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Bipolar Fuzzy Supra Topological Spaces

Hami MALKOC!, Banu PAZAR VAROL*?

Abstract

In the present work, we introduce bipolar fuzzy supra topological space as a generalization of
fuzzy supra topological space, investigate the basic properties, give the concepts of interior and
closure and encouraged them by examples and counterexamples. Moreover, we study the
concepts of bipolar fuzzy supra continuity and S* bipolar fuzzy supra continuity and see that
composition of two S* bipolar fuzzy supra continuous functions may not be a S* bipolar fuzzy
supra continuous function. Also, we attempt to define the concept of compactness on bipolar

fuzzy supra topology.

Keywords: Bipolar fuzzy set, bipolar fuzzy supra topology, bipolar fuzzy supra continuity,

bipolar fuzzy supra compactness.

1. INTRODUCTION

The fundamentals of theory of fuzzy sets were
given by L. Zadeh [1] in 1965. Fuzzy
generalizations of different mathematical
concepts were introduced and studied such as
interval valued fuzzy sets [2], intuitionistic fuzzy
sets [3], fuzzy soft sets [4] etc. In 1994, Zhang [5]
introduced the notion of a bipolar fuzzy set and in
2004, Lee [6] gave the definition of bipolar fuzzy
sets as an extension of fuzzy sets. In bipolar fuzzy
sets membership degree space is extended from
the interval [0, 1] to [-1, 1]. In this set, the
membership degree 0 produces that elements are
irrelevant to the corresponding property, the
membership degrees on (0, 1] assign that element
somewhat supply the property and the
membership degrees on [—1, 0) assign that
elements somewhat supply the implicit counter
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property. At present, studies on bipolar fuzzy
theory are very popular and have been applied in
various fields. In 2013, M. S. Anitha et. al. [7]
defined the concept of bipolar fuzzy subgroup and
worked some properties. S.P. Subbian et. al. [8]
studied on bipolar valued fuzzy ideals of ring in
2018. B. Pazar Varol [9] gave the definition of
bipolar fuzzy submodule of a given classical
module and investigated some fundamental
properties in 2021. The concept of bipolar fuzzy
topology was introduced by M. Azhagappan and
M. Kamaraj [10] in 2016. Then, J. H. Kim et. al.
[11] introduced the bipolar fuzzy neighborhood
structure, base and subbase in 2019.

In 1983, Mashhour et al. [12] defined the concept
of supra topology, which is the weaker version of
classical topology and they also studied supra
closed (open) sets and supra continuous functions.
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ORCID: https://orcid.org/0000-0002-8627-7910



Hami MALKOGC, Banu PAZAR VAROL

Bipolar Fuzzy Supra Topological Spaces

They called a family 7 < g(X) a supra topology
on X if it contains X and @ and is closed under
arbitrary union. In 1987, Abd EIl-Monsef et al.
[13] defined fuzzy supra topological space as a
generalization of the concept of supra topological
space and studied fundamental concepts of fuzzy
supra topological spaces. Then, many authors
studied supra topology and its extensions such as
supra soft topology and fuzzy supra (soft)
topology ([14], [15], [16], [17], [18], [19]). In this
paper, we have given the definition of bipolar
fuzzy supra topology and have investigated some
concepts on bipolar fuzzy supra topology such as
interior, closure, continuity and compactness. In
bipolar fuzzy supra topological spaces we have
lost some of the properties in bipolar fuzzy
topological spaces, for example, the concept of
closure (interior) does not have distributive
property on union (intersection). We have showed
these by the examples. We have defined S*
bipolar fuzzy supra continuity and seen that
composition of two S* bipolar fuzzy supra
continuous functions may not be a S* bipolar
fuzzy supra continuous function.

2. PRELIMINARIES

Definition 2.1: [6] Let U be a nonempty set. A
bipolar fuzzy set X in U is defined as

X ={<u,uf(w),ux(w) > |u € U}

where u%: U — [0,1] and px: U — [—1,0] are
two functions. wuy(u) is called the positive
membership degree of u and it denotes the
satisfaction degree of u is to be the element of X.
ux (u) is called the negative membership degree
and it denotes the satisfaction degree of u to some
implicit counter property of bipolar valued fuzzy
set X.

The family of all bipolar fuzzy set in U is denoted
by BPF(U).

Example 22: X ={<a,06,-04><
b,0.8,—0.3 >,< ¢, 0.5,—-0.5>} is a bipolar
fuzzy setin U ={a, b, c}.

Definition 2.3: [10] 1. Universal bipolar fuzzy set
is a bipolar fuzzy set on U and denoted by 1pp =

Sakarya University Journal of Science 26(1), 156-168, 2022

(1£p, 15p) Where foreachu € U, 15p(u) =1and
1gp(u) =-1.

