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Abstract

The 4 dimensional (4d) binomial matrix and its domains on the classical double sequence
spaces Lp, Mu, CP, CbP, Cr, C f and C f0 have been described and examined by Demiriz
and Erdem in the papers [1]-[3]. In this article, we describe two double sequence spaces
with the aid of the aforementioned matrix and study some properties of these. After giving
inclusion relations, we compute α−, β (bp)− and γ−duals and give some new matrix
classes related them.

1. Introduction

The function F defined by F : N×N→ ζ , (i, j) 7→ F(i, j) = ui j is called as double sequence where ζ denotes any nonempty set
and N= {0,1,2, ...}. Ω represents the vector space of all complex valued double sequences. Mu, CP, Cr and Lp (0 < p < ∞)
are the spaces of all bounded, convergent in the Pringsheim’s sense (or shortly P-convergent), regularly convergent and
p-absolutely summable double sequences, respectively. If any u = (ui j) ∈ Ω is P-convergent to a limit point L, it is stated
by P− limi, j→∞ ui j = L. It is worth mentioning that P-convergence does not require boundedness in double sequences. The
bounded sequences which are also P-convergent are indicated by CbP. It is also significant to remember that the space Lu
which was described by Zeltser [4] is the special case of the space Lp for p = 1.
Throughout this article, it is used the summation ∑i, j instead of ∑

∞
i=0 ∑

∞
j=0 and ϑ ∈ {p,bP,r}. With the notation of Zeltser [4],

we describe the double sequences ekl = (ekl
i j) and e by ekl

i j = 1 if (k, l) = (i, j) and ekl
i j = 0 for other cases, and e = ∑k,l ekl for

every i, j,k, l ∈ N. If dkli j = 0 for i > k or j > l or both for every k, l, i, j ∈ N, it is said that D = (dkli j) is a triangular matrix
and also if dklkl 6= 0 for every k, l ∈ N, then the 4d matrix D is called triangle.
Now, we shall deal with the matrix mapping. Let us consider double sequence spaces Ψ and Λ and the 4d complex infinite
matrix D = (dkli j). If for every u = (ui j) ∈Ψ, (Du)kl = ϑ −∑i, j dkli jui j is exists and is in Λ, then it is said that D is a matrix
mapping from Ψ into Λ and is written as D : Ψ→ Λ.
Let (Ψ,Λ) = {D = (dkli j)|D : Ψ→ Λ}. Here, D ∈ (Ψ,Λ) if and only if Dkl ∈ Ψβ (ϑ) and Du ∈ Λ for all u ∈ Ψ, where
Dkl = (dkli j)i, j∈N for every k, l ∈ N.

The domain Ψ
(ϑ)
D of D in a double sequence space Ψ consists of whose D-transforms are in Ψ is defined by the following way:

Ψ
(ϑ)
D :=

u = (ui j) ∈Ω : Du :=

(
ϑ −∑

i j
dkli jui j

)
k,l∈N

exists and is in Ψ

 .
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In the past, many authors were interested in double sequence spaces. Now, let us give some information about these studies. In
her doctoral dissertation, Zeltser [5] has fundamentally examined the topological structure of double sequences. Recently,
Altay and Başar [6] have been described the spaces BS , BS (t), C S P, C S bP, C S r and BV of double series. After that,
Talebi [7] defined and examined the space E r,s

p for 1 ≤ p < ∞ and also Yes.ilkayagil and Bas.ar [8] examined for 0 < p < 1
where E r,s

p =
{

u = (ui j) : E(r,s)u ∈Lp
}
. Here, E(r,s) indicates the Euler mean. More recently, Tug̃ [9]-[11] have defined

and examined some domains of the 4d matrix B(r,s, t,u).
On the other hand, Bişgin [12, 13] have introduced the sequence spaces br,s

