)𝑐 = 𝑋𝑐⋂ 𝑌𝑐 and (𝑋 ⋂ 𝑌)𝑐 = 𝑋𝑐 ⋃ 𝑌𝑐. 

9. If  𝑋 ⊂ 𝑌 and 𝑌 ⊂ 𝑍 then 𝑋 ⊂ 𝑍.   

10. If  𝑋 ⊂ 𝑌,  then 

    𝑋 ⋂ 𝑍 ⊂ 𝑌 ⋂ 𝑍 and 𝑋 ⋃ 𝑍 ⊂ 𝑌 ⋃ 𝑍.  

Definition 2.6: [6] Let 𝑈 be a nonempty set and 

(𝑋𝑗)
𝑗∈𝐽

 be a family of some bipolar fuzzy sets in  

𝑈. 

1. The intersection of (𝑋𝑗)
𝑗∈𝐽

 is a bipolar fuzzy 

set in 𝑈, denoted by ⋂ 𝑋𝑗𝑗∈𝐽  and defined by 

(⋂ 𝑋𝑗𝑗∈𝐽 )(𝑢) = (⋀ 𝜇𝑋
+(𝑢)𝑗∈𝐽 , ⋁ 𝜇𝑋

−(𝑢)𝑗∈𝐽 ) 

for each 𝑢 ∈ 𝑈. 

2. The union of (𝑋𝑗)
𝑗∈𝐽

 is a bipolar fuzzy set in 𝑈, 

is denoted by ⋃ 𝑋𝑗𝑗∈𝐽  and defined by 

(⋃ 𝑋𝑗𝑗∈𝐽 )(𝑢) = (⋁ 𝜇𝑋
+(𝑢)𝑗∈𝐽 , ⋀ 𝜇𝑋

−(𝑢)𝑗∈𝐽 ) 

for each 𝑢 ∈ 𝑈.  

Corollary 2.7: [11] Let 𝑈 be a nonemty set, 𝑋 ∈ 

𝐵𝑃𝐹(𝑈) and (𝑋𝑗)
𝑗∈𝐽

⊂ 𝐵𝑃𝐹(𝑈). Then followings 

are satisfied: 

1. (Generalized distributive laws): 

𝑋 ⋃ (⋂ 𝑋𝑗𝑗∈𝐽 ) = ⋂ (𝑋𝑗 ∪ 𝑋)𝑗∈𝐽 , 

𝑋 ⋂ (⋃ 𝑋𝑗𝑗∈𝐽 ) = ⋃ (𝑋𝑗 ∩𝑗∈𝐽  𝑋). 

2. (Generalized De Morgan’s laws): 

(⋃ 𝑋𝑗𝑗∈𝐽 )
𝑐
 = ⋂ 𝑋𝑗

𝑐
𝑗∈𝐽 , 

(⋂ 𝑋𝑗𝑗∈𝐽 )
𝑐
 = ⋃ 𝑋𝑗

𝑐
𝑗∈𝐽 .  

Definition 2.8: [11] Let 𝑔: 𝑈 ⟶ 𝑉 be a mapping 

and 𝑋 ∈ 𝐵𝑃𝐹(𝑈), 𝑌 ∈ 𝐵𝑃𝐹(𝑉).  

1. The image of 𝑋 under 𝑔, denoted by 𝑔(𝑋)(𝑣) 

= (𝜇𝑔(𝑋)
+ (𝑣), 𝜇𝑔(𝑋)

− (𝑣)) = (𝑔(𝜇𝑋
+)(𝑣), 𝑔(𝜇𝑋

−)(𝑣)), 

is a bipolar fuzzy set in 𝑉 defined as follows.  

𝑔(𝜇𝑋
+)(𝑣) = {

⋁ 𝜇𝑋
+(𝑢) , 𝑢 ∈ 𝑔−1(𝑣),

0, 𝑜𝑡ℎ𝑒𝑟
 

𝑔(𝜇𝑋
−)(𝑣) = {

⋀ 𝜇𝑋
−(𝑢) , 𝑢 ∈ 𝑔−1(𝑣),

0, 𝑜𝑡ℎ𝑒𝑟
 ,  ∀ 𝑣 ∈  𝑉. 

 

2. The preimage of  𝑌 under 𝑔, denoted by 𝑔−1 

(𝑌) = (𝑔−1 (𝜇𝑌
+), 𝑔−1 (𝜇𝑌

−)), is a bipolar fuzzy 

set in  𝑈  defined as follows. 

      [𝑔−1(𝜇𝑌
+)](𝑢) = 𝜇𝑌

+ ∘ 𝑔(𝑢)  

and 

      [𝑔−1(𝜇𝑌
−)](𝑢) = 𝜇𝑌

− ∘ 𝑔(𝑢),  ∀ 𝑢 ∈  𝑈. 

Corollary 2.9: [11] Let 𝑓: 𝑈 ⟶ 𝑉 be a mapping 

and 𝑋, 𝑋1, 𝑋2∈ 𝐵𝑃𝐹(𝑈), (𝑋𝑗)
𝑗∈𝐽

⊂ 𝐵𝑃𝐹(𝑈), 𝑌, 

𝑌1, 𝑌2 ∈ 𝐵𝑃𝐹(𝑉) and (𝑌𝑗)
𝑗∈𝐽

⊂ 𝐵𝑃𝐹(𝑉). Then the 

followings are satisfied. 

1. If 𝑋1 ⊂ 𝑋2 then 𝑓(𝑋1) ⊂ 𝑓(𝑋2). 

2. 𝑓(𝑋1⋃ 𝑋2) = 𝑓(𝑋1) ⋃ 𝑓(𝑋2), 

    𝑓(⋃ 𝑋𝑗𝑗∈𝐽 ) = ⋃ 𝑓(𝑋𝑗)𝑗∈𝐽 . 

3. 𝑓(𝑋1⋂ 𝑋2) ⊂ 𝑓(𝑋1) ⋂ 𝑓(𝑋2), 

    𝑓(⋂ 𝑋𝑗𝑗∈𝐽 ) ⊂ ⋂ 𝑓(𝑋𝑗)𝑗∈𝐽 . 

4. If 𝑓 is one to one, then 

    𝑓(𝑋1⋂𝑋2) = 𝑓(𝑋1) ⋂ 𝑓(𝑋2), 

    𝑓(⋂ 𝑋𝑗𝑗∈𝐽 ) = ⋂ 𝑓(𝑋𝑗)𝑗∈𝐽 . 

5. If  𝑌1 ⊂ 𝑌2, then 𝑓−1(𝑌1) ⊂ 𝑓−1(𝑌2). 
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6. 𝑓(𝑋) = 𝟎𝑩𝑷 ⇔ 𝑋 = 𝟎𝑩𝑷. 

7. 𝑓−1(𝑌1⋃ 𝑌2) = 𝑓−1(𝑌1) ⋃ 𝑓−1(𝑌2), 

    𝑓−1(⋃ 𝑌𝑗𝑗∈𝐽 ) = ⋃ 𝑓−1(𝑌𝑗)𝑗∈𝐽 . 

8. 𝑓−1(𝑌1⋂ 𝑌2) = 𝑓−1(𝑌1) ⋂ 𝑓−1(𝑌2), 

    𝑓−1(⋂ 𝑌𝑗𝑗∈𝐽 ) = ⋂ 𝑓−1(𝑌𝑗)𝑗∈𝐽 . 

9. 𝑓−1(𝑌) = 𝟎𝑩𝑷 ⟺ 𝑌 ⋂ 𝑓(𝟏𝑩𝑷) = 𝟎𝑩𝑷. 

10. 𝑋 ⊂ (𝑓−1𝑜𝑓)(𝑋), the equality holds if  

     𝑓 is injective. 

11. (𝑓𝑜𝑓−1)(𝑌) ⊂ 𝑌, the equality holds if  

     𝑓 is surjective. 

12. 𝑓−1(𝑌𝑐) = (𝑓−1(𝑌))
𝑐
. 