2. Bipolar fuzzy empty set is a bipolar fuzzy set
on U and denoted by 0gp = (05p, 05p) Where for
eachu € U, 0%p(u) = 0gp = 0gp(w).

Definition 2.4: [6] Let X, Y € BPF(U). Then,
1.XSY o uf(u) < uy(u) and
ux (W) = py (u), foreach u € U.

2.X=Y & puy ) = puy (w) and px (u) = py (w),
foreachu € U.

3.XNY = {< x, piny (W), txny(w) > |u € U},
where

xny W) = min{uy (W), py (W)}
and
txny (W) = max{uy (w), uy (w)}.

4. XUY = {< x, piuy W), pruy(w) > |u € U},
where

oy W) = max{uy (w), uy (w)}
and
txuy (W) = min{uy (W), uy (W)}

5. The complement of a bipolar fuzzy set X is
defined as,

Xe={<u1—puf),—1—ux(u)>|ueU}

Proposition 2.5: [11] Let X, Y and W be bipolar
fuzzy sets in common universal set U. Then
followings are satisfied.

L.XUX=XandXNX =X.
2XUY=XUYandXNY=YNX.
2XUYUZ2)=xUY)UZand
XN¥nNo=xny)n:z.
IXUYN2DH)=XUy) NXUZ2z) and
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XNYU2)=xNyuxnz.
4.XUXNY)=XandXNXUY)=X.
5XNYcXandXNYcCY.
6.XcXUYandYcXUY.

7. (X9 =X.

8. (XUY)=X°NYand (X NY) = X° U YC.

9.If XcYandY cZthenX c Z.

10. If X cY, then
XNZcYNZandXUZcYUZ.

Definition 2.6: [6] Let U be a nonempty set and
(Xj)jej be a family of some bipolar fuzzy sets in
U.

1. The intersection of (Xj)jej is a bipolar fuzzy
setin U, denoted by N;¢; X; and defined by

(Njer X)) = (Ajey st (W), Ve x W)
foreachu € U.

2. The union of (Xj)jej is a bipolar fuzzy setin U,
is denoted by U j¢; X; and defined by

(Uje]Xj)(u) = (Vje]ﬂ;(u):/\je]ﬂ)?(u))
foreachu € U.

Corollary 2.7: [11] Let U be a nonemty set, X €
BPF(U) and (Xj)jejc BPF(U). Then followings

are satisfied:

1. (Generalized distributive laws):
X U (NjeX;) = Njey(X; U X),

X N (UjesXj) = Uje;(X; 0 X).

2. (Generalized De Morgan’s laws):

(Ujes X)) = Njes X5,

Sakarya University Journal of Science 26(1), 156-168, 2022

(Njes X)) = Ujes X,°.

Definition 2.8: [11] Let g: U — V be a mapping
and X € BPF(U), Y € BPF(V).

1. The image of X under g, denoted by g(X)(v)

= (l{;(x)(v} Hyox) (V)) = (gwH) @), gux))),
is a bipolar fuzzy set in V defined as follows.

GG (W) = {\/ wx@), u€egTi(v),

0, other

9w = M LT gy ey

2. The preimage of Y under g, denoted by g1

() = (g7 (u5), 97" (uy)), is a bipolar fuzzy
setin U defined as follows.

[97 ()W) = uy ° g(u)
and
[97 (uy)1(W) = uy o g(w), Yu € U.

Corollary 2.9: [11] Let f: U — V be a mapping
and X, X, X,€ BPF(U), (Xj)jejc BPF(U), Y,

Y,,Y, € BPF(V) and (Yj)je]c BPF (V). Then the
followings are satisfied.

1L If X, € X, then £(X,) © F(X,).

2. f(X1U X2) = f(X1) U fF(Xo),
f(Ujer X;) = Ujes £(X)).

3. f(X1N X2) € f(X1) N F(XR),
f(Njes X;) © Njey £(X;).

4. If f is one to one, then
fXiNX,) = f(X1) N f(Xz),
f(Njer X;) = Njes £(X)).

5.1f Y; € Yy, then f71(Y;) € fF71(Y,).
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6. f(X) = OBP S X = OBP'

7.7 MUY, = TR U £,
FH(Uje ) = Uje, FH(Y)-

8. f—l(yln Y;) = f_l(y1) N f_l(Y2)1
FH Ny %) = Njes FH(Y)-

9. f71(Y)=0gp =Y N f(1pp) = Opp.

10. X c (ftof)(X), the equality holds if
f is injective.

11. (fof ~1)(Y) c Y, the equality holds if
f is surjective.