0 ,br,s
c ,br,s

p and br,s
∞ of single sequences whose 2d

binomial matrix Br,s-transforms are convergent to zero, convergent, absolutely p-summable and bounded, respectively. After
that in [14], Bişgin have been examined the domains of Br,s on f and f0. Here, f and f0 symbolize the spaces of every almost
convergent and almost null single sequences, respectively.
A generalization for convergence of a double sequence is almost convergence was firstly introduced by Mòricz and Rhoades
[15]. It is said that u ∈Ω is almost convergent if

P− lim
ρ,ρ ′

sup
k,l>0

∣∣∣∣∣ 1
(ρ +1)(ρ ′+1)

k+ρ

∑
i=k

l+ρ ′

∑
j=l

ui j−L

∣∣∣∣∣= 0

and stated by f2− limu = L. Every almost convergent u ∈Ω are included by C f which is defined by the following way:

C f =

{
u = (ui j) ∈Ω : ∃L ∈ C 3 P− lim

ρ,ρ ′
sup
k,l>0

∣∣∣∣∣ 1
(ρ +1)(ρ ′+1)

k+ρ

∑
i=k

l+ρ ′

∑
j=l

ui j−L

∣∣∣∣∣= 0, uniformly in k, l

}
.

Moreover, the space of almost null double sequences C f0 is obtained from C f by taking L = 0.
It is significant to say that the convergence of a double sequence does not require its almost convergence. However, the
inclusion CbP ⊂ C f ⊂Mu is valid.
With the notion Başarır [16], it is said that u = (ukl) ∈Ω is strongly almost convergent to a limit point L1 if

P− lim
ρ,ρ ′

sup
k,l>0

1
(ρ +1)(ρ ′+1)

k+ρ

∑
i=k

l+ρ ′

∑
j=l

∣∣ui j−L1
∣∣= 0, uniformly in k, l ∈ N.

In that case, this stuation is shown by [ f2]− limu = L1.
Every strongly almost convergent u ∈Ω are included by

[
C f
]

which is defined by the following way:

[
C f
]

=

{
u = (ui j) ∈Ω : ∃L1 ∈ C 3 P− lim

ρ,ρ ′
sup
k,l>0

1
(ρ +1)(ρ ′+1)

k+ρ

∑
i=k

l+ρ ′

∑
j=l

∣∣ui j−L1
∣∣= 0, uniformly in k, l

}
.

Furthermore, the space of strongly almost null double sequences
[
C f0

]
is obtained from

[
C f
]

by taking L1 = 0.
Between the mentioned spaces, the inclusion relations CbP ⊂

[
C f0

]
⊂
[
C f
]
⊂Mu and CbP ⊂ C f0 ⊂ C f ⊂Mu strictly hold.

Moreover, the spaces
[
C f
]

and
[
C f0

]
are Banach spaces with norm

‖u‖[C f ] = sup
ρ,ρ ′,k,l∈N

1
(ρ +1)(ρ ′+1)

k+ρ

∑
i=k

l+ρ ′

∑
j=l

∣∣ui j
∣∣ .

For further information about single and double sequence spaces and related topics, the reader may refer to some of the papers
[17]-[39] and references therein.
Our main purpose in this article is to investigate the domains of 4d binomial matrix on the spaces

[
C f
]

and
[
C f0

]
.

2. Strongly almost convergent binomial double sequence spaces

Let r, s and r+ s are nonzero real numbers. We have been defined the 4d binomial matrix B(r,s) = (br,s
kli j) of orders r, s in [1] as

follows:

br,s
kli j :=


1

(r+s)k+l

(
k
i

)(
l
j

)
sk+ j−irl+i− j , 0≤ i≤ k , 0≤ j ≤ l,

0 , otherwise,
(2.1)

for every k, l, i, j ∈ N. As can be understood from its definition, B(r,s) is a triangle. In that case, we write the B(r,s)-transform of
u ∈Ω as

νkl := (B(r,s)u)kl =
k,l

∑
i, j

1
(r+ s)k+l

(
k
i

)(
l
j

)
sk+ j−irl+i− jui j, (2.2)
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for every k, l ∈ N. We will assume unless stated otherwise that the double sequences u = (ui j) and ν = (νi j) are connected
with the relation (2.2) and r, s and r+ s are nonzero real numbers. We would like touch on a point, when it is chosen r+ s = 1,
B(r,s) is reduced to the 4d Euler matrix E(r,s). So, our matrix B(r,s) generalizes the E(r,s). Consider that the 4d unit matrix
I = (δkli j) defined by

δkli j =

 1 , (k, l) = (i, j),

0 , otherwise.