13. If 𝑓: 𝑈 ⟶ 𝑉 and 𝑔: 𝑉 ⟶ 𝑊  are two 

functions, then (𝑔𝑜𝑓)(𝑋) = (𝑔(𝑓(𝑋)) for every 

𝑋 ∈ 𝐵𝑃𝐹(𝑈). 

14. If 𝑓: 𝑈 ⟶ 𝑉 and 𝑔: 𝑉 ⟶ 𝑊 are two functions,  

then (𝑔𝑜𝑓)−1(𝑌) = 𝑓−1(𝑔−1(𝑌)) for every 𝑌 ∈ 

𝐵𝑃𝐹(𝑊). 

Definition 2.10: [10] Let 𝑈 be a nonempty set and 

𝜏 ⊂ 𝐵𝑃𝐹(𝑈). Then 𝜏 is called a bipolar fuzzy 

topology on 𝑈 if it satisfies the following 

conditions. 

1. 𝟎𝑩𝑷, 𝟏𝑩𝑷 ∈ 𝜏. 

2. 𝑋 ⋂ 𝑌 ∈ 𝜏, for 𝑋, 𝑌 ∈ 𝜏. 

3. (⋃ 𝑋𝑗𝑗∈𝐽 ) ∈ 𝜏, for every (𝑋𝑗)
𝑗∈𝐽

⊂ 𝜏. 

3. BIPOLAR FUZZY SUPRA 

TOPOLOGICAL SPACES 

Definition 3.1: Let 𝑈 be a nonempty set and 𝜏 ⊂
𝐵𝑃𝐹(𝑈). Then 𝜏 is called a bipolar fuzzy supra 

topology on 𝑈 if it satisfies the following 

conditions. 

1. 𝟎𝑩𝑷, 𝟏𝑩𝑷 ∈ 𝜏. 

2. 𝜏 is closed under arbitrary union. 

In this case the pair of (𝑈, 𝜏) is called bipolar 

fuzzy supra topological space. Members of 𝜏 are 

named bipolar fuzzy supra open sets and members 

whose complements are belong to 𝜏 are called 

bipolar fuzzy supra closed sets. We will denote 

the family of all bipolar fuzzy supra topologies on  

𝑈 as 𝐵𝑃𝐹𝑆𝑇(𝑈). 

Let 𝜏 be a bipolar fuzzy supra topology on 𝑈. 

Then 𝜏∗ is called associated bipolar fuzzy 

topology with the 𝜏 :⇔ 𝜏∗ ⊂ 𝜏. 

From definition of bipolar fuzzy supra topological 

spaces it is clear that every bipolar fuzzy 

topological space is a bipolar fuzzy supra 

topological space. 

Remark 3.2: There is no need to satisfy the 

arbitrary intersection property in bipolar fuzzy 

supra topological spaces. For example, let 𝑈 = 
{𝑎, 𝑏}, 𝑋, 𝑌 ∈ 𝐵𝑃𝐹(𝑈) and 𝜏 = {𝟎𝐵𝑃, 𝟏𝐵𝑃, 𝑋, 𝑌}. 

Here, 

𝑋(𝑎) = (1; −0,1), 𝑋(𝑏) = (0,5; −1) and 

𝑌(𝑎) = (0,6; −1), 𝑌(𝑏) = (1; −0,5). 

Therefore 

(𝑋 ⋃ 𝑌)(𝑎) = (1; −1) ∈ 𝜏 and  

(𝑋 ⋃ 𝑌)(𝑏) = (1; −1) ∈ 𝜏 

but since 

(𝑋 ⋂ 𝑌)(𝑎) = (0,6; −0,1) ∉ 𝜏 and  

(𝑋 ⋂ 𝑌)(𝑏) = (0,5; −0,5) ∉ 𝜏  

then we have what we desire. 

Definition 3.3: Let 𝜏 and 𝜎 be two bipolar fuzzy 

supra topological spaces on 𝑈. If 𝜏 ⊂ 𝜎, then we 

say that 𝜏 is coarser than 𝜎 or 𝜎 is finer than 𝜏  and 

it’s denoted by 𝜏 ≼ 𝜎. 
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Example 3.4: 

1. Let 𝑈 be a nonempty set and 𝜏0 = {𝟎𝑩𝑷, 𝟏𝑩𝑷}. 

In this case, 𝜏0 is a bipolar fuzzy supra topology 

on 𝑈. 𝜏0  is called indiscrete bipolar fuzzy supra 

topology and  (𝑈, 𝜏0) is called indiscrete bipolar 

fuzzy supra topological space. 

2. Let 𝑈 be a nonempty set and 𝜏1 = 𝐵𝑃𝐹(𝑈). In 

this case, 𝜏1 is a bipolar fuzzy supra topology on 

𝑋. 𝜏1 is called discrete bipolar fuzzy supra 

topology and (𝑈, 𝜏1) is called discrete bipolar 

fuzzy supra topological space.  

3. Let  (𝑈, 𝜏) be a bipolar fuzzy supra topological 

space. The families  

𝜏+ = {𝜇𝑋
+ ∈ 𝐼𝑈|𝑋 ∈ 𝜏} and  

𝜏− = {−𝜇𝑋
− ∈ 𝐼𝑈|𝑋 ∈ 𝜏}  

are two fuzzy supra topologies in the sense of Abd 

El Monsef and Ramadan [13]. 

Proposition 3.5: Let (𝑈, 𝜏) be a bipolar fuzzy 

supra topological space and  𝑋 ∈ 𝐵𝑃𝐹(𝑈). Then 

the set 𝜏𝑋 = {𝑋 ⋂ 𝑂|𝑂 ∈ 𝜏} is a bipolar fuzzy 

supra topology on 𝑋. 

Proof: Since 𝟎𝑩𝑷, 𝟏𝑩𝑷 ∈ 𝜏 then we have 

𝑋 ⋂ 𝟎𝑩𝑷 = 𝟎𝑩𝑷 and 𝑋 ⋂ 𝟏𝑩𝑷 = 𝑋. 

2. Let 𝐽 be an index set and 𝑌𝑗 ∈ 𝜏𝑋 for each 𝑗 ∈ 𝐽. 

Then by the definition of 𝜏𝑋 there exists a 𝑍𝑗 ∈ 𝜏 

such that 𝑌𝑗 = 𝑋 ⋂ 𝑍𝑗 for each 𝑗 ∈ 𝐽. Since 𝜏 is a 

bipolar fuzzy supra topology, we have ⋃ 𝑍𝑗𝑗∈𝐽  ∈ 

𝜏. Thus 

(⋃ 𝑍𝑗𝑗∈𝐽 ) ⋂ 𝑋 = ⋃ (𝑍𝑗  ⋂ 𝑋)𝑗∈𝐽  = ⋃ 𝑌𝑗𝑗∈𝐽 . 

By the definition of 𝜏𝑋, ⋃ 𝑌𝑗𝑗∈𝐽  ∈ 𝜏𝑋. 

The set of 𝜏𝑋 is called bipolar fuzzy supra 

topology induced by 𝑋 and the pair of (𝑋, 𝜏𝑋) is 

called bipolar fuzzy supra subspace. 

Theorem 3.6: Let (𝑈, 𝜏) be a bipolar fuzzy supra 

topological space and  𝑋 ∈ 𝐵𝑃𝐹(𝑈). Then, the 

family  

𝜂𝜏 = {𝑋 ∈ 𝐵𝑃𝐹(𝑈)|𝑋 ⋂ 𝑌 ∈ 𝜏, 𝑓𝑜𝑟 ∀ 𝑌 ∈ 𝜏} 

is a bipolar fuzzy topology on 𝑈  and 𝜂𝜏 ⊆ 𝜏. 

Proof:  

(T1) For 𝑋 ∈ 𝜏 we have 𝑋 ⋂ 𝟏𝑩𝑷 = 𝑋 ∈ 𝜏 and 

𝑋 ⋂ 𝟎𝑩𝑷 = 𝟎𝑩𝑷 ∈ 𝜏. Therefore 𝟎𝑩𝑷, 𝟏𝑩𝑷 ∈ 𝜂𝜏. 

