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1. Introduction

The function F defined by F : Nx N — , (i, j) — F (i, j) = u;; is called as double sequence where { denotes any nonempty set
and N = {0,1,2,...}. Q represents the vector space of all complex valued double sequences. ., €p, ¢, and .2}, (0 < p < o)
are the spaces of all bounded, convergent in the Pringsheim’s sense (or shortly P-convergent), regularly convergent and
p-absolutely summable double sequences, respectively. If any u = (u;;) € Q is P-convergent to a limit point L, it is stated
by P —lim; j_..u;; = L. It is worth mentioning that P-convergence does not require boundedness in double sequences. The
bounded sequences which are also P-convergent are indicated by %,p. It is also significant to remember that the space %,
which was described by Zeltser [4] is the special case of the space .Z), for p = 1.

Throughout this article, it is used the summation }; ; instead of Y% Z;":O and ® € {p,bP,r}. With the notation of Zeltser [4],

we describe the double sequences ¢t/ = (eé‘; ) and e by eﬁfjl- = Lif (k,I) = (i, j) and ef»‘} = 0 for other cases, and ¢ = ¥; ; !’ for
every i, j,k,l € N. If d;j = 0 for i > k or j > [ or both for every k,/,i, j € N, it is said that D = (d;;) is a triangular matrix
and also if dyy; # 0 for every k,I € N, then the 4d matrix D is called triangle.

Now, we shall deal with the matrix mapping. Let us consider double sequence spaces W and A and the 4d complex infinite
matrix D = (dy;;). If for every u = (u;;) € ¥, (Du)y = & — ¥, ;duijuij is exists and is in A, then it is said that D is a matrix
mapping from ¥ into A and is written as D : ¥ — A.

Let (W,A) = {D = (dy;;)|D : ¥ — A}. Here, D € (¥,A) if and only if Dy € WF(®) and Du € A for all u € ¥, where
Dyq = (duij)i,jen for every k,l € N.

The domain ‘Pg?) of D in a double sequence space W consists of whose D-transforms are in ¥ is defined by the following way:

\I,gs) = u=(ujj) € Q:Du:= (19 — deliju,-j> exists and is in ¥
ij kleN
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In the past, many authors were interested in double sequence spaces. Now, let us give some information about these studies. In
her doctoral dissertation, Zeltser [5] has fundamentally examined the topological structure of double sequences. Recently,
Altay and Basar [6] have been described the spaces B., B.7(t), €S p, €S pp, €7, and BV of double series. After that,
Talebi [7] defined and examined the space &," for 1 < p < oo and also Yesilkayagil and Basar [8] examined for 0 < p < 1
where &, = {u = (u;j) : E(r,s)u € £, } . Here, E(r,s) indicates the Euler mean. More recently, Tug [9]-[11] have defined
and examined some domains of the 4d matrix B(r,s,7,u).

On the other hand, Bisgin [12, 13] have introduced the sequence spaces b;’,b¢’, by’ and bl of single sequences whose 2d
binomial matrix B"*-transforms are convergent to zero, convergent, absolutely p-summable and bounded, respectively. After
that in [14], Bisgin have been examined the domains of B* on f and fj. Here, f and f; symbolize the spaces of every almost
convergent and almost null single sequences, respectively.

A generalization for convergence of a double sequence is almost convergence was firstly introduced by Moricz and Rhoades
[15]. It is said that u € Q is almost convergent if

1 k+p I+p’
P—limsup | ————F— u; =
P k0| (P +1)(p'+1) ,z;{jz v

and stated by f> —limu = L. Every almost convergent u € Q are included by ¢r which is defined by the following way:

1 k+pl+p’

FERVCESIR R

Moreover, the space of almost null double sequences €7, is obtained from 6 by taking L = 0.

It is significant to say that the convergence of a double sequence does not require its almost convergence. However, the
inclusion €pp C €5 C A, is valid.