From the equality
δkli j = ∑

m,n
br,s

klmncr,s
mni j,

one can see that the inverse {B(r,s)}−1 =C(r,s) = (cr,s
kli j) as

cr,s
kli j :=


(−1)k+l−(i+ j)

(
k
i

)(
l
j

)
sk−l−irl−k− j(r+ s)i+ j , 0≤ i≤ k,0≤ j ≤ l,

0 , otherwise,

for every k, l, i, j ∈ N.
A 4d matrix D is said to be RH-regular if it maps every bounded P-convergent sequence into a P-convergent sequence with the
same P-limit [22, 32]. In [1], it was proven that 4d binomial matrix described by (2.1) is RH-regular for r.s > 0. In the rest of
the study, it will be assumed that r.s > 0.
Now, we introduce the sets Br,s

[ f ] and Br,s
[ f0]

by

Br,s
[ f ] =

{
u = (ui j) ∈Ω : ∃L ∈ C 3 P− lim

ρ,ρ ′
sup
k,l>0

1
(ρ +1)(ρ ′+1)

k+ρ

∑
i=k

l+ρ ′

∑
j=l

∣∣∣∣(B(r,s)u
)

i j
−L
∣∣∣∣= 0, uniformly in k, l

}
,

Br,s
[ f0]

=

{
u = (ui j) ∈Ω : P− lim

ρ,ρ ′
sup
k,l>0

1
(ρ +1)(ρ ′+1)

k+ρ

∑
i=k

l+ρ ′

∑
j=l

∣∣∣∣(B(r,s)u
)

i j

∣∣∣∣= 0, uniformly in k, l

}
.

Theorem 2.1. The sets Br,s
[ f ] and Br,s

[ f0]
are linear spaces.

Proof. Since it is easy to see, we omit it.

Theorem 2.2. The sequence spaces Br,s
[ f ] and Br,s

[ f0]
are Banach spaces with the norm

‖u‖Br,s
[ f ]
= sup

ρ,ρ ′,k,l∈N

1
(ρ +1)(ρ ′+1)

k+ρ

∑
i=k

l+ρ ′

∑
j=l

∣∣∣∣(B(r,s)u
)

i j

∣∣∣∣ . (2.3)

Proof. Since it can be similarly proven for the space Br,s
[ f0]

, it will be proven for Br,s
[ f ].

Consider any cauchy sequence u(m) =
{

u(m)
i j

}
i, j∈N

∈Br,s
[ f ]. In that case, for ε > 0 there exists a N ∈ N+ such that

∥∥∥u(m)−u(n)
∥∥∥

Br,s
[ f ]

= sup
ρ,ρ ′,k,l∈N

1
(ρ +1)(ρ ′+1)

k+ρ

∑
i=k

l+ρ ′

∑
j=l

∣∣∣∣(B(r,s)u(m)
)

i j
−
(

B(r,s)u(n)
)

i j

∣∣∣∣< ε (2.4)

for all m,n > N. Thus, it is concluded from (2.4),
{(

B(r,s)u(m)
)

i j

}
is also Cauchy in

[
C f
]
. Since,

[
C f
]

is a Banach space, we

can write {(
B(r,s)u(m)

)
i j

}
−→

{(
B(r,s)u

)
i j

}
as m→ ∞ and using these infinitely many limit points, we can define double sequence

{(
B(r,s)u

)
i j

}
.

