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1. Introduction

For several decades, the analytical approximation methods have experienced considerable enthusiasm for differ-
ential equations which model natural phenomena affecting our environment or scientific problems of societies.
These mathematical models draw their representations from many scientific fields such as physics and chemistry
in all their generality, engineering sciences...

Differential equations flourished considerably with the development of mathematical analysis at the beginning
of the 17th century. With the emergence of nonlinear sciences, the search for analytical solutions of differential
equations became a central interest for mathematicians of the time. As a result, we see the emergence of several
methods that are proposed to respond to such concerns. Among these methods, we mention, for example, the
Adomian decomposition method which has been applied to solve linear and nonlinear boundary problems [1-4].
This method resulted in the development of several variants of analytical resolution methods such as the variational
iteration method [5, 6], the homotopy perturbation method (HPM).

This last method developed by Ji-Huan He [7,8] allowed to solve a great variety of problems modeled by linear
and nonlinear partial differential equations. Subsequently, the homotopy perturbation method was generalized to
the fractional differential equations, to the nonlinear partial differential equations of fractional order according
to the time variable in [9]. Several researches have been done to apply and extend this method to the nonlinear
partial differential equations of fractional order according to the time variable or the dimensional variable or
even according to both, for example, it was applied to the fractional biological population equation in [10], the
fractional Cahn-Hilliard equation in [11], the fractional Fisher’s equation in [12] and the fractional nonlinear
dispersive K(2,2) equations in [13].
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Fractional differential equations are of great interest in many physical problems. The interest of the fractional
derivative is linked to the mechanical modeling of materials which conserve and which memorize past deforma-
tions. The fractional derivation is ideally suited for studying this problem. The fractional calculus approach is a
very attractive tool for studying the properties and characteristics of viscoelastic objects compared to known and
already used methods. Consequently, we find that many researchers have been interested in solving this kind of
differential equations, whether ODEs or PDEs with fractional derivative [14-17].

In order to facilitate the solution of this type of equations, especially nonlinear ones, we find that many
researchers benefit from the combined the homotopy perturbation method with some known transforms, such as:
Laplace transform [18, 19], Sumudu transform [20,21], Elzaki transform [22], and that ZZ transform [23].

In our paper, we will extend the homotopy perturbation method combined with the ZZ transform which gives
the homotopy perturbation ZZ transform method (HPZZTM) to solve the nonlinear system of partial differential
equations of fractional order. This method will be applied to different types of system of nonlinear fractional
partial differential equations.

2. Basic theory of fractional calculus

In this section, we will present the basics of fractional local calculus, these concepts include: Fractional derivative,
fractional integral, some important results and fractional ZZ transform.

2.1. Fractional calculus

We present some basic definitions and properties of the fractional calculus theory as the Riemann-Liouville frac-
tional integrals and Caputo fractional derivative (see [24,25]).

Theorem 1. [24,25] Let 0 > 0 and let n = [o] + 1. If¢() € AC™ [a, b] , then the Caputo fractional derivative
(°D§,v)(C) exist almost everywhere on [a,b] . If o ¢ N, (°D{,4)(() is represented by

c o _ 1 ¢ ¢(")(T>d7
(°Dg,4)(¢) = | /0 : (1)

F'n—o ¢ —T)o—ntl’

where D = d%andn: [o] + 1.

Remark 1. [24] We consider the time-fractional derivative in the Caputo’s sense. When o € R, the time-
fractional derivative is defined as

(& g agv(%7 C)
( DCU>(%7 () = TCU
_ F(#—a) foC(C -7t 8“1(;(:,7)7 m—1<o<m,
a e =y
ocm 5

where m € N*,

Definition 1. [24] Let o € R ; the operator 17 defined on Li[a, b] by

1

¢
120 = Ty / (€ = 7)Y (r)dr; 0 > 0, @)

is called the Riemann-Liouville fractional integral operator of order . Here T'(+) is the gamma function.

Definition 2. [24] The Mittag-Leffler function plays an important role in the solution of differential equations of
fractional order, it’s defined by

> k
z
E,(z) = ;—o: TC TS R(o) > 0;z € C. 3)

z

Foro =1, we get E,(z) = €*.
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2.2. Main result of the ZZ integral transform

In this part, we will give some basic definitions and properties of the ZZ transform (see [26], [27]).