With the notion Bagarir [16], it is said that u = (uy;) € Q is strongly almost convergent to a limit point L; if

¢y = qu=(u) €Q:ILeC> P—limsup
PP k10

=0, uniformly in k,l}.

k+p I+p’
—limsup ———————— ujj—L1| =0, uniformlyink,/ € N.
pp' k10 (P+1)(p'+1) ,Z;‘”Z|U =

In that case, this stuation is shown by [f2] — limu = L.
Every strongly almost convergent u € Q are included by [%f} which is defined by the following way:

1 k+pl+p
¢r] = qu=(w;)€Q:3L,€C> P—limsup —————— uij—Li| =0, uniformly in k,/ ;.
¢ { N PP k>0 (P +1)(p"+ 1),;{,2:1| e

Furthermore, the space of strongly almost null double sequences [€7, ] is obtained from [¢7| by taking L; = 0.
Between the mentioned spaces, the inclusion relations €,p C [67,] C [€¢}] C 4, and €,p C €, C € C M, strictly hold.
Moreover, the spaces [%f] and [%fo] are Banach spaces with norm

k+p I+p’
lelie) = s oD+ (p+1 "+1) IZ;”Z ]

For further information about single and double sequence spaces and related topics, the reader may refer to some of the papers
[17]-[39] and references therein.
Our main purpose in this article is to investigate the domains of 4d binomial matrix on the spaces [‘ff] and [Cgfo} .

2. Strongly almost convergent binomial double sequence spaces

Let r, s and r + s are nonzero real numbers. We have been defined the 4d binomial matrix B = = (b ]) of orders r, s in [1] as
follows:
e (5) () skrimms o o<i<k0<<t,

brs .

kh] (2.1)

0 , otherwise,

for every k,l,i, j € N. As can be understood from its definition, B isa triangle. In that case, we write the BS) _transform of
u e Qas

k,l
’ 1 k l T
Vi = (B(r,s)u)kl _ - ( > < ) sk+/_'rl+’_/14i', (2.2)
IZ]’ (r+s)kt \ i j 4
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for every k,I € N. We will assume unless stated otherwise that the double sequences u = (u;;) and v = (Vv;;) are connected
with the relation (2.2) and r, s and r 4 s are nonzero real numbers. We would like touch on a point, when it is chosen r+s =1,
BU) is reduced to the 4d Euler matrix E(r,s). So, our matrix B**) generalizes the E(r,s). Consider that the 4d unit matrix
I = (0ij) defined by

1 ) (k7l):(i7j)’
Skiij =
o , otherwise.
From the equality
Skllj Zbklmn mm]’
m,n
one can see that the inverse {B"*)}~! = (%) = (¢ ;) as

(_1)k+l (i+)) (i‘) (j) Sk*l*irlfkfj(r_ks)lurj , 0 <i< k’o < ] < l’
s
Chtij -=

0 , otherwise,

for every k,l,i,j € N.

A 4d matrix D is said to be RH-regular if it maps every bounded P-convergent sequence into a P-convergent sequence with the
same P-limit [22, 32]. In [1], it was proven that 4d binomial matrix described by (2.1) is RH-regular for r.s > 0. In the rest of
the study, it will be assumed that r.s > 0.

Now, we introduce the sets %[r]f] and e%’[rf;] b

1 k+pl+p’
B = u=(u::)eQ:3LeC>P—1lim su ) ‘:O7 uniformly in k7 »,
/] { (1) p.p' k1>%(P+1 +1) lz;cjzll ’
k+p I+p’
B = u=(::)eQ:P—1lim sup— ( ) =0, uniformly in &,/
[fo] (1) pp k>0 (P+1)(p 1211/21

Theorem 2.1. The sets ,%’[rfs} and %’[rf:)] are linear spaces.
Proof. Since it is easy to see, we omit it. O

Theorem 2.2. The sequence spaces %’[rfs] and %[r};{:] are Banach spaces with the norm

k+p l+p’
| s = sup ) 2.3)
Ua[f] p.p’ k! eN(P+1 ,Zk]z"l
Proof. Since it can be similarly proven for the space 93["5], it will be proven for ﬂ[”]
Consider any cauchy sequence u(") = {ul(;") } . 93{;] In that case, for € > 0 there exists a N € N* such that
' 1,jE
k+pl+p’
[ —a]| = sy LYY | (Bm) (59 |<e (2.4)
2 pp/kleN(erl ik j=1 i Y

for all m,n > N. Thus, it is concluded from (2.4), { (B(”S>u(m)> } is also Cauchy in [%f} . Since, [‘ﬁf] is a Banach space, we

ij

e~ {0

as m — oo and using these infinitely many limit points, we can define double sequence { (B“”u) }
ij

can write

Now, by taking the limit as n — oo on (2.4), we have

1 k+p I+p’ (rs)
sup ——————— ) '—(Br’su)” <&
pp’kleN(p""l ,Z;{JZ’[ ij 1

foralle >0,m >N and i,j e N.
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Furthermore, since u™) € 287, it is clear that B")u(™ € [€}] and

(1’
k+p l+p’
w L i) | <
pp’kleN(p+l :Z;?jZ:l i

for a positive real number M. Now, we can say by taking supremum over p,p’ k,I € N on the inequality