12. f71(r) = (£71(0))"

13.If f: U >V and g: V — W are two
functions, then (gof)(X) = (g(f (X)) for every
X € BPF(U).

14.1f f: U — V and g: V — W are two functions,
then (gof)~1(Y) = f~1(g~1(Y)) forevery Y €
BPF(W).

Definition 2.10: [10] Let U be a nonempty set and
T € BPF(U). Then 7 is called a bipolar fuzzy
topology on U if it satisfies the following
conditions.

1. OBPI 1BP ET.
2XNYer forX,Y Er.

3. (UjesX;) € 7. forevery (X;) _ <.

3. BIPOLAR FUZZY SUPRA
TOPOLOGICAL SPACES

Definition 3.1: Let U be a nonempty set and 7 c
BPF(U). Then t is called a bipolar fuzzy supra
topology on U if it satisfies the following
conditions.

1. OBP! 1BP ET.

Sakarya University Journal of Science 26(1), 156-168, 2022

2. T 1s closed under arbitrary union.

In this case the pair of (U, ) is called bipolar
fuzzy supra topological space. Members of 7 are
named bipolar fuzzy supra open sets and members
whose complements are belong to 7 are called
bipolar fuzzy supra closed sets. We will denote
the family of all bipolar fuzzy supra topologies on
U as BPFST(U).

Let T be a bipolar fuzzy supra topology on U.
Then t* is called associated bipolar fuzzy
topology withthe 7 :& * c 1.

From definition of bipolar fuzzy supra topological
spaces it is clear that every bipolar fuzzy
topological space is a bipolar fuzzy supra
topological space.

Remark 3.2: There is no need to satisfy the
arbitrary intersection property in bipolar fuzzy
supra topological spaces. For example, let U =
{a,b}, X, Y € BPF(U) and 7 = {0p, 15p, X, Y}.
Here,

X(a) =(1,-0,1), X(b) = (0,5, —1) and
Therefore

XUY)(a)=(1;-1)€erand
Xuvnrnm=-1er

but since

X NY)(a)=(0,6;—-0,1) &t and

X NY)b)=(05-05) ¢t

then we have what we desire.

Definition 3.3: Let 7 and ¢ be two bipolar fuzzy
supra topological spaces on U. If T < g, then we
say that t is coarser than o or ¢ is finer than T and
it’s denoted by 7 < &.
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Example 3.4:

1. Let U be a nonempty set and 7° = {0gp, 15p}.
In this case, ° is a bipolar fuzzy supra topology
on U. % is called indiscrete bipolar fuzzy supra
topology and (U, t°) is called indiscrete bipolar
fuzzy supra topological space.

2. Let U be a nonempty set and 71 = BPF(U). In
this case, 7! is a bipolar fuzzy supra topology on
X.t! is called discrete bipolar fuzzy supra
topology and (U,7!) is called discrete bipolar
fuzzy supra topological space.

3. Let (U, 1) be a bipolar fuzzy supra topological
space. The families

tt={uy € IY|X € 1} and
1" ={—uy € IV|X € 1}

are two fuzzy supra topologies in the sense of Abd
El Monsef and Ramadan [13].

Proposition 3.5: Let (U,t) be a bipolar fuzzy
supra topological space and X € BPF(U). Then
the set 74 = {X N 0|0 € 7} is a bipolar fuzzy
supra topology on X.

Proof: Since Ogp, 15p € T then we have
XﬂOBPZOBpandXﬂlgp=X.

2. LetJ beanindexsetandY; € ty foreachj € J.
Then by the definition of 7y there existsa Z; € T
such that ¥; = X N Z; for each j € J. Since t is a
bipolar fuzzy supra topology, we have Uj¢; Z; €
7. Thus

(UjesZi) NX =Uje)(Z N X) = Uje, ;.

By the definition of 7y, Uj¢, Y; € 7.

The set of 7y is called bipolar fuzzy supra
topology induced by X and the pair of (X, ty) is

called bipolar fuzzy supra subspace.

Theorem 3.6: Let (U, 1) be a bipolar fuzzy supra
topological space and X € BPF(U). Then, the
family

Sakarya University Journal of Science 26(1), 156-168, 2022

n.={X€BPFU)IXNY €t forVY €t}
is a bipolar fuzzy topology on U and n, € .
Proof:

(T1) For X € T we have X N 1gp = X € T and
X ﬂ OBP = OBP € 7. Therefore OBP! 1BP € Nt.

(T2) Let X;, X, € n, and Y €. We have
(X1 ﬂ Xz) ﬂ X = X1 ﬂ (XZ ﬂ Y) Since X1 € Nt
andYer,X;NY erandsince X, en,andY €

7, X, NY €r. So, X; N (X, NY) € 7. Hence,
X1 n XZ € Nt

(T3) Let{X;|i € J} cn,and Y € . Then for each
i €], wehave (Ujg; X)) NY =U;e;(X;NY).