(T2) Let 𝑋1, 𝑋2 ∈ 𝜂𝜏 and 𝑌 ∈ 𝜏. We have 

(𝑋1 ⋂  𝑋2) ⋂ 𝑋 = 𝑋1 ⋂ (𝑋2 ⋂ 𝑌). Since 𝑋1 ∈ 𝜂𝜏 

and 𝑌 ∈ 𝜏, 𝑋1 ⋂ 𝑌 ∈ 𝜏 and since 𝑋2 ∈ 𝜂𝜏 and 𝑌 ∈
𝜏, 𝑋2 ⋂ 𝑌 ∈ 𝜏. So, 𝑋1 ⋂ (𝑋2 ⋂ 𝑌) ∈ 𝜏. Hence, 

𝑋1 ⋂ 𝑋2 ∈ 𝜂𝜏. 

(T3) Let {𝑋𝑖|𝑖 ∈ 𝐽} ⊂ 𝜂𝜏 and 𝑌 ∈ 𝜏. Then for each 

𝑖 ∈ 𝐽, we have (⋃ 𝑋𝑖)𝑖∈𝐽 ⋂ 𝑌 = ⋃ (𝑋𝑖⋂ 𝑌)𝑖∈𝐽 .  

Since {𝑋𝑖|𝑖 ∈ 𝐽} ⊂ 𝜂𝜏 and 𝑌 ∈ 𝜏, we get 𝑋𝑖 ⋂ 𝑌 ∈
𝜏. 𝜏 is bipolar fuzzy supra topology, so 

⋃ (𝑋𝑖⋂ 𝑌)𝑖∈𝐽 = (⋃ 𝑋𝑖)𝑖∈𝐽  ⋂ 𝑌 ∈ 𝜏. 

Hence ⋃ 𝑋𝑖𝑖∈𝐽 ∈ 𝜂𝜏. 

Let 𝐾 ∈ 𝜂𝜏. Since 𝟏𝑩𝑷 ∈ 𝜏, 𝐾 ⋂ 𝟏𝑩𝑷 = 𝐾 ∈ 𝜏  

then  𝐾 ∈ 𝜏. Therefore 𝜂𝜏 ⊆ 𝜏. 

Theorem 3.7: Let ℱ be the family of all bipolar 

fuzzy supra closed sets in the bipolar fuzzy supra 

topological space (𝑈, 𝜏). Then the followings are 

true. 

i. 𝟎𝑩𝑷, 𝟏𝑩𝑷 ∈ ℱ. 

ii. Let 𝑋𝑖 ∈ ℱ for each 𝑖 ∈ 𝐼. Then ⋂ 𝑋𝑖𝑖∈𝐼  ∈ ℱ. 

Proof: Straightforward. 

Theorem 3.8: Let (𝑈, 𝜏1) and (𝑈, 𝜏2) be two 

bipolar fuzzy topological spaces. Then 
(𝑈, 𝜏1⋂ 𝜏2) is a bipolar fuzzy supra topological 

space. 

Proof: Straightforward. 

Definition 3.9: Let (𝑈, 𝜏) be a bipolar fuzzy supra 

topological space and  𝑋 ∈ 𝐵𝑃𝐹(𝑈).  

i. The union of all bipolar fuzzy supra open sets 

that contained in 𝑋 is called the bipolar fuzzy 
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supra interior of 𝑋 and denoted by  𝑖𝑛𝑡𝜏(𝑋). Then, 

𝑖𝑛𝑡𝜏(𝑋) = ⋃{𝑂 ⊆ 𝑋|𝑂 ∈ 𝜏}. 

ii. The intersection of all bipolar fuzzy supra 

closed sets that contains 𝑋 is called the bipolar 

fuzzy supra closure of 𝑋 and denoted by 𝑐𝑙𝜏(𝑋). 

Then, 𝑐𝑙𝜏(𝑋) = ⋂{𝑋 ⊆ 𝐾|𝐾𝑐 ∈ 𝜏}. 

Theorem 3.10: Let 𝑋, 𝑌 ∈ 𝐵𝑃𝐹(𝑈) and (𝑈, 𝜏) be 

a bipolar fuzzy supra topological space. Then 

followings are satisfied. 

1. 𝑋 is a bipolar fuzzy supra open (closed) set ⟺ 

𝑋 = 𝑖𝑛𝑡𝜏(𝑋) (𝑋 = 𝑐𝑙𝜏(𝑋)). 

2. If 𝑋 ⊆ 𝑌, then 𝑖𝑛𝑡𝜏(𝑋) ⊆ 𝑖𝑛𝑡𝜏(𝑌) and 𝑐𝑙𝜏(𝑋) ⊆ 

𝑐𝑙𝜏(𝑌). 

3. 𝑐𝑙𝜏(𝑋) ⋃ 𝑐𝑙𝜏(𝑌) ⊆ 𝑐𝑙𝜏(𝑋 ⋃ 𝑌).   

4. 𝑖𝑛𝑡𝜏(𝑋) ⋃ 𝑖𝑛𝑡𝜏(𝑌) ⊆ 𝑖𝑛𝑡𝜏(𝑋 ⋃ 𝑌). 

5. 𝑖𝑛𝑡𝜏(𝑋 ⋂ 𝑌) ⊆ 𝑖𝑛𝑡𝜏(𝑋) ⋂ 𝑖𝑛𝑡𝜏(𝑌).   

6. 𝑐𝑙𝜏(𝑋 ⋂ 𝑌) ⊆ 𝑐𝑙𝜏(𝑋) ⋂ 𝑐𝑙𝜏(𝑌).   

7. 𝑖𝑛𝑡𝜏(𝟏𝑩𝑷 − 𝑋) = 𝟏𝑩𝑷 − 𝑐𝑙𝜏(𝑋). 

8. 𝑐𝑙𝜏(𝟏𝑩𝑷) = 𝟏𝑩𝑷 = 𝑖𝑛𝑡𝜏(𝟏𝑩𝑷) and 𝑐𝑙𝜏(𝟎𝑩𝑷) = 

𝟎𝑩𝑷 = 𝑖𝑛𝑡𝜏(𝟎𝑩𝑷). 

9. 𝑖𝑛𝑡𝜏(𝑖𝑛𝑡𝜏(𝑋)) = 𝑖𝑛𝑡𝜏(𝑋),  𝑐𝑙𝜏(𝑐𝑙𝜏(𝑋)) = 

𝑐𝑙𝜏(𝑋). 

Proof:  We only give here proofs of (3.), (5.) and 

(7.). The others can be proved in the same way. 

3. Since 𝑋 ⊆ 𝑋 ⋃ 𝑌 and 𝑌 ⊆ 𝑋 ⋃ 𝑌 and from (2.) 

we have 𝑐𝑙𝜏(𝑋) ⊆ 𝑐𝑙𝜏(𝑋) ⋃ 𝑐𝑙𝜏(𝑌) and 𝑐𝑙𝜏(𝑌) ⊆ 

𝑐𝑙𝜏(𝑋) ⋃ 𝑐𝑙𝜏(𝑌). Therefore 𝑐𝑙𝜏(𝑋) ⋃ 𝑐𝑙𝜏(𝑌) ⊆ 

𝑐𝑙𝜏(𝑋 ⋃ 𝑌). 

5. Since 𝑋 ⋂ 𝑌 ⊆ 𝑋 and 𝑋 ⋂ 𝑌 ⊆ 𝑌 and from (2.) 

we have 𝑖𝑛𝑡𝜏(𝑋 ⋂ 𝑌) ⊆ 𝑖𝑛𝑡𝜏(𝑋) and 𝑖𝑛𝑡𝜏(𝑋 ⋂ 𝑌) 

⊆ 𝑖𝑛𝑡𝜏(𝑌). Therefore, we have 𝑖𝑛𝑡𝜏(𝑋 ⋂ 𝑌) ⊆ 

𝑖𝑛𝑡𝜏(𝑋) ⋂ 𝑖𝑛𝑡𝜏(𝑌). 