1 k+pl+p’ 1 k+pl+p’ (r5)-.(m) ()
- < - BF,S m _ Br,s
(p+1)(p ;{/Zl ) - (p+1)(p/+1);{; ( ! >ij ( u)ij
k+p I+p’
_ (m M
+ (p+1 ,Z;i ,Zz )j <e+

that Br)y € (5], thatis u € %[ 7+ Thus, it is concluded that 93[ | is a Banach space with the norm [lull a3 defined by (2.3).
O

Theorem 2.3. The double sequence spaces f%’[rfs} and %[rfz] are linearly norm isomorphic to the spaces [¢y| and (%],
respectively.

Proof. Because it can be similarly shown for the space %’ﬁ we give the proof only for f@[r’s] For the claim of theorem, we

iy and [€, |
For this purpose, let us take the map 7 : %[rfs ] [Cgfo} ,u— v =Tu=B")y. The linearity of T is clear. Consider the equality

must see that there is a linear bijection which preserves the norm from one to the other for the spaces %"

Tu = 6 which yields us that u;; = 0 for every 7, j € N. So, u = 0 and therefore, T is injective. Let us consider v € [‘ffo]. Itis
clear by defining

Uy = Z (71)k+l—(z+/) (k) (l> Sk—l—zrl—k—j(r+s)t+jvij (2.5)

i,j=0 l J

that Tu = v and u € %[rf;] for every k,l € N. So, the map T is surjective. Furthermore, by bearing in mind the following
equality

1 k+p l+p’
||“||gf;] N p.p, kl?eNm tzk jzl )
k+pl+p’
B ,,p?‘i‘?ewﬂ )& &
that, T preserves the norm. As a result, the assertion of the theorem has been proved. O

Theorem 2.4. The inclusion %[ 7 C %[rfs] holds.

Proof. Consider any sequence u = (u;;) € %{%] In that case, from the relation (2.2), there exists a double sequence v € [io”fo]

such that v = (vy) = (B(’*S>u) " Since, [%fo] C [%f] then v € [%f} and this says us that u € %] which is the desired

(7]
result. [
Theorem 2.5. The inclusion 4, C @[ 7l strictly holds.

Proof. From the inequality
1 k+p I+p’
lullrs = sup )
[fo] p.p’ kleN (P +1 zzk /Z’l
1 k+pl+p'| i
S S T & o |k wam [t
p.p'kien (P +1) lk, m=0n—
1 k+pl+p’| i
< sup |umn| sup b
mneN p.p'kten (P 1)(p ;{ ,Z mZOnZ Hmn

= ull
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it is seen that any double sequence u taken in .#, is in ,%’[ ol

_ k+
Now, let us select the sequence u = (uy;) = (=s e ,) to show the strictness. In that case, we see that u ¢ ., but its B

% is in .4, N6p = Cpp C [€},] which means that u € %[rfs] In the light of all this said, it is seen

that u € %{g] — #,, and the inclusion is strict, as claimed. O

transform By =

Combining Theorem 2.4 and Theorem 2.5, we may give the following corollary:

Corollary 2.6. The inclusion .#, C By strictly holds.

(/1
3. Dual spaces

In the current section, we deal with the computation of the ¢, B(bP) and y-duals of the space %’[r;} Before these, let us give
some information related duals.
The a—, B(bP)— and y—duals of a ¥ C Q are described as

po = {l = (tl'j) €EQ: Z|t,‘ju,’j| < oo forall (uij) S ‘P},
iJ
phOP) = {t = (t;j) € Q:bP =Y 1ju; exists forall (u;;) € ‘I‘},
i
K
P o= {l:(lij)GQZ sup Z Lijujj| < oo for all (u,-j)e‘P},
kIeN{ j=0

respectively. It is well known that ¥* C W7 and if ¥ C A, then A% C W for the double sequence spaces ¥ and A.