Now, by taking the limit as n→ ∞ on (2.4), we have

sup
ρ,ρ ′,k,l∈N

1
(ρ +1)(ρ ′+1)

k+ρ

∑
i=k

l+ρ ′

∑
j=l

∣∣∣∣(B(r,s)u(m)
)

i j
−
(

B(r,s)u
)

i j

∣∣∣∣< ε

for all ε > 0, m > N and i, j ∈ N.
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Furthermore, since u(m) ∈Br,s
[ f ], it is clear that B(r,s)u(m) ∈

[
C f
]

and

sup
ρ,ρ ′,k,l∈N

1
(ρ +1)(ρ ′+1)

k+ρ

∑
i=k

l+ρ ′

∑
j=l

∣∣∣∣(B(r,s)u(m)
)

i j

∣∣∣∣≤M

for a positive real number M. Now, we can say by taking supremum over ρ,ρ ′,k, l ∈ N on the inequality

1
(ρ +1)(ρ ′+1)

k+ρ

∑
i=k

l+ρ ′

∑
j=l

∣∣∣∣(B(r,s)u
)

i j

∣∣∣∣ ≤ 1
(ρ +1)(ρ ′+1)

k+ρ

∑
i=k

l+ρ ′

∑
j=l

∣∣∣∣(B(r,s)u(m)
)

i j
−
(

B(r,s)u
)

i j

∣∣∣∣
+

1
(ρ +1)(ρ ′+1)

k+ρ

∑
i=k

l+ρ ′

∑
j=l

∣∣∣∣(B(r,s)u(m)
)

i j

∣∣∣∣< ε +M

that B(r,s)u ∈
[
C f
]
, that is u ∈Br,s

[ f ]. Thus, it is concluded that Br,s
[ f ] is a Banach space with the norm ‖u‖Br,s

[ f ]
defined by (2.3).

Theorem 2.3. The double sequence spaces Br,s
[ f ] and Br,s

[ f0]
are linearly norm isomorphic to the spaces

[
C f
]

and
[
C f0

]
,

respectively.

Proof. Because it can be similarly shown for the space Br,s
[ f ], we give the proof only for Br,s

[ f0]
. For the claim of theorem, we

must see that there is a linear bijection which preserves the norm from one to the other for the spaces Br,s
[ f0]

and
[
C f0

]
.

For this purpose, let us take the map T : Br,s
[ f0]
→
[
C f0

]
, u 7→ ν = Tu = B(r,s)u. The linearity of T is clear. Consider the equality

Tu = θ which yields us that ui j = 0 for every i, j ∈ N. So, u = θ and therefore, T is injective. Let us consider ν ∈
[
C f0

]
. It is

clear by defining

ukl =
k,l

∑
i, j=0

(−1)k+l−(i+ j)
(

k
i

)(
l
j

)
sk−l−irl−k− j(r+ s)i+ j

νi j (2.5)

that Tu = ν and u ∈Br,s
[ f0]

for every k, l ∈ N. So, the map T is surjective. Furthermore, by bearing in mind the following
equality

‖u‖Br,s
[ f0]

= sup
ρ,ρ ′,k,l∈N

1
(ρ +1)(ρ ′+1)

k+ρ

∑
i=k

l+ρ ′

∑
j=l

∣∣∣∣(B(r,s)u
)

i j

∣∣∣∣
= sup

ρ,ρ ′,k,l∈N

1
(ρ +1)(ρ ′+1)

k+ρ

∑
i=k

l+ρ ′

∑
j=l

∣∣νi j
∣∣= ‖ν‖[C f0 ]

that, T preserves the norm. As a result, the assertion of the theorem has been proved.

Theorem 2.4. The inclusion Br,s
[ f0]
⊂Br,s

[ f ] holds.