7. 𝑖𝑛𝑡𝜏(𝟏𝑩𝑷 − 𝑋)  

= ⋃{𝐾𝑐|𝐾𝑐 𝑖𝑠 𝑐𝑙𝑜𝑠𝑒𝑑 𝑖𝑛 𝑈 𝑎𝑛𝑑 𝐾𝑐 ⊆ 𝑋𝑐  }  

= 𝟏𝑩𝑷 − 𝑐𝑙𝜏(𝑋). 

Remark 3.11: In bipolar fuzzy topological spaces 

the followings are true. 

𝑖𝑛𝑡𝜏(𝐴 ⋂ 𝐵) = 𝑖𝑛𝑡𝜏(𝐴) ⋂ 𝑖𝑛𝑡𝜏(𝐵) and 

𝑐𝑙𝜏(𝐴) ⋃ 𝑐𝑙𝜏(𝐵)  =  𝑐𝑙𝜏(𝐴 ⋃ 𝐵). 

But in bipolar fuzzy supra topological spaces 

there is no need to be true these two properties. 

Example 3.12: 

Let 𝑈 = {𝑎, 𝑏} and 𝜏 = {𝟎𝑩𝑷, 𝟏𝑩𝑷, 𝑋, 𝑌}. Here 𝑋 

and 𝑌 are two bipolar fuzzy sets on 𝑈 such that;  

𝑋={〈𝑎, 1, −0.4〉, 〈𝑏, 0.3, −1〉},  

𝑌 = {〈𝑎, 0.7, −1〉, 〈𝑏, 1, −0.7〉}. 

Therefore, the complements of these two bipolar 

fuzzy sets are; 

𝑋𝑐={〈𝑎, 0, −0.6〉, 〈𝑏, 0.7,0〉},  

𝑌𝑐 = {〈𝑎, 0.3,0〉, 〈𝑏, 0, −0.3〉}. 

The family of all bipolar fuzzy supra closed sets 

is; 𝜏𝑐=  {𝟎𝑩𝑷, 𝟏𝑩𝑷, 𝑋𝑐 , 𝑌𝑐}. 

Let us define two bipolar fuzzy sets such that; 

𝑍={〈𝑎, 0, −0.5〉, 〈𝑏, 0.1,0〉}, 

𝑇 = {〈𝑎, 0.2,0〉, 〈𝑏, 0, −0.2〉}. 

Therefore  

𝑍 ⋃ 𝑇 = {〈𝑎, 0.2, −0.5〉, 〈𝑏, 0.1, −0.2〉}. 

Since 𝑍 ⊆ 𝟏𝑩𝑷, 𝑋𝑐  and  𝑇 ⊆ 𝟏𝑩𝑷, 𝑌𝑐  then 

𝑐𝑙𝜏(𝑍) = 𝟏𝑩𝑷 ⋂ 𝑋𝑐 = {〈𝑎, 0, −0.6〉, 〈𝑏, 0.7,0〉}, 

𝑐𝑙𝜏(𝑇) = 𝟏𝑩𝑷 ⋂ 𝑌𝑐 = {〈𝑎, 0.3,0〉, 〈𝑏, 0, −0.3〉}. 

and  

𝑐𝑙𝜏(𝑍)⋃𝑐𝑙𝜏(𝑇) = {〈𝑎, 0.3, −0.6〉, 〈𝑏, 0.7, −0.3〉}. 

Since 𝑍 ⋃ 𝑇 ⊆ 𝟏𝑩𝑷 then 𝑐𝑙𝜏(𝑍 ⋃ 𝑇) = 𝟏𝑩𝑷 = 
{〈𝑎, 1, −1〉, 〈𝑏, 1, −1〉}. 

Thus we clearly have 𝑐𝑙𝜏(𝑍 ⋃ 𝑇) ≠ 𝑐𝑙𝜏(𝑍) ⋃ 

𝑐𝑙𝜏(𝑇). 
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Example 3.13: Let us consider the same topology 

and the same set 𝑈 in the previous example and 

define two bipolar fuzzy sets as follows: 

𝐺 = {〈𝑎, 1, −0.5〉, 〈𝑏, 0.4, −1〉}, 

𝐻 = {〈𝑎, 0.8, −1〉, 〈𝑏, 1, −0.9〉}. 

Then the intersection of these two sets is;  

𝐺 ⋂ 𝐻 = {〈𝑎, 0.8, −1〉, 〈𝑏, 0.4, −0.9〉}. 

Since 𝟎𝑩𝑷, 𝐴 ⊆ 𝐺 and 𝟎𝑩𝑷, 𝐵 ⊆ 𝐻 then 

𝑖𝑛𝑡𝜏(𝐺) = {〈𝑎, 1, −0.4〉, 〈𝑏, 0.3, −1〉}, 

𝑖𝑛𝑡𝜏(𝐻) = {〈𝑎, 0.7, −1〉, 〈𝑏, 1, −0.7〉} 

and since 𝟎𝑩𝑷 ⊆ 𝐺 ⋂ 𝐻 then 𝑖𝑛𝑡𝜏(𝐺) ⋂ 𝑖𝑛𝑡𝜏(𝐻) 

= {〈𝑎, 0.7, −0.4〉, 〈𝑏, 0.3, −0.7〉}. 

Thus we clearly have 

𝑖𝑛𝑡𝜏(𝐺 ⋂ 𝐻) ≠ 𝑖𝑛𝑡𝜏(𝐺) ⋂ 𝑖𝑛𝑡𝜏(𝐻). 

4. CONTINUOUS MAPPINGS ON BIPOLAR 

FUZZY SUPRA TOPOLOGICAL SPACES 

Definition 4.1: Let (𝑈, 𝜏) and (𝑉, 𝜎) be two 

bipolar fuzzy supra topological spaces and 

𝑓: (𝑈, 𝜏) ⟶ (𝑉, 𝜎) be a mapping.  

1. For every 𝑋 ∈ 𝜏 if  𝑓(𝑋) ∈ 𝜎, then 𝑓 is called a 

bipolar fuzzy supra open mapping. 

2. For every 𝑌𝑐 ∈ 𝜏 if  [𝑓(𝑋)]𝑐 ∈ 𝜎, then 𝑓 is called 

a bipolar fuzzy supra closed mapping.  

3. For every 𝑋 ∈ 𝜎 if  𝑓−1(𝑋) ∈ 𝜏, then 𝑓 is called 

a bipolar fuzzy supra continuous function. 

Moreover, 𝑓: (𝑈, 𝜏) ⟶ (𝑉, 𝜎) is a bipolar fuzzy 

supra continuous: ⟺ 𝑓−1(𝜎) ⊂ 𝜏. 

Definition 4.2: Let (𝑈, 𝜏) and (𝑉, 𝜎) be two 

bipolar fuzzy supra topological spaces, 𝜏∗ and 𝜎∗ 

be two associated bipolar fuzzy topologies with 𝜏 

and 𝜎, respectively. Let 𝑓: (𝑈, 𝜏∗) ⟶ (𝑉, 𝜎∗) be 

a mapping.  

1. For every 𝑋 ∈ 𝜏∗ if 𝑓(𝑋) ∈ 𝜎, then 𝑓 is called a  

𝑆∗ bipolar fuzzy supra open mapping.  

2. For every 𝑌𝑐 ∈ 𝜏∗ if  (𝑓(𝑌))
𝑐
 ∈ 𝜎, then 𝑓 is 

called a 𝑆∗ bipolar fuzzy supra closed mapping.  

3. For every 𝑋 ∈ 𝜎∗ if  𝑓−1(𝑋) ∈ 𝜏, then 𝑓 is called 

a 𝑆∗ bipolar fuzzy supra continuous mapping. 