Theorem 3.1. {,@[rfs] }a =Y.

o o
Proof. To show the inclusion {%’[rf‘]} C %,, assume the sequence ¢ = (fy;) € {%[r;]} — L. S0, Yp [tgug| < oo for
)

all u= (uy) € f@ﬁ If we consider e = Y e, we see that e € %[’]. Since te =t ¢ £, we obtain from the equality

Yiiltwel = Xiyltu| = oo thatt ¢ { r?} which is a contradiction. Thus, it must be ¢ € %}, and the inclusion {%’US]} cC %
is valid.
For the sufficiency part, let us take the sequences r = (1) € %, and u = (uy;) € %[rf] Then, there exist a double sequence

v = (Vi) € €5 with the relation v, = (B(r’s)u)k;. Since €y C .#,, then supy ;|| < My, where M| € R*. Therefore,

Z k+l (i+4) <k> <l> skil*irlfkfj(r—ks)"ﬂv,-j
1

i,j=0 J

Z|tkzukl\ = Z |t
il

1 K . . . )
< Lol X ( ) (5) ot eesy v
ki =0

1 & (k k—i il l I—j j

< Mlz|tk1\ TZ ; (—s) (r+s)z i (=) (r+s)
i=0 j=0
= M12|fk1\
k.l
o
and this saysusthatte{%[r’ﬁ} . Thus, it is seenthatfuc{;@[r;]} . O

Definition 3.2. [16] A subset E C N* x N* is said to be uniformly of zero density if and only if the number of elements of
E which lie in the rectangle R is o(AlL) as A, L — oo, uniformly in k,1 >0, where R={(i,j) :k<i<k+A—-1, [1<j<
I4+u—1}and Nt ={1,2,3,...}.
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Now, let us describe the sets w; — w7 that will be used in calculating f3(bP)— and y—duals.

Il
—N

l:(tij) €Q:P— lim X(kﬂlvivjvmvn):()}’

wi
k,l—o0

wy = {t_(ti,i)GQ:Pk}lanN;jX(kalalvfamvn)_l}a

= t=(t;)€Q . P—1i k,1,i,j,mn)| =0, Vj ,

w3 { (tij) € k}gnmzl"|x( i,j,m,n)| ]GN}

wq = {t(tij)EQ:Pk}[iinm;|X(kvl7iajaman)|Oa VlEN}v

ws = t:(l‘ij)EQ:HMz,M3€N9 Z lx(k, 1,0, j,mn)| < M3 3,

ij>M,

we = <t=(t;)) €Q:bP— lim Y Y |Ajox(k,Li,j,mn)|=0p,
kl= icE jcE

wy = t=(t;)€Q:bP— lim Y Y |Aoix(k,L,i, j,m,n)|=0p,
kl=icE jcE

where .
X(k,l,i,j7m,l1> = Z Z(_l)m+n7(i+j) (m) (n) sminiirnim7j<r+S)iJrjtmna
m=in=j ! J
Alox(kﬂl7i7j7m7n) :x(k7l7i7j7m7n)_X(k7l7i+]‘?j7m7n)7
A01%(16717i7‘].7,/}/l7’,l) :X(k7l7i7j7m7n)_x(kﬂl7i7j+17m7n)

and E is uniformly of zero density.

B(®P)
Theorem 3.3. {:%E‘fv]} =i Wk

Proof. Suppose that 7 = (ty;) € Q and u = (uy) € %[rf] Thus, v = (vy) € [€}] with By = v. We obtain by the relation
(2.5) that

k|l
k= Ztijuij
i,j=0

K, ij . . N
_ Z tij{ Z (_l)z+]f(m+n) (;) (l{l)szjmrjzn(r_i_s)ernvmn}

i,j=0 m,n=0

¥ {i ¥ -ty () (7) sm”fr"mfv“w’m”} Y

ij=0 \m=in=j l

= (0™V)u 3.1
for all k,/ € N, where O™ = (02’2 j) defined by

x(k,Li,jomn) . 0<i<k 0<j<lI,
, _
Oij =
0 ) otherwise,
s

for every k,/,i, j € N. In that case, by bearing in mind (3.1), it is infered that ru = (tyyuy;) € €. pp whenever u = (uy;) € ,@m

B(bP)
if and only if z = (zx1) € €p Whenever v = (Vi) € [¢f]. This implies that = (1) € {%’[r;]} if and only if O™ €
([€¢7] ,€p) and the proof is completed in view of Theorem 1 in [16].

O
ix D = . ; ; B(®)
Lemma 3.4. [11] A 4d matrix D = (dy;j) € ([‘Kf} ,e///u) if and only if Dy € { [%f] } forall k,l € N and

dyii| < oo. 3.2
ks,g;;j" i | 3.2)
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Y
Theorem 3.5. {%[rf] } =wgNECS 3, where

wg = {IZ (tij) €Q: sup Z|X(k,l7i,j7m,”)| <°°}-

k,leN i,j

Proof. We easily reach the proof by the aid of (ii) of Theorem 4.4 in [3]. So, we omit it. O

4. Matrix transformations

In this part, it will be given the classes ( L ‘Kj) and (%” M, ) Before these, it is needed to give the following lemma

e ik

which will be used in Theorem 4.2.