Since{X;lieJ}cn,andY e T,wegetX;NY €
7. T Is bipolar fuzzy supra topology, so

Ui (XiNY) = Uiy X)) NY € 7.
Hence UiE]Xi € Ne-

Let K€n,. Since 1gp€7t1, KN1gp=KET
then K € t. Therefore n, C 7.

Theorem 3.7: Let & be the family of all bipolar
fuzzy supra closed sets in the bipolar fuzzy supra
topological space (U, t). Then the followings are
true.

i. OBP’ 1BP € g
ii. Let X; € #foreachi € I. Then N;¢; X; € Z
Proof: Straightforward.

Theorem 3.8: Let (U,7,) and (U,7,) be two
bipolar  fuzzy topological spaces. Then
(U,t,:N 1) is a bipolar fuzzy supra topological
space.

Proof: Straightforward.

Definition 3.9: Let (U, 7) be a bipolar fuzzy supra
topological space and X € BPF(U).

i. The union of all bipolar fuzzy supra open sets
that contained in X is called the bipolar fuzzy
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supra interior of X and denoted by int, (X). Then,
int,(X) =U{0 € X|0 € t}.

ii. The intersection of all bipolar fuzzy supra
closed sets that contains X is called the bipolar
fuzzy supra closure of X and denoted by cl.(X).
Then, cl,(X) = N{X € K|K* € t}.

Theorem 3.10: Let X,Y € BPF(U) and (U, 1) be
a bipolar fuzzy supra topological space. Then
followings are satisfied.

1. X is a bipolar fuzzy supra open (closed) set <
X =int,(X) (X = cl,(X)).

2.1f X € Y, thenint,(X) S int.(Y) and cl,(X) S
cl (V).

3. cl,(X) U cl,(Y) S cl,(X UY).
4. int,(X) U int,(Y) S int, (X UY).
5.int,(X NY) Cint,(X) N int, (V).
6. cl,(X NY) S cl,(X) N cl,(Y).
7.int,(1gp — X) = 1pp — cl . (X).

8. cl;(1gp) = 1pp = int(1gp) and cl (0gp) =
Opp = int,(0pp).

9. int,(int,(X)) = int,(X),
cl.(X).

cl; (clT (X))

Proof: We only give here proofs of (3.), (5.) and
(7.). The others can be proved in the same way.

3.SinceXcXUYandY € X UY and from (2.)
we have cl,(X) € cl,(X) U cl.(Y) and cl.(Y) <
cl,(X) U cl, (Y). Therefore cl,(X) U cl,(Y) S
cl,(XUY).

5.SinceXNYcXandX NY <Y and from (2.)
we have int, (X NY) Cint,(X)and int, (X NY)
c int.(Y). Therefore, we have int,(XNY)
int.(X) N int (Y).

7. intr(pr - X)

= U{K°|K€ is closed in U and K¢ < X° }

= 1BP - ClT(X)

Sakarya University Journal of Science 26(1), 156-168, 2022

Remark 3.11: In bipolar fuzzy topological spaces
the followings are true.

int;(AN B) =int,(A) N int,(B) and
cl,(A) U cl,(B) = cl.,(AUB).

But in bipolar fuzzy supra topological spaces
there is no need to be true these two properties.

Example 3.12:

Let U = {a,b} and © = {Ogp, 15p, X,Y}. Here X
and Y are two bipolar fuzzy sets on U such that;

X={{(a,1,—0.4), (b, 0.3, —1)},
Y ={{a,0.7,—1),(b, 1,—0.7)}.

Therefore, the complements of these two bipolar
fuzzy sets are;

X¢={{(a, 0,—0.6),(b, 0.7,0)},
Y¢ ={({a, 0.3,0),(b,0,—0.3)}.

The family of all bipolar fuzzy supra closed sets
|S, T¢= {OBPI 1BP' XC, YC}

Let us define two bipolar fuzzy sets such that;
Z={{(a, 0,—0.5),(b,0.1,0)},

T ={{a, 0.2,0), (b, 0,—0.2)}.

Therefore

ZUT ={(a,0.2,—0.5),(b,0.1,—0.2)}.
Since Z S 1gp, X¢ and T S 1p, Y€ then

cl,(Z) = 1gp N X€ = {(a, 0,—0.6), (b, 0.7,0)},
cl,(T) = 15p N Y€ = {{a, 0.3,0), (b, 0, —0.3)}.

and
cl,(Z)Ucl (T) ={(a, 0.3,—0.6),(b, 0.7, —0.3)}.