Proof. Consider any sequence u = (ui j) ∈Br,s
[ f0]

. In that case, from the relation (2.2), there exists a double sequence ν ∈
[
C f0

]
such that ν = (νkl) =

(
B(r,s)u

)
kl

. Since,
[
C f0

]
⊂
[
C f
]
, then ν ∈

[
C f
]

and this says us that u ∈Br,s
[ f ] which is the desired

result.

Theorem 2.5. The inclusion Mu ⊂Br,s
[ f0]

strictly holds.

Proof. From the inequality

‖u‖Br,s
[ f0]

= sup
ρ,ρ ′,k,l∈N

1
(ρ +1)(ρ ′+1)

k+ρ

∑
i=k

l+ρ ′

∑
j=l

∣∣∣∣(B(r,s)u
)

i j

∣∣∣∣
≤ sup

ρ,ρ ′,k,l∈N

1
(ρ +1)(ρ ′+1)

k+ρ

∑
i=k

l+ρ ′

∑
j=l

∣∣∣∣∣ i

∑
m=0

j

∑
n=0

br,s
i jmn

∣∣∣∣∣ |umn|

≤ sup
m,n∈N

|umn| sup
ρ,ρ ′,k,l∈N

1
(ρ +1)(ρ ′+1)

k+ρ

∑
i=k

l+ρ ′

∑
j=l

∣∣∣∣∣ i

∑
m=0

j

∑
n=0

br,s
i jmn

∣∣∣∣∣
= ‖u‖

∞
,
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it is seen that any double sequence u taken in Mu is in Br,s
[ f0]

.

Now, let us select the sequence u = (ukl) =
(−s−r)k+l

rksl to show the strictness. In that case, we see that u /∈Mu but its B(r,s)-

transform B(r,s)u = (−1)k+lrksl

(r+s)k+l is in Mu∩CP = CbP ⊂
[
C f0

]
which means that u ∈Br,s

[ f0]
. In the light of all this said, it is seen

that u ∈Br,s
[ f0]
−Mu and the inclusion is strict, as claimed.

Combining Theorem 2.4 and Theorem 2.5, we may give the following corollary:

Corollary 2.6. The inclusion Mu ⊂Br,s
[ f ] strictly holds.

3. Dual spaces

In the current section, we deal with the computation of the α , β (bP) and γ-duals of the space Br,s
[ f ]. Before these, let us give

some information related duals.
The α−, β (bP)− and γ−duals of a Ψ⊂Ω are described as

Ψ
α :=

{
t = (ti j) ∈Ω : ∑

i, j
|ti jui j|< ∞ for all (ui j) ∈Ψ

}
,

Ψ
β (bP) :=

{
t = (ti j) ∈Ω : bP−∑

i, j
ti jui j exists for all (ui j) ∈Ψ

}
,

Ψ
γ :=

{
t = (ti j) ∈Ω : sup

k,l∈N

∣∣∣∣ k,l

∑
i, j=0

ti jui j

∣∣∣∣< ∞ for all (ui j) ∈Ψ

}
,

respectively. It is well known that Ψα ⊂Ψγ and if Ψ⊂ Λ, then Λα ⊂Ψα for the double sequence spaces Ψ and Λ.

Theorem 3.1.
{

Br,s
[ f ]

}α

= Lu.

Proof. To show the inclusion
{
Br,s

[ f ]

}α

⊂ Lu, assume the sequence t = (tkl) ∈
{

Br,s
[ f ]

}α

−Lu. So, ∑k,l |tklukl | < ∞ for

all u = (ukl) ∈ Br,s
[ f ]. If we consider e = ∑k,l ekl , we see that e ∈ Br,s

[ f ]. Since te = t /∈ Lu, we obtain from the equality

∑k,l |tkle|= ∑k,l |tkl |= ∞ that t /∈
{
Br,s

[ f ]

}α

which is a contradiction. Thus, it must be t ∈Lu and the inclusion
{

Br,s
[ f ]

}α

⊂Lu

is valid.
For the sufficiency part, let us take the sequences t = (tkl) ∈Lu and u = (ukl) ∈Br,s