Moreover, 𝑓: (𝑈, 𝜏) ⟶ (𝑉, 𝜎) is a 𝑆∗ bipolar 

fuzzy supra continuous: ⟺ 𝑓−1(𝜎∗) ⊂ 𝜏. 

Remark 4.3: From the Definition.4.2 it is clear 

that every 𝑆∗ bipolar fuzzy supra continuous 

function is a bipolar fuzzy supra continuous 

mapping. 

Theorem 4.4: Let (𝑈, 𝜏) and (𝑉, 𝜎) be two 

bipolar fuzzy supra topological spaces, 𝜏∗  and  𝜎∗ 

be two associated with bipolar fuzzy topologies 

with 𝜏 and 𝜎, respectively. 

Let 𝑓: (𝑈, 𝜏∗ ⊆ 𝜏) ⟶ (𝑉, 𝜎∗ ⊆ 𝜎) be a mapping. 

Then the followings are equivalent. 

1. The mapping 𝑓 is 𝑆∗ bipolar fuzzy supra 

continuous.  

2. For every bipolar fuzzy supra closed set 𝑌 in  

(𝑉, 𝜎∗),  (𝑓−1(𝑌))
𝑐
 ∈ 𝜏. 

3. For every bipolar fuzzy supra 𝑌 in (𝑉, 𝜎∗),  

𝑐𝑙𝜏(𝑓−1(𝑌)) ⊆ 𝑓−1(𝑐𝑙𝜎∗(𝑌)). 

4. For every bipolar fuzzy set 𝑋 in (𝑈, 𝜏∗),  

𝑓(𝑐𝑙𝜏(𝑋)) ⊆ 𝑐𝑙𝜎∗(𝑓(𝑋)). 

5. For every bipolar fuzzy set 𝑌 in (𝑉, 𝜎∗),  

𝑓−1(𝑖𝑛𝑡𝜎∗(𝑌)) ⊆ 𝑖𝑛𝑡𝜏(𝑓−1(𝑌)). 

Proof: (1⟹2) Let 𝑓: (𝑈, 𝜏∗ ⊆ 𝜏) ⟶ (𝑉, 𝜎∗ ⊆ 𝜎)  

be a 𝑆∗ bipolar fuzzy supra continuous mapping 

and 𝑌𝑐 ∈ . Hence 𝑓−1(𝑌𝑐) = 𝑓−1(𝟏𝑩𝑷 − 𝑌) = 

𝟏𝑩𝑷 −  𝑓−1(𝑌) ∈ 𝜏. This means that 𝑓−1(𝑌) is 

bipolar fuzzy supra closed in 𝑈. 

(2⟹3) Since 𝑐𝑙𝜎∗(𝑌) is a bipolar fuzzy closed set 

for any  𝑌 ∈ 𝜎∗, then 𝑓−1(𝑐𝑙𝜎∗(𝑌)) is a bipolar 

fuzzy supra closed in 𝜏. Hence 

𝑓−1(𝑐𝑙𝜎∗(𝑌)) = 𝑐𝑙𝜏 (𝑓−1(𝑐𝑙𝜎∗(𝑌))) 

⊇⏞

𝐵⊆𝑐𝑙𝜎∗(𝐵)

𝑐𝑙𝜏(𝑓−1(𝑌)) 
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and we get  𝑐𝑙𝜏(𝑓−1(𝑌)) ⊆ 𝑓−1(𝑐𝑙𝜎∗(𝑌)). 

(3⟹4) Let 𝑓(𝑋) = 𝑌. Then 𝑐𝑙𝜏(𝑓−1(𝑌)) ⊆ 

𝑓−1(𝑐𝑙𝜎∗(𝑌)), therefore  

𝑓−1 (𝑐𝑙𝜎∗(𝑓(𝑋))) ⊇ 𝑐𝑙𝜏 (𝑓−1(𝑓(𝑋))) ⊇ 𝑐𝑙𝜎(𝑌) 

and 𝑐𝑙𝜎∗(𝑓(𝑋)) ⊇ 𝑓 (𝑓−1 (𝑐𝑙𝜎∗(𝑓(𝑋)))) ⊇ 

𝑓(𝑐𝑙𝜏(𝑋)). Hence, we have the inclusion  

𝑓(𝑐𝑙𝜏(𝑋)) ⊆ 𝑐𝑙𝜎∗(𝑓(𝑋)). 

(4⟹2) Let  𝑌  be a bipolar fuzzy closed in  (𝑌, 𝜎∗)  

and  𝑋 = 𝑓−1(𝑌). Then,  

𝑓(𝑐𝑙𝜏(𝑋)) ⊆ 𝑐𝑙𝜎∗(𝑓(𝑋)) ⊆ 

𝑐𝑙𝜎∗ (𝑓(𝑓−1(𝑌))) ⊆ 𝑐𝑙𝜎∗(𝑌) = 𝑌 

and 

𝑐𝑙𝜏(𝑋) ⊆ 𝑓−1 (𝑓(𝑐𝑙𝜏(𝑋))) ⊆ 𝑓−1(𝑌) = 𝑋. 

Since the closure of a bipolar fuzzy supra set 

always includes the set itself and we have 

𝑐𝑙𝜏(𝑋) = 𝑋 and then 𝑋 is a bipolar fuzzy supra 

closed set. Therefore 𝑓−1(𝑌) is a bipolar fuzzy 

supra closed set in 𝑈. 

(5⟹1) Let 𝑌 be a bipolar fuzzy open set in 𝑉. 

Then the complement set 𝟏𝑩𝑷 − 𝑌 is a bipolar 

fuzzy closed set and 𝑓−1(𝟏𝐵𝑃 − 𝑌) = 𝟏𝐵𝑃 − 

𝑓−1(𝑌) is a bipolar fuzzy supra closed set in 𝑋. 

Therefore 𝑓−1(𝑌) is a bipolar fuzzy supra open 

set in 𝑈. Hence 𝑓 is a 𝑆∗ bipolar fuzzy supra 

continuous mapping. 

(1⟹5) Let  𝑌 ∈ 𝜎∗, since 𝑓 is a 𝑆∗ bipolar fuzzy 

supra continuous mapping then 𝑓−1(𝑖𝑛𝑡𝜎∗(𝑌)) ∈ 

𝜏. But since 𝑓−1(𝑖𝑛𝑡𝜎∗(𝑌)) is bipolar fuzzy open 

it is the same set as bipolar fuzzy supra interior of 

itself so 𝑓−1(𝑖𝑛𝑡𝜎∗(𝑌)) = 𝑖𝑛𝑡𝜏 (𝑓−1(𝑖𝑛𝑡𝜎∗(𝑌))). 

Since 𝑖𝑛𝑡𝜎∗(𝑌) ⊆ 𝑌, 𝑓−1(𝑖𝑛𝑡𝜎∗(𝑌)) = 

𝑖𝑛𝑡𝜏 (𝑓−1(𝑖𝑛𝑡𝜎∗(𝑌))) ⊆ 𝑖𝑛𝑡𝜏(𝑓−1(𝑌)) and then 

𝑓−1(𝑖𝑛𝑡𝜎∗(𝑌)) ⊆ 𝑖𝑛𝑡𝜏(𝑓−1(𝑌)). 

Theorem 4.5: Let (𝑈, 𝜏∗) and (𝑉, 𝜎∗) be two 

bipolar fuzzy topological spaces, 𝜏∗  and  𝜎∗ be 

two associated bipolar fuzzy topologies with 𝜏 

and  𝜎, respectively. Let 𝑓: (𝑈, 𝜏∗) ⟶ (𝑉, 𝜎∗) be 

a mapping. Then the followings are equivalent. 

1. The mapping 𝑓 is bipolar fuzzy supra 

continuous. 

2. The inverse image of every bipolar fuzzy supra 

closed set in (𝑉, 𝜎), is bipolar fuzzy supra closed 

in (𝑈, 𝜏). 