Since ZUT < 1gp then cl,(ZUT) = 1pp =
{{(a,1,-1),(b,1,—1)}.

Thus we clearly have cl.(ZUT) # cl,(Z) U
cl (T).
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Example 3.13: Let us consider the same topology
and the same set U in the previous example and
define two bipolar fuzzy sets as follows:

G ={(a,1,—0.5),(b, 0.4, —1)},

H ={(a,0.8,—1),(b,1,—0.9)}.

Then the intersection of these two sets is;
G NH={a 08, —1),(b,0.4,—0.9)}.
Since 0gp, A € G and Ogp, B € H then
int,(G) ={(a,1,—0.4),(b,0.3,—1)},
int,(H) = {{a,0.7,—1),(b, 1, —0.7)}

and since Ogp S G N H then int,(G) N int,(H)
={{a, 0.7,—0.4), (b, 0.3,—0.7)}.

Thus we clearly have
int,(G N H) # int,(G) N int,(H).

4. CONTINUOUS MAPPINGS ON BIPOLAR
FUZZY SUPRA TOPOLOGICAL SPACES

Definition 4.1: Let (U,7) and (V,o) be two
bipolar fuzzy supra topological spaces and

f:(U,t) — (V,0) be amapping.

1. Forevery X e tif f(X) € g, then f is called a
bipolar fuzzy supra open mapping.

2.Forevery Y¢ etif [f(X)]¢ € g, then f is called
a bipolar fuzzy supra closed mapping.

3.Forevery X e g if f~1(X) €1, then f is called
a bipolar fuzzy supra continuous function.
Moreover, f: (U,t) — (V, o) is a bipolar fuzzy
supra continuous: & f~1(o0) c 1.

Definition 4.2: Let (U,7) and (V,o) be two
bipolar fuzzy supra topological spaces, t* and ¢*
be two associated bipolar fuzzy topologies with t
and a, respectively. Let f: (U,t*) — (V,c") be
a mapping.

1. Forevery X € t* if f(X) € g, then f is called a
S* bipolar fuzzy supra open mapping.

Sakarya University Journal of Science 26(1), 156-168, 2022

2. For every Y¢ € * if (f(Y))* €ao, then £ is
called a S bipolar fuzzy supra closed mapping.

3.Forevery X € o* if f~1(X) € 1, then f is called
a S* bipolar fuzzy supra continuous mapping.
Moreover, f:(U,7) — (V,o0) is a S* bipolar
fuzzy supra continuous: & f~1(¢*) c 1.

Remark 4.3: From the Definition.4.2 it is clear
that every S* bipolar fuzzy supra continuous
function is a bipolar fuzzy supra continuous

mapping.

Theorem 4.4: Let (U,7) and (V,0) be two
bipolar fuzzy supra topological spaces, * and ¢*
be two associated with bipolar fuzzy topologies
with T and o, respectively.

Let f: (U, c1) — (V,0" € o) be a mapping.
Then the followings are equivalent.

1. The mapping f is S* bipolar fuzzy supra
continuous.

2. For every bipolar fuzzy supra closed set Y in

W,ao%), (f (V) e

3. For every bipolar fuzzy supra Y in (V,c"),
cl(f71(N) € fH(clg (V).

4. For every bipolar fuzzy set X in (U,1"),
f(cl:(X)) € cly-(F(X)).

5. For every bipolar fuzzy set Y in (V,0%),
f(int,-(N) € int,(F71(YV)).

Proof: (1=2) Letf: (U,7" S 1) = (V,0" € 0)
be a S* bipolar fuzzy supra continuous mapping
and Y° € ¢. Hence f~1(Y) = f~1(1gp—Y) =
1gp — f~1(Y) € 7. This means that f=1(Y) is
bipolar fuzzy supra closed in U.

(2=3) Since cl,+(Y) is a bipolar fuzzy closed set
for any Y € o7, then f~1(cl,+(Y)) is a bipolar
fuzzy supra closed in t. Hence

(el (1) = cle (£ (el (1))

BQCZO.*(B)

5 e (fHY))
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and we get cl.(f1(Y)) € f~(cly- (V).

(3=4) Let f(X) = Y. Then cl.(f~1(Y)) <
F(cly+(Y)), therefore

£ (el (F00)) 2 b (F2(F(0)) 2 €l (1)

and cl,-(F00) 2 f(F7 (el (FO0))) 2
f(cl.(X)). Hence, we have the inclusion

f(el:(X)) € clo (£ ().

(4=2) Let Y beabipolar fuzzy closedin (Y,c*)
and X = f~1(Y). Then,

flc.(X) ¢ ce(fX) <
clo (F(F1 ) S el (V) =¥

and

cl,(X) C f1 (f(clT(X))) c 1Y) = X.