[ f ]. Then, there exist a double sequence

ν = (νkl) ∈ C f with the relation νkl = (B(r,s)u)kl . Since C f ⊂Mu, then supk,l |νkl |< M1, where M1 ∈ R+. Therefore,

∑
k,l
|tklukl | = ∑

k,l
|tkl |

∣∣∣∣∣ k,l

∑
i, j=0

(−1)k+l−(i+ j)
(

k
i

)(
l
j

)
sk−l−irl−k− j(r+ s)i+ j

νi j

∣∣∣∣∣
≤ ∑

k,l
|tkl |

∣∣∣∣∣ 1
rksl

k,l

∑
i, j=0

(
k
i

)(
l
j

)
(−s)k−i(r+ s)i(−r)l− j(r+ s) j

∣∣∣∣∣ ∣∣νi j
∣∣

≤ M1 ∑
k,l
|tkl |

∣∣∣∣∣ 1
rksl

k

∑
i=0

(
k
i

)
(−s)k−i(r+ s)i

l

∑
j=0

(
l
j

)
(−r)l− j(r+ s) j

∣∣∣∣∣
= M1 ∑

k,l
|tkl |

and this says us that t ∈
{
Br,s

[ f ]

}α

. Thus, it is seen that Lu ⊂
{

Br,s
[ f ]

}α

.

Definition 3.2. [16] A subset E ⊂ N+×N+ is said to be uniformly of zero density if and only if the number of elements of
E which lie in the rectangle R is o(λ µ) as λ ,µ → ∞, uniformly in k, l ≥ 0, where R = {(i, j) : k ≤ i≤ k+λ −1, l ≤ j ≤
l +µ−1} and N+ = {1,2,3, ...}.
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Now, let us describe the sets w1−w7 that will be used in calculating β (bP)− and γ−duals.

w1 =

{
t = (ti j) ∈Ω : P− lim

k,l→∞
χ(k, l, i, j,m,n) = 0

}
,

w2 =

{
t = (ti j) ∈Ω : P− lim

k,l→∞
∑
i, j

χ(k, l, i, j,m,n) = 1

}
,

w3 =

{
t = (ti j) ∈Ω : P− lim

k,l→∞
∑

i
|χ(k, l, i, j,m,n)|= 0, ∀ j ∈ N

}
,

w4 =

{
t = (ti j) ∈Ω : P− lim

k,l→∞
∑

j
|χ(k, l, i, j,m,n)|= 0, ∀i ∈ N

}
,

w5 =

{
t = (ti j) ∈Ω : ∃M2,M3 ∈ N 3 ∑

i, j>M2

|χ(k, l, i, j,m,n)|< M3

}
,

w6 =

{
t = (ti j) ∈Ω : bP− lim

k,l→∞
∑
i∈E

∑
j∈E
|410χ(k, l, i, j,m,n)|= 0

}
,

w7 =

{
t = (ti j) ∈Ω : bP− lim

k,l→∞
∑
i∈E

∑
j∈E
|401χ(k, l, i, j,m,n)|= 0

}
,

where

χ(k, l, i, j,m,n) =
k

∑
m=i

l

∑
n= j

(−1)m+n−(i+ j)
(m

i

)(n
j

)
sm−n−irn−m− j(r+ s)i+ jtmn,

410χ(k, l, i, j,m,n) = χ(k, l, i, j,m,n)−χ(k, l, i+1, j,m,n),

401χ(k, l, i, j,m,n) = χ(k, l, i, j,m,n)−χ(k, l, i, j+1,m,n)

and E is uniformly of zero density.