Lemma 4.1. [11] A 4d matrix D = (dy;;) € (6] ,%f)mg if and only if D € ((fbp,iff)m, and ¥; jep |Anduij| — 0 as
k,l — oo for each set E which is uniformly zero density where

Andyij = digij — diaiv1,j — digi j+1 + dia i 1,41

Theorem 4.2. Consider the 4d infinite matrices D = (dy;;) and H = (hy;;) whose elements are connected with the equality

hyij = Z Z ( ) ( > STPTIP T (o 5) dyg g

a=ib=j

In that case, a 4d matrix D = (dy;j) € (%’[rfj , ‘Kf) if and only if
reg

Dy € {@r;]}ﬁw) 4.1)

sup ) |hij| < e, 4.2)

s s

bP— lim G(i,j,p,p/,m,n) =0, uniformlyinm,neN, 4.3)
p.p'—

bP — hm ZO’ i,j,p,p',m,n) =1, uniformlyin m,n € N, 4.4)
p.p'—eo

bP — hm Z|G i,j,p,p',mn |— , uniformly in m,n € N, 4.5)
p,p’—eo

bP— lim Z‘G i,j,p,p’,m,n)| =0, uniformly inm,n €N, (4.6)
p.p'—e

) !Anhku;!—>0, kI — oo 4.7)

i,jeE

n+p’ i

for each set E which is uniformly of zero density where 6 (i, j,p,p’,m,n) = Zm+p Y. (CERCESE

Proof. Suppose that the matrix D = (dy;;) € (%’[r’fs],%f) . Then, Du exists and is in € for all u = (uy) € %/, which

5o, reg’ vk
implies that v = By e [‘Kf} and Dy; € {%’[rfs]} . Thus, condition (4.1) holds. We have the following equality derived

from the (g, & )th—partial sums of the series ¥, ; du;ju;; by taking into account the relation between the terms of the sequences
uand v,

4 i,j . .
Y duijuij = delu [ Y (=) (a) <zjy>sl S b(r+s>a+bvub]
iJ

a,b=0

_ Z [ii 1)rb=(i) (l) <b) sa—b—irb—a—/(r+s)i+jdklab] vii

i,j |a=ib=j J
(4.8)
for all k,1,m,n € N. Let us define the 4d matrix
oo oo o b . . o
Z Z(*l)a+b_(1+]> (a) < ) Sa—b—zrb—a—/(r+S)H—jdklab L 0<i<k0<j<I,
haij = 7 / (4.9)

0 , otherwise
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for all k,1,i, j € N. In that case, by taking f>-limit on (4.8) as ¢, & — oo, it is seen that Du = Hv. Thus, if we take into account
the fact that D € (%[r;] , ‘Kf) if and only if H € ([%f] ,%f) . with Lemma 4.1 and Theorem 3.1 in [39], we can reach the
reg

re;
conditions (4.2)-(4.7).

Conversely, from the condition (4.1), Du exists for all u = (uy;) € %[rf‘] such that v =By € [%f] and from (4.8) and (4.9), we

see that Du = Hv. Furthermore, we reach that H € (%bp, %f) reg by the aid of the conditions (4.2)-(4.6) and H € ([Cgf} ,%ff) reg
from (4.7). Thus, D € (@‘? ,%f) . O
7] reg

B(9)
Theorem 4.3. A 4d matrix D = (dy;;) € (%[rfs],///u) if and only if Dy € {%[rfs]} for all k,I € N and the condition (3.2)
holds.

Proof. If we take into account the Lemma 3.4 with the 4d matrix H defined in Theorem 4.2 in place of the 4d matrix D, we
can easily reach the proof. O

5. Conclusion

The concept of matrix domain was examined by several researchers on some single sequence spaces by using some special
matrices. As we have mentioned some of them in the current paper, double sequence spaces which are obtained by using the
domains of triangular 4d matrices have been studied by some authors recently. In the light of these and similar studies, as
a natural continuation of the papers [1]-[3], we described two double sequence spaces by using the domain of 4d binomial
matrix on the spaces of strongly almost convergent and strongly almost null double sequences. Moreover, we investigated their
some properties and inclusion relations related them, computed duals and characterized some matrix classes. We conclude that
the results obtained from the 4d binomial matrix B"**) is more general and extensive than the existent results obtained from the
4d Euler matrix E(r,s). We expect that our results might be a reference for further studies in this field.
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