Since the closure of a bipolar fuzzy supra set
always includes the set itself and we have

cl.(X) = X and then X is a bipolar fuzzy supra
closed set. Therefore f~1(Y) is a bipolar fuzzy
supra closed set in U.

(5=1) Let Y be a bipolar fuzzy open set in V.
Then the complement set 1zp — Y is a bipolar
fuzzy closed set and f~1(1zp —Y) = 1pp —
f~1(Y) is a bipolar fuzzy supra closed set in X.
Therefore f~1(Y) is a bipolar fuzzy supra open
set in U. Hence f is a S* bipolar fuzzy supra
continuous mapping.

(1=5) Let Y € ¢*, since f is a S* bipolar fuzzy
supra continuous mapping then £~ (int,-(Y)) €

7. But since £~ (int,-(Y)) is bipolar fuzzy open
it is the same set as bipolar fuzzy supra interior of

itself so £~ (inty-(Y)) = int, (£~ (inte(1))).
Since inty-(Y) < Y, fint(Y)) =
int. (£~ (inty (V))) € int.(f~*(¥)) and then

f(int,+ (V) € int(f71(V)).

Sakarya University Journal of Science 26(1), 156-168, 2022

Theorem 4.5: Let (U,t*) and (V,0*) be two
bipolar fuzzy topological spaces, ¥ and ¢* be
two associated bipolar fuzzy topologies with
and o, respectively. Let f: (U,t*) — (V,a") be
a mapping. Then the followings are equivalent.

1. The mapping f is bipolar fuzzy supra
continuous.

2. The inverse image of every bipolar fuzzy supra
closed set in (V, 0), is bipolar fuzzy supra closed
in (U, 7).

3. For every bipolar fuzzy setY in V/,

cl,(F71(Y)) € FH(cle () € £ (cly (V).

4. For every bipolar fuzzy set X in U,

fele(X) € elo(f (X)) € clo+ (£ (X)).

5. For every bipolar fuzzy setY in V/,

int,(f71(Y)) 2 fiint,(Y)) 2
£ (intg(V)).

Proof: It can easily be shown by the previous
theorem.

Theorem 4.6: If f: (U,7) — (V, o) is a bipolar
fuzzy supra continuous and g: (V,a) — (W, §)
is a S* bipolar fuzzy supra continuous, then the
function gof: (U,t) — (W,§) is a S* bipolar
fuzzy supra continuous.

Proof: LetZ € §* c §. Since g is S* bipolar fuzzy
supra continuous then g=1(Z) € o. From the
bipolar fuzzy supra continuity of f we have
Y97 (2))=(g°f)* (2) et and therefore,
gef: (U,t) — (W,8) is bipolar fuzzy supra
continuous mapping.

Theorem 4.7:1f f: (U,7) — (V,0)and g: (V,0)
— (W, §) are two bipolar fuzzy supra continuous
functions, then the function gof: (U,7) —
(W, &) is bipolar fuzzy supra continuous.

Proof: Straightforward.

Theorem 4.8: If f: (U,t) — (V,0)and g: (V, o)
— (W,6) are two S* bipolar fuzzy supra
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continuous functions, then the function gof:
(U,t) — (W,8) is bipolar fuzzy supra
continuous.

Proof: Since f and g are two S* bipolar fuzzy
supra continuous mapping from Remark 4.3 they
are bipolar fuzzy supra continuous mappings and
by Theorem 4.7 we get the result.

Remark 4.9:

i.Letf: (U,1) — (V,o)and g: (V,0) — (W, 5)
be two S* bipolar fuzzy supra continuous
mapping. Thus, the mapping geof : (U,7) —
(W, &8) is no need to be S* bipolar fuzzy supra
continuous. Consider the given topologies in the
following tables and the diagram:

U = {a, b}

" ={0pp,1pp, A"}

A" ={(a,0.5,—0.4),(b,0.6,—0.7)}
7={0pp,1pp, A, B}

A = {(a’ 1! _0-5>’ (b; 0-7’ _1)}

B ={{a,0.5,—0.4),(b,0.6,—0.7)}

V ={c,d}

0" ={0pp,1pp,C"}
C*={{(c,0.2,—0.3),(d,0.3,—0.6)}
o ={0pp,15p,C,D}

C ={{c,0.2,—0.3),(d, 0.3,—0.6)}
D= {(C: 1; _04>: <d: 05: _1>}

W ={e, k}

5" ={0pp,1pp, E”}

E* ={(e, 0.4,—0.5),(k,0.2,—0.8)}
5 ={0pp,1pp,E, F}

E ={{e, 0.5,—1),(k,1,—0.9)}

F= {<e! 1; _06)! (k: O3P _1)}
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U,T" 1) (V,0" € o)

gof
(W,8* € 6)

If we define f(a) =c, f(b) =d, g(c) =e, g(d)
= k then we clearly have

(13- (gof) (@), uz- (gof)(a)),}
(uz-(gof)(b), uz-(gof) (b))

= {(u-(©), 15 (@), (- (), up- (1))}

={(0.4,—0.5),(0.2,—0.8)} & 7.