Theorem 3.3.
{

Br,s
[ f ]

}β (bP)
=
⋂7

k=1 wk

Proof. Suppose that t = (tkl) ∈Ω and u = (ukl) ∈Br,s
[ f ]. Thus, ν = (νkl) ∈

[
C f
]

with B(r,s)u = ν . We obtain by the relation
(2.5) that

zkl =
k,l

∑
i, j=0

ti jui j

=
k,l

∑
i, j=0

ti j

{
i, j

∑
m,n=0

(−1)i+ j−(m+n)
(

i
m

)(
j
n

)
si− j−mr j−i−n(r+ s)m+n

νmn

}

=
k,l

∑
i, j=0

{
k

∑
m=i

l

∑
n= j

(−1)m+n−(i+ j)
(m

i

)(n
j

)
sm−n−irn−m− j(r+ s)i+ jtmn

}
νi j

= (Or,s
ν)kl (3.1)

for all k, l ∈ N, where Or,s =
(

or,s
kli j

)
defined by

or,s
kli j =

 χ(k, l, i, j,m,n) , 0≤ i≤ k, 0≤ j ≤ l,

0 , otherwise,

for every k, l, i, j ∈ N. In that case, by bearing in mind (3.1), it is infered that tu = (tklukl) ∈ C S bP whenever u = (ukl) ∈Br,s
[ f ]

if and only if z = (zkl) ∈ CbP whenever ν = (νkl) ∈
[
C f
]
. This implies that t = (tkl) ∈

{
Br,s

[ f ]

}β (bP)
if and only if Or,s ∈([

C f
]
,CbP

)
and the proof is completed in view of Theorem 1 in [16].

Lemma 3.4. [11] A 4d matrix D = (dkli j) ∈
([

C f
]
,Mu

)
if and only if Dkl ∈

{[
C f
]}β (ϑ) for all k, l ∈ N and

sup
k,l∈N

∑
i, j

∣∣dkli j
∣∣< ∞. (3.2)
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Theorem 3.5.
{

Br,s
[ f ]

}γ

= w8∩C S ϑ , where

w8 =

{
t = (ti j) ∈Ω : sup

k,l∈N
∑
i, j
|χ(k, l, i, j,m,n)|< ∞

}
.

Proof. We easily reach the proof by the aid of (ii) of Theorem 4.4 in [3]. So, we omit it.

4. Matrix transformations

In this part, it will be given the classes
(
Br,s

[ f ],C f

)
reg

and
(
Br,s

[ f ],Mu

)
. Before these, it is needed to give the following lemma

which will be used in Theorem 4.2.

Lemma 4.1. [11] A 4d matrix D = (dkli j) ∈
([

C f
]
,C f
)

reg if and only if D ∈
(
CbP,C f

)
reg and ∑i, j∈E

∣∣411dkli j
∣∣→ 0 as

k, l→ ∞ for each set E which is uniformly zero density where

411dkli j = dkli j−dkl,i+1, j−dkli, j+1 +dkl,i+1, j+1.

Theorem 4.2. Consider the 4d infinite matrices D = (dkli j) and H = (hkli j) whose elements are connected with the equality

hkli j =
∞

∑
a=i

∞

∑
b= j

(a
i

)(b
j

)
sa−b−irb−a− j(r+ s)i+ jdklab.

In that case, a 4d matrix D = (dkli j) ∈
(
Br,s

[ f ],C f

)
reg

if and only if

Dkl ∈ {Br,s
[ f ]}

β (ϑ), (4.1)

sup
k,l∈N

∑
i, j

∣∣hkli j
∣∣< ∞, (4.2)

bP− lim
ρ,ρ ′→∞

σ(i, j,ρ,ρ ′,m,n) = 0, uniformly in m,n ∈ N, (4.3)

bP− lim
ρ,ρ ′→∞

∑
i, j

σ(i, j,ρ,ρ ′,m,n) = 1, uniformly in m,n ∈ N, (4.4)

bP− lim
ρ,ρ ′→∞

∑
i

∣∣σ(i, j,ρ,ρ ′,m,n)
∣∣= 0, uniformly in m,n ∈ N, (4.5)

bP− lim
ρ,ρ ′→∞

∑
j

∣∣σ(i, j,ρ,ρ ′,m,n)
∣∣= 0, uniformly in m,n ∈ N, (4.6)

∑
i, j∈E

∣∣411hkli j
∣∣→ 0, k, l→ ∞ (4.7)

for each set E which is uniformly of zero density where σ(i, j,ρ,ρ ′,m,n) = ∑
m+ρ

k=m ∑
n+ρ ′

l=n
hkli j

(ρ+1)(ρ ′+1) .