3. For every bipolar fuzzy set 𝑌 in 𝑉, 

𝑐𝑙𝜏(𝑓−1(𝑌)) ⊆ 𝑓−1(𝑐𝑙𝜎(𝑌)) ⊆ 𝑓−1(𝑐𝑙𝜎∗(𝑌)). 

4. For every bipolar fuzzy set 𝑋 in 𝑈, 

𝑓(𝑐𝑙𝜏(𝑋)) ⊆ 𝑐𝑙𝜎(𝑓(𝑋)) ⊆ 𝑐𝑙𝜎∗(𝑓(𝑋)). 

5. For every bipolar fuzzy set 𝑌 in 𝑉, 

𝑖𝑛𝑡𝜏(𝑓−1(𝑌)) ⊇ 𝑓−1(𝑖𝑛𝑡𝜎(𝑌)) ⊇ 

𝑓−1(𝑖𝑛𝑡𝜎∗(𝑌)). 

Proof: It can easily be shown by the previous 

theorem. 

Theorem 4.6: If 𝑓: (𝑈, 𝜏) ⟶ (𝑉, 𝜎) is a bipolar 

fuzzy supra continuous and 𝑔: (𝑉, 𝜎) ⟶ (𝑊, 𝛿)  

is a 𝑆∗ bipolar fuzzy supra continuous, then the 

function 𝑔∘𝑓: (𝑈, 𝜏) ⟶ (𝑊, 𝛿) is a 𝑆∗ bipolar 

fuzzy supra continuous. 

Proof: Let 𝑍 ∈ 𝛿∗ ⊂ 𝛿. Since 𝑔 is 𝑆∗ bipolar fuzzy 

supra continuous then 𝑔−1(𝑍) ∈ 𝜎. From the 

bipolar fuzzy supra continuity of 𝑓 we have 

𝑓−1(𝑔−1(𝑍)) = (𝑔 ∘ 𝑓 )−1 (𝑍) ∈   and therefore,  

𝑔∘𝑓: (𝑈, 𝜏) ⟶ (𝑊, 𝛿)  is bipolar fuzzy supra 

continuous mapping. 

Theorem 4.7: If 𝑓: (𝑈, 𝜏) ⟶ (𝑉, 𝜎) and 𝑔: (𝑉, 𝜎) 

⟶ (𝑊, 𝛿) are two bipolar fuzzy supra continuous 

functions, then the function 𝑔∘𝑓: (𝑈, 𝜏) ⟶ 
(𝑊, 𝛿)  is bipolar fuzzy supra continuous. 

Proof: Straightforward. 

Theorem 4.8: If 𝑓: (𝑈, 𝜏) ⟶ (𝑉, 𝜎) and 𝑔: (𝑉, 𝜎) 

⟶ (𝑊, 𝛿)  are two 𝑆∗ bipolar fuzzy supra 
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continuous functions, then the function  𝑔∘𝑓: 
(𝑈, 𝜏) ⟶ (𝑊, 𝛿)  is bipolar fuzzy supra 

continuous. 

Proof: Since 𝑓 and 𝑔 are two 𝑆∗ bipolar fuzzy 

supra continuous mapping from Remark 4.3 they 

are bipolar fuzzy supra continuous mappings and 

by Theorem 4.7 we get the result. 

Remark 4.9:  

i. Let 𝑓: (𝑈, 𝜏) ⟶ (𝑉, 𝜎) and 𝑔: (𝑉, 𝜎) ⟶ (𝑊, 𝛿)   

be two 𝑆∗ bipolar fuzzy supra continuous 

mapping. Thus, the mapping 𝑔∘𝑓 : (𝑈, 𝜏) ⟶ 
(𝑊, 𝛿) is no need to be  𝑆∗  bipolar fuzzy supra 

continuous. Consider the given topologies in the 

following tables and the diagram: 

𝑈 = {𝑎, 𝑏} 

𝜏∗ = {𝟎𝑩𝑷, 𝟏𝑩𝑷, 𝐴∗} 

𝐴∗ = {〈𝑎, 0.5, −0.4〉, 〈𝑏, 0.6, −0.7〉} 

𝜏 = {𝟎𝑩𝑷, 𝟏𝑩𝑷, 𝐴, 𝐵} 

𝐴 = {〈𝑎, 1, −0.5〉, 〈𝑏, 0.7, −1〉} 

𝐵 = {〈𝑎, 0.5, −0.4〉, 〈𝑏, 0.6, −0.7〉} 

 

𝑉 = {𝑐, 𝑑} 

𝜎∗ = {𝟎𝑩𝑷, 𝟏𝑩𝑷, 𝐶∗} 

𝐶∗ = {〈𝑐, 0.2, −0.3〉, 〈𝑑, 0.3, −0.6〉} 

𝜎 = {𝟎𝑩𝑷, 𝟏𝑩𝑷, 𝐶, 𝐷} 

𝐶 = {〈𝑐, 0.2, −0.3〉, 〈𝑑, 0.3, −0.6〉} 

𝐷 = {〈𝑐, 1, −0.4〉, 〈𝑑, 0.5, −1〉} 

 

𝑊 = {𝑒, 𝑘} 

𝛿∗ = {𝟎𝑩𝑷, 𝟏𝑩𝑷, 𝐸∗} 

𝐸∗ = {〈𝑒, 0.4, −0.5〉, 〈𝑘, 0.2, −0.8〉} 

𝛿 = {𝟎𝑩𝑷, 𝟏𝑩𝑷, 𝐸, 𝐹} 

𝐸 = {〈𝑒, 0.5, −1〉, 〈𝑘, 1, −0.9〉} 

𝐹 = {〈𝑒, 1, −0.6〉, 〈𝑘, 0.3, −1〉} 

 

 

 

 

 

 

 

 

 

                       

 

If we define 𝑓(𝑎) = 𝑐, 𝑓(𝑏) = 𝑑, 𝑔(𝑐) = 𝑒, 𝑔(𝑑) 

= 𝑘 then we clearly have 

(𝑔𝑜𝑓)−1(𝐸∗) = {
(𝜇𝐸∗

+ (𝑔𝑜𝑓)(𝑎), 𝜇𝐸∗
− (𝑔𝑜𝑓)(𝑎)),

(𝜇𝐸∗
+ (𝑔𝑜𝑓)(𝑏), 𝜇𝐸∗

− (𝑔𝑜𝑓)(𝑏))
} 

= {(𝜇𝐸∗
+ (𝑒), 𝜇𝐸∗

− (𝑒)), (𝜇𝐸∗
+ (𝑘), 𝜇𝐸∗

− (𝑘))} 

= {(0.4, −0.5), (0.2, −0.8)} ∉ 𝜏. 

ii. If we take 𝑔 as a bipolar fuzzy supra continuous 

mapping in the same remark, then the mapping  

𝑔𝑜𝑓 may not be a bipolar fuzzy supra continuous. 

5. COMPACTNESS IN BIPOLAR FUZZY 

SUPRA TOPOLOGICAL SPACES 

Definition 5.1: 1. Let (𝑈, 𝜏) be a bipolar fuzzy 

supra topological space and 

{𝑋𝑖|𝑖 ∈ 𝐼} = {〈𝑢, 𝜇𝑋𝑖

+ (𝑢), 𝜇𝑋𝑖

− (𝑢)〉|𝑖 ∈ 𝐼, 𝑢 ∈ 𝑈}  

be a family of bipolar fuzzy supra open sets on 𝑈. 

If  ⋃ 𝑋𝑖𝑖∈𝐼  = 1𝐵𝑃  then  {𝑋𝑖|𝑖 ∈ 𝐼}  is called bipolar 

fuzzy supra open cover of 𝑈. This means that  

⋁ 𝜇𝑋𝑖

+ (𝑢)𝑖∈𝐼  = 1  and  ⋀ 𝜇𝑋𝑖

− (𝑢)𝑖∈𝐼  = −1.  

2. A finite subfamily of a bipolar fuzzy supra open 

cover {𝑋𝑖|𝑖 ∈ 𝐼} of 𝑈, is called finite subcover of 

𝑈. 