(gof)™H(E") ={

ii. If we take g as a bipolar fuzzy supra continuous
mapping in the same remark, then the mapping
gof may not be a bipolar fuzzy supra continuous.

5. COMPACTNESS IN BIPOLAR FUZZY
SUPRA TOPOLOGICAL SPACES

Definition 5.1: 1. Let (U, 1) be a bipolar fuzzy
supra topological space and

Xl € 13 = {(u, 1, (W), px, W) € Lu € U}

be a family of bipolar fuzzy supra open sets on U.
If U;e; X; =1pp then {X;|i € I} is called bipolar
fuzzy supra open cover of U. This means that

Vier M;i(u) =1 and A px,(w) = -1,

2. A finite subfamily of a bipolar fuzzy supra open
cover {X;|i € I} of U, is called finite subcover of
U.

3. A family

{Kili € I} = {{u, ut, (W), uc,W)|i € 1}
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of bipolar fuzzy supra closed sets in U satisfies the
finite interseciton property if finite subfamily

{(u, ui,, W, uig, (W) |a =12, n}

satisfies the condition

Ny {6 i, ), i, ()} # 0.

Definition 5.2: Let (U, 7) be a bipolar fuzzy supra
topological space. (U, t) is called bipolar fuzzy
supra compact topological spaces if every bipolar
fuzzy supra open cover of X has a finite subcover.

Theorem 5.3: (U,7) is a bipolar fuzzy supra
compact topological space if and only if every
family of bipolar fuzzy closed sets with finite
intersection property has a nonempty intersection.

Proof: (=) Let (U, 1) be a bipolar fuzzy supra
compact topological space and let A :=
{X,la € A} be a family of bipolar fuzzy supra
closed sets with finite intersection property of U.
Let us consider N,ep X, =0gp. Then

1gp = (05p)° = (Ngea Xa)® = Ugea(Xo)®

Therefore, the family {(X,)¢},ea is a bipolar
fuzzy supra open cover of U. Since U is bipolar
fuzzy supra compact, then this cover has a bipolar
fuzzy supra finite subcover, so for 3 ay, a,,...a,,

1gp = Ukt ((Xa,)).

Hence

Opp = (1p)° = (U?=1((Xai)c))cz Niz1 X,

This contradicts the fact that A4 has the finite
intersection property. SO Ngep X # Opp-

(<) Let us consider U is not compact. Therefore
U has a finite open subcover A := {X,|a € A}
such that none of any finite subfamily of A covers
U. So, for any a4, a,,...a, €A

1gp # Uizq Xoy-

Since 0gp = (1pp)¢ # (UL, Xo,)" then we have
N ((Xa,)) # Opp-
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Hence the family of {(X,,) |a € A} is a family of
bipolar fuzzy supra closed sets with finite
intersection property. Since 1zp = Ugen X, then
naEA((Xa)C) = (UaEAXa)C = 0BP-

So intersection of the members of {(X,,) |« € A}

is empty. This contradicts the hypothesis, so U is
compact.

Theorem 5.4: Let (U,7) and (V,0) be two
bipolar fuzzy supra topological spaces and

f:(U,t) — (V,o) be continuous and onto
bipolar fuzzy supra mapping. If (U, 7) is a bipolar
fuzzy supra compact topological space, then
(V,0o) is so.

Proof: Let A be a bipolar fuzzy supra open cover
of V. Then since f is bipolar fuzzy supra
continuous, % = {f " 1(Y)|Y € A} is a bipolar
fuzzy supra open cover of U. Since (U,t) is
bipolar fuzzy supra compact, then there exists a
finite subcover such that

7)), (Y}

of . Since f is a surjection then {Y;,Y,, ..., ¥;,}
is a bipolar fuzzy supra finite subcover of A.

Definition 5.5: Let (U, t) be a bipolar fuzzy supra
topological space and (X, tyx) be a bipolar fuzzy
supra subspace where X € BPF(U). A family of
B subsets of U called the covering of X if the
union of its elements contains X.

Theorem 5.6: Let (U,7) and (V,0) be two
bipolar fuzzy supra topological spaces and
f:(U,tr) — (V,0) be continuous and onto
bipolar fuzzy supra mapping. If X is bipolar fuzzy
supra compact set in (U, t) then f(X) is bipolar
fuzzy supra compact in (V, o).