Proof. Suppose that the matrix D = (dkli j) ∈
(
Br,s

[ f ],C f

)
reg

. Then, Du exists and is in C f for all u = (ukl) ∈Br,s
[ f ], which

implies that ν = B(r,s)u ∈
[
C f
]

and Dkl ∈
{
Br,s

[ f ]

}β (ϑ)
. Thus, condition (4.1) holds. We have the following equality derived

from the (ς ,ξ )th−partial sums of the series ∑i, j dkli jui j by taking into account the relation between the terms of the sequences
u and ν ,

ς ,ξ

∑
i, j

dkli jui j =
ς ,ξ

∑
i, j

dkli j

[
i, j

∑
a,b=0

(−1)i+ j−(a+b)
(

i
a

)(
j
b

)
si− j−ar j−i−b(r+ s)a+b

νab

]

=
ς ,ξ

∑
i, j

[
ς

∑
a=i

ξ

∑
b= j

(−1)a+b−(i+ j)
(a

i

)(b
j

)
sa−b−irb−a− j(r+ s)i+ jdklab

]
νi j

(4.8)

for all k, l,m,n ∈ N. Let us define the 4d matrix

hkli j :=


∞

∑
a=i

∞

∑
b= j

(−1)a+b−(i+ j)
(a

i

)(b
j

)
sa−b−irb−a− j(r+ s)i+ jdklab , 0≤ i≤ k,0≤ j ≤ l,

0 , otherwise

(4.9)
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for all k, l, i, j ∈ N. In that case, by taking f2-limit on (4.8) as ς ,ξ → ∞, it is seen that Du = Hν . Thus, if we take into account
the fact that D ∈

(
Br,s

[ f ],C f

)
reg

if and only if H ∈
([

C f
]
,C f
)

reg with Lemma 4.1 and Theorem 3.1 in [39], we can reach the

conditions (4.2)-(4.7).
Conversely, from the condition (4.1), Du exists for all u = (ukl)∈Br,s

[ f ] such that ν = B(r,s)u∈
[
C f
]

and from (4.8) and (4.9), we
see that Du = Hν . Furthermore, we reach that H ∈

(
CbP,C f

)
reg by the aid of the conditions (4.2)-(4.6) and H ∈

([
C f
]
,C f
)

reg

from (4.7). Thus, D ∈
(
Br,s

[ f ],C f

)
reg

.

Theorem 4.3. A 4d matrix D = (dkli j) ∈
(
Br,s

[ f ],Mu

)
if and only if Dkl ∈

{
Br,s

[ f ]

}β (ϑ)
for all k, l ∈ N and the condition (3.2)

holds.

Proof. If we take into account the Lemma 3.4 with the 4d matrix H defined in Theorem 4.2 in place of the 4d matrix D, we
can easily reach the proof.

5. Conclusion

The concept of matrix domain was examined by several researchers on some single sequence spaces by using some special
matrices. As we have mentioned some of them in the current paper, double sequence spaces which are obtained by using the
domains of triangular 4d matrices have been studied by some authors recently. In the light of these and similar studies, as
a natural continuation of the papers [1]-[3], we described two double sequence spaces by using the domain of 4d binomial
matrix on the spaces of strongly almost convergent and strongly almost null double sequences. Moreover, we investigated their
some properties and inclusion relations related them, computed duals and characterized some matrix classes. We conclude that
the results obtained from the 4d binomial matrix B(r,s) is more general and extensive than the existent results obtained from the
4d Euler matrix E(r,s). We expect that our results might be a reference for further studies in this field.
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