3. A family   

{𝐾𝑖|𝑖 ∈ 𝐼} = {〈𝑢, 𝜇𝐾𝑖

+ (𝑢), 𝜇𝐾𝑖

− (𝑢)〉|𝑖 ∈ 𝐼}  

(𝑉, 𝜎∗ ⊆ 𝜎)  

 

𝑓 

𝑔 

𝑔𝑜𝑓 

(𝑈, 𝜏∗ ⊆ 𝜏)  

 

(𝑊, 𝛿∗ ⊆ 𝛿)  
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of bipolar fuzzy supra closed sets in 𝑈 satisfies the 

finite interseciton property if finite subfamily  

{〈𝑢, 𝜇𝐾𝑖𝛼

+ (𝑢), 𝜇𝐾𝑖𝛼

− (𝑢)〉 |𝛼 = 1,2, … , 𝑛}  

satisfies the condition 

 ⋂ {〈𝑢, 𝜇𝐾𝑖𝛼

+ (𝑢), 𝜇𝐾𝑖𝛼

− (𝑢)〉}𝑛
𝛼=1  ≠ 0𝐵𝑃. 

Definition 5.2: Let (𝑈, 𝜏) be a bipolar fuzzy supra 

topological space. (𝑈, 𝜏)  is called bipolar fuzzy 

supra compact topological spaces if every bipolar 

fuzzy supra open cover of 𝑋 has a finite subcover. 

Theorem 5.3: (𝑈, 𝜏) is a bipolar fuzzy supra 

compact topological space if and only if every 

family of bipolar fuzzy closed sets with finite 

intersection property has a nonempty intersection.  

Proof: (⟹) Let  (𝑈, 𝜏) be a bipolar fuzzy supra 

compact topological space and let 𝒜 ∶= 

{𝑋𝛼|𝛼 ∈ Λ} be a family of bipolar fuzzy supra 

closed sets with finite intersection property of 𝑈. 

Let us consider ⋂ 𝑋𝛼𝛼∈Λ  =0𝐵𝑃. Then 

1𝐵𝑃 = (0𝐵𝑃)𝑐 = (⋂ 𝑋𝛼𝛼∈Λ )𝑐  = ⋃ (𝑋𝛼)𝑐
𝛼∈Λ  

Therefore, the family {(𝑋𝛼)𝑐}𝛼∈Λ is a bipolar 

fuzzy supra open cover of  𝑈. Since 𝑈 is bipolar 

fuzzy supra compact, then this cover has a bipolar 

fuzzy supra finite subcover, so for ∃ 𝛼1, 𝛼2,…𝛼𝑛,  

1𝐵𝑃 = ⋃ ((𝑋𝛼𝑖
)

𝑐
)𝑛

𝑖=1 . 

Hence 

0𝐵𝑃 = (1𝐵𝑃)𝑐  = (⋃ ((𝑋𝛼𝑖
)

𝑐
)𝑛

𝑖=1 )
𝑐
= ⋂ 𝑋𝛼𝑖

𝑛
𝑖=1  

This contradicts the fact that 𝒜 has the finite 

intersection property. So ⋂ 𝑋𝛼𝛼∈Λ  ≠ 0𝐵𝑃. 

(⟸) Let us consider 𝑈 is not compact. Therefore 

𝑈 has a finite open subcover 𝒜 ∶= {𝑋𝛼|𝛼 ∈ Λ}  

such that none of any finite subfamily of 𝒜 covers 

𝑈. So, for any 𝛼1, 𝛼2,…𝛼𝑛 ∈ Λ 

1𝐵𝑃  ≠ ⋃ 𝑋𝛼𝑖

𝑛
𝑖=1 .  

Since 0𝐵𝑃 = (1𝐵𝑃)𝑐 ≠ (⋃ 𝑋𝛼𝑖
)𝑛

𝑖=1
𝑐
   then we have 

⋂ ((𝑋𝛼𝑖
)

𝑐
)𝑛

𝑖=1  ≠ 0𝐵𝑃. 

Hence the family of {(𝑋𝛼𝑖
)

𝑐
|𝛼 ∈ Λ} is a family of 

bipolar fuzzy supra closed sets with finite 

intersection property. Since 1𝐵𝑃 = ⋃ 𝑋𝛼𝛼∈Λ  then 

⋂ ((𝑋𝛼)𝑐)𝛼∈Λ  = (⋃ 𝑋𝛼𝛼∈Λ )𝑐 = 0𝐵𝑃. 

So intersection of the members of {(𝑋𝛼𝑖
)

𝑐
|𝛼 ∈ Λ} 

is empty. This contradicts the hypothesis, so 𝑈 is 

compact. 

Theorem 5.4: Let (𝑈, 𝜏) and (𝑉, 𝜎) be two 

bipolar fuzzy supra topological spaces and  

𝑓: (𝑈, 𝜏) ⟶ (𝑉, 𝜎) be continuous and onto 

bipolar fuzzy supra mapping. If (𝑈, 𝜏) is a bipolar 

fuzzy supra compact topological space, then  
(𝑉, 𝜎)  is so. 

Proof: Let 𝒜 be a bipolar fuzzy supra open cover 

of 𝑉. Then since 𝑓 is bipolar fuzzy supra 

continuous, ℬ = {𝑓−1(𝑌)|𝑌 ∈ 𝒜} is a bipolar 

fuzzy supra open cover of 𝑈. Since (𝑈, 𝜏) is 

bipolar fuzzy supra compact, then there exists a 

finite subcover such that  

{𝑓−1(𝑌1), 𝑓−1(𝑌2), … , 𝑓−1(𝑌𝑛)}  

of ℬ. Since 𝑓 is a surjection then {𝑌1, 𝑌2, … , 𝑌𝑛}  

is a bipolar fuzzy supra finite subcover of 𝒜. 

Definition 5.5: Let (𝑈, 𝜏) be a bipolar fuzzy supra 

topological space and (𝑋, 𝜏𝑋) be a bipolar fuzzy 

supra subspace where 𝑋 ∈ 𝐵𝑃𝐹(𝑈). A family of 

𝔅 subsets of 𝑈 called the covering of 𝑋 if the 

union of its elements contains 𝑋. 

Theorem 5.6: Let (𝑈, 𝜏) and (𝑉, 𝜎) be two 

bipolar fuzzy supra topological spaces and 

𝑓: (𝑈, 𝜏) ⟶ (𝑉, 𝜎) be continuous and onto 

bipolar fuzzy supra mapping. If 𝑋 is bipolar fuzzy 

supra compact set in (𝑈, 𝜏) then 𝑓(𝑋) is bipolar 

fuzzy supra compact in (𝑉, 𝜎). 

Proof: Straightforward. 

Theorem 5.7: Let (𝑈, 𝜏) be a bipolar fuzzy supra 

compact topological space and 𝑋 be a bipolar 

fuzzy supra closed set on 𝑈. Then (𝑋, 𝜏𝑋) is a 

bipolar fuzzy supra compact topological space. 
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Proof: Let 𝑋 be a bipolar fuzzy supra closed 

subspace of the bipolar fuzzy supra compact 

space 𝑈. Let 𝒜 be a bipolar fuzzy supra open 

covering of 𝑋 by sets bipolar fuzzy supra open in  

𝑈. Since 𝑋 is bipolar fuzzy supra closed, then 𝑋𝑐 

is bipolar fuzzy supra open. If we add the bipolar 

fuzzy supra open set 𝑋𝑐 to 𝒜,  we get a bipolar 

fuzzy supra open cover of 𝑈 such   

𝔅 = 𝒜 ⋃ {𝑋𝑐 }. Some finite subcollection of 𝔅 

covers 𝐴. If subcollection 𝔅 contains {𝑋𝑐 } 

discard {𝑋𝑐 }, otherwise take the subcollection as 

it is. The resulting collection is a finite subfamily 

of 𝒜 that covers  𝑋. 