Proof: Straightforward.

Theorem 5.7: Let (U, t) be a bipolar fuzzy supra
compact topological space and X be a bipolar
fuzzy supra closed set on U. Then (X,1yx) is a
bipolar fuzzy supra compact topological space.

165



Hami MALKOGC, Banu PAZAR VAROL

Bipolar Fuzzy Supra Topological Spaces

Proof: Let X be a bipolar fuzzy supra closed
subspace of the bipolar fuzzy supra compact
space U. Let A be a bipolar fuzzy supra open
covering of X by sets bipolar fuzzy supra open in
U. Since X is bipolar fuzzy supra closed, then X¢
is bipolar fuzzy supra open. If we add the bipolar
fuzzy supra open set X€ to A, we get a bipolar
fuzzy supra open cover of U such

B =AU {X¢}. Some finite subcollection of B
covers A. If subcollection 8B contains {X€ }
discard {X¢ }, otherwise take the subcollection as
it is. The resulting collection is a finite subfamily
of A that covers X.

Definition 5.8: Let (U,7t) and (V,o) be two
bipolar fuzzy supra topological spaces and

X € BPF(U),Y € BPF(V). The product of X and
Y is a bipolar fuzzy set on U x V defined by

XxY={((u, v), (W) Apug (), (uz (W v
ps()): (w,v) € UxV}.

We can define a bipolar fuzzy supra topology on
U x V. The bipolar fuzzy supra topology on the
product set U X V is given by the coarsest bipolar
fuzzy supra topology makes following projections

p1:UXV —>V,p;(u,v) =uand
p2:UXV —>V, p,(u,v)=v
are bipolar fuzzy supra continuous.

We have
P ()W, v) = ug (pr(u,v)) = pf(u) and
Pt () w,v) = pg (pr(w,v)) = ug (W)

for G € 7. So
pl_l(G) = {((ur V), ug(u): ‘U,E(u))} =G X 1BPv'
By the same procedure

py (H) = {((u,v), uf (W), uzp ()} = 1gp, X H
forH € o.
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Hence {G x 1pp,|G € T} U {1pp, x H|H € o}
is a base (A family % c BPF(U) is called a base
for a bipolar fuzzy supra topology if % c 7 and
every member of 7 is a union of a number of
members of 2.) for the product bipolar fuzzy
supra topology & on U X V. Since t and o are
bipolar fuzzy supra topologies, the families
{Gx1pp,|G et} and {1pp, X H|H € 0} are
closed under arbitrary unions and so we have

§ = {(6 x1pp,)U(1pp, xH)|GETHE T}

Theorem 5.9: Let (U,7) and (V,0) be two
bipolar fuzzy supra topological spaces and
(U x V, &) be their product. Then (U X V,68) is a
compact bipolar fuzzy supra topological space if
and only if (U,7) and (V, o) are bipolar fuzzy
supra compact.

Proof: (=:) Since projections p; and p, are
bipolar fuzzy supra continuous, we have the
result.

(&:) Let U and V be two bipolar fuzzy supra
compact spaces.

A ={(G;x1gp, )U(1pp, X H) : i €]} is a

bipolar fuzzy supra open cover of U x V, where
G; = {(u, ug, (W), ug,(W)): u € U} € T and

Hy = {(v, 15, (0), ki, (W) v €V} € 0.

We suggest that {G;:i € J} is cover of U and
{H;: i € J}is acover of V. We need to show that

Vie]ﬂgi(u) =1, /\je].“c_;l-(u) =-1
and
Vie]lllti(v) =1, /\je].“ﬁi(v) = -1

We have (Gl X 1BPV)U(1BPU X Hl) =

U, v), u, ) v pufy, (v), pg, W) A pg,(v))).
Hence,

Ving, )« i €}V Vs, @) i€} =
Vigjlug, @ v g, ()} =1

and
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Mug, (W) : i€ IANMuy,(w)i€]} =
Nieflte, (W) Ay, (v)} = —1.

Then we have a finite subset J* of J for which
Viey te, (W) = 1, Ajeyr g, (w) = —1

and

Viep iy, () = 1, Ajej iz, (v) = —1.

Hereby, {(G; X 1gp,)U(1gp, X H;) : i €]"} s
a finite subcover of A. Then (U x V, §) is bipolar
fuzzy supra compact topological space.

6. CONCLUSION

We have introduced bipolar fuzzy supra
topological spaces and investigated some of their
important properties. In future, we plan to study
on neighborhood structures of bipolar fuzzy point
[11] and other topological structures such as
separation axioms and connectedness in bipolar
fuzzy supra topological space.
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