Definition 5.8: Let (𝑈, 𝜏) and (𝑉, 𝜎) be two 

bipolar fuzzy supra topological spaces and 

𝑋 ∈ 𝐵𝑃𝐹(𝑈), 𝑌 ∈ 𝐵𝑃𝐹(𝑉). The product of 𝑋 and 

𝑌 is a bipolar fuzzy set on 𝑈 × 𝑉 defined by  

𝑋x𝑌={〈(𝑢, 𝑣), (𝜇𝐴
+(𝑢) ∧ 𝜇𝐵

+(𝑣)), (𝜇𝐴
−(𝑢) ∨

𝜇𝐵
−(𝑣))〉 : (𝑢, 𝑣) ∈  𝑈𝑥𝑉}. 

We can define a bipolar fuzzy supra topology on 

𝑈 × 𝑉. The bipolar fuzzy supra topology on the 

product set 𝑈 × 𝑉 is given by the coarsest bipolar 

fuzzy supra topology makes following projections  

𝑝1: 𝑈 × 𝑉 ⟶ 𝑉, 𝑝1(𝑢, 𝑣) = 𝑢 and 

𝑝2: 𝑈 × 𝑉 ⟶ 𝑉, 𝑝2(𝑢, 𝑣) = 𝑣  

are bipolar fuzzy supra continuous. 

We have 

𝑝1
−1(𝜇𝐺

+)(𝑢, 𝑣) = 𝜇𝐺
+(𝑝1(𝑢, 𝑣)) = 𝜇𝐺

+(𝑢)  and 

𝑝1
−1(𝜇𝐺

−)(𝑢, 𝑣) = 𝜇𝐺
−(𝑝1(𝑢, 𝑣)) = 𝜇𝐺

−(𝑢)  

for  𝐺 ∈ 𝜏. So 

𝑝1
−1(𝐺) = {〈(𝑢, 𝑣), 𝜇𝐺

+(𝑢), 𝜇𝐺
−(𝑢)〉} = 𝐺 × 𝟏𝑩𝑷𝑉

. 

By the same procedure 

𝑝2
−1(𝐻) = {〈(𝑢, 𝑣), 𝜇𝐻

+(𝑢), 𝜇𝐻
−(𝑣)〉} = 𝟏𝑩𝑷𝑈

× 𝐻 

for 𝐻 ∈ 𝜎.  

Hence {𝐺 × 𝟏𝑩𝑷𝑉
|𝐺 ∈ 𝜏} ⋃ {𝟏𝑩𝑷𝑈

× 𝐻|𝐻 ∈ 𝜎}  

is a base (A family ℬ ⊂ 𝐵𝑃𝐹(𝑈) is called a base 

for a bipolar fuzzy supra topology if ℬ ⊂ 𝜏 and 

every member of 𝜏 is a union of a number of 

members of ℬ.) for the product bipolar fuzzy 

supra topology 𝛿 on 𝑈 × 𝑉. Since 𝜏 and 𝜎 are 

bipolar fuzzy supra topologies, the families 

{𝐺 × 𝟏𝑩𝑷𝑉
|𝐺 ∈ 𝜏} and {𝟏𝑩𝑷𝑈

× 𝐻|𝐻 ∈ 𝜎} are 

closed under arbitrary unions and so we have  

𝛿 =  {(𝐺 × 𝟏𝑩𝑷𝑉
)⋃(𝟏𝑩𝑷𝑈

× 𝐻)|𝐺 ∈ 𝜏, 𝐻 ∈ 𝜎 }.  

Theorem 5.9: Let (𝑈, 𝜏) and (𝑉, 𝜎) be two 

bipolar fuzzy supra topological spaces and  
(𝑈 × 𝑉, 𝛿) be their product. Then (𝑈 × 𝑉, 𝛿) is a 

compact bipolar fuzzy supra topological space if 

and only if (𝑈, 𝜏) and (𝑉, 𝜎) are bipolar fuzzy 

supra compact. 

Proof: (⇒:) Since projections 𝑝1 and 𝑝2 are 

bipolar fuzzy supra continuous, we have the 

result. 

(⇐:) Let 𝑈 and 𝑉 be two bipolar fuzzy supra 

compact spaces.  

𝒜 = {(𝐺𝑖 × 𝟏𝑩𝑷𝑉
)⋃(𝟏𝑩𝑷𝑈

× 𝐻𝑖) ∶ 𝑖 ∈ 𝐽} is a 

bipolar fuzzy supra open cover of 𝑈 × 𝑉, where 

𝐺𝑖 = {〈𝑢, 𝜇𝐺𝑖

+ (𝑢), 𝜇𝐺𝑖

− (𝑢)〉: 𝑢 ∈ 𝑈} ∈ 𝜏 and 

𝐻𝑖 = {〈𝑣, 𝜇𝐻𝑖

+ (𝑣), 𝜇𝐻𝑖

− (𝑣)〉: 𝑣 ∈ 𝑉} ∈ 𝜎. 

We suggest that {𝐺𝑖: 𝑖 ∈ 𝐽} is cover of 𝑈 and 

{𝐻𝑖: 𝑖 ∈ 𝐽} is a cover of 𝑉. We need to show that 

⋁ 𝜇𝐺𝑖

+ (𝑢)𝑖∈𝐽 = 1, ⋀ 𝜇𝐺𝑖

− (𝑢)𝑗∈𝐽 = −1  

and 

⋁ 𝜇𝐻𝑖

+ (𝑣)𝑖∈𝐽 = 1, ⋀ 𝜇𝐻𝑖

− (𝑣)𝑗∈𝐽 = −1.  

We have (𝐺𝑖 × 𝟏𝑩𝑷𝑉
)⋃(𝟏𝑩𝑷𝑈

× 𝐻𝑖)  =

{〈(𝑢, 𝑣), 𝜇𝐺𝑖

+ (𝑢) ∨ 𝜇𝐻𝑖

+ (𝑣), 𝜇𝐺𝑖

− (𝑢) ∧ 𝜇𝐻𝑖

− (𝑣)〉}.  

Hence, 

⋁{𝜇𝐺𝑖

+ (𝑢) ∶  𝑖 ∈ 𝐽} ∨ ⋁{𝜇𝐻𝑖

+ (𝑣) ∶  𝑖 ∈ 𝐽} = 

⋁ {𝜇𝐺𝑖

+ (𝑢) ∨ 𝜇𝐻𝑖

+ (𝑣)} = 1𝑖∈𝐽   

and  
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⋀{𝜇𝐺𝑖

− (𝑢) ∶  𝑖 ∈ 𝐽} ∧ ⋀{𝜇𝐻𝑖

− (𝑣) 𝑖 ∈ 𝐽} =

⋀ {𝜇𝐺𝑖

− (𝑢) ∧ 𝜇𝐻𝑖

− (𝑣)}𝑖∈𝐽 = −1.  

Then we have a finite subset 𝐽∗ of 𝐽 for which 

⋁ 𝜇𝐺𝑖

+ (𝑢)𝑖∈𝐽∗ = 1, ⋀ 𝜇𝐺𝑖

− (𝑢)𝑗∈𝐽∗ = −1 

and 

⋁ 𝜇𝐻𝑖

+ (𝑣)𝑖∈𝐽∗ = 1, ⋀ 𝜇𝐻𝑖

− (𝑣)𝑗∈𝐽∗ = −1. 

Hereby, {(𝐺𝑖 × 𝟏𝑩𝑷𝑉
)⋃(𝟏𝑩𝑷𝑈

× 𝐻𝑖) ∶ 𝑖 ∈ 𝐽∗} is 

a finite subcover of 𝒜. Then (𝑈 × 𝑉, 𝛿) is bipolar 

fuzzy supra compact topological space. 

6. CONCLUSION 

We have introduced bipolar fuzzy supra 

topological spaces and investigated some of their 

important properties. In future, we plan to study 

on neighborhood structures of bipolar fuzzy point 

[11] and other topological structures such as 

separation axioms and connectedness in bipolar 

fuzzy supra topological space.  
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