Definition 3. [26] Let v(() be a function defined for all { > 0. The ZZ transform of v(() is the function T' (v, s)
defined by

Z1(Q)] = T(v,5) = s /O " pe)e . @

Theorem 2. [27] If1)(C) is piecewise continuous in every finite interval 0 < { < K and of exponential order
for ¢ > K, then its ZZ transform T(v,s) exists for all s > p, v > p.

Proof. see [27] L]

2.2.1. Some properties of the ZZ integral transform

1. The ZZ transform of the n" derivative of v() is given by

v™(0) (5)

2. 77 transform of some elementary functions

v(C) | Z ()]
E
S

& n‘s—n,n:0,1,2,...
(¢ |[T(e+1)%,0>0.

Proposition 1. The ZZ transform of the time-fractional derivative in the Caputo’s sense is defined as

Z [(°D§,0)(€); (v, 8)] = —=Z[v(¢)] — v®0) , n—1<o<n, n=1,2,... (6)

Proof. See [26] ]

3. Analysis of the homotopy perturbation ZZ transform method (HPZZTM)

We consider the general nonlinear system of fractional partial differential equations of the form

D0 Q) Rus,€) + Nu(o6, Q) = I (,0), o
“Diw (s, ) + Ru(s, () + Nw(¢, () = ha(, (),
wheren —1 <o, <n,n=1,2, ..
and the initial conditions
" Ly (s,
[#}CIO :wn—l(%)7 n = 1727"‘ (8)

6n71 ‘
{%] =0 Pn-1(x%), n=12, ..

“DZv (5, (), CDgw(%, () are the Caputo fractional derivatives of the functions v (s, ¢) and w(s, {) respec-
tively, R is the linear differential operator, N represent the general nonlinear differential operator, and hq (s, (),
ha (5, () are the source terms.

Theorem 3. The solutions of nonlinear system of partial differential equations with Caputo time-fractional
derivative (7)-(8) by HPZZTM are given in the form of an infinite series which converges rapidly to the exact
solution as follows

N
v(s,¢) = lim Zvnzg w%():]\}im an(%,g).
OOn=0

N—>oo
31
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Proof. By applying the ZZ transform to both sides of (7) and using the differentiation property, we get

{Z[v( Ol = 3 Ticg 06,0 + 522 [ (0 0)) = £ Z (R, O + Nu(, O )
Z w0 = % g smwew® (52,0) + 52 [ha(,C)) - SJZ[ v(34,€) + New(5¢,0)]
The inverse ZZ transform of both sides of the equations (9) with the initial conditions (8) gives
v(o5,¢) = G(2,0) = 271 (5 Z[Rw(52,C) + Nu(,0)]) (10)
w(3,C) = H(3,0) - (%Z[Rv(z, Q) + Nw(.Q)) |

where G(,() and H (s, () are representing the terms arising from the non homogeneous terms and the
prescribed initial conditions. Then, the solutions represent as follows

Zp Un (52, ) Zp wn (32, €), (11)

and the nonlinear terms can be decomposed as

Nuv ZHn Nw(s, () = ZD (12)

where H,, and D,, are the He polynomials [28], and they can be calculated by

1o > :
=0 p=0 p=0

By using (11) and (12), we can rewrite (10) as

ZZO:O pnvn(%7 C) = G(%7 C) - p (Z_l [ZéZ [R Z;:O:Opnwn + Z;’L.O:OannH> (14)
00 n —1 | ¢ 0o n 0o
S p wn(4,Q) = His6, Q) = p (27 [ 52 (R0 on + 250 Dal )
We compare the both sides of (14), then we obtain the first terms of the solution
UO(%> C) = G(%v )70
Ul(%7 C) = _Zi [%Z [Rw()(%, C) + HOH s
- _ v’ (15)
va(3,¢) = =Z71 % Z [Rwi(5,¢) 4+ Hi]] .
And
WU(%v C) = H(%7 )a
wi(32,0) = =271 | % Z[Ruo(52,¢) + Dol |,
wa(,Q) = =271 |52 [Roi(,0) + Dil 4o
by continuing in the same way, we find the general recursive relations
Un1(36,0) = =27 [ Z [Rwn(5,0) + Hy]) , n > 1 17
wni1(6,0) = =271 [BZ [Ron(34,0) + Dal|, m = 1. 4
At last, the approximate solution is calculated by
N
(5,¢) = hm ZU” %,() w(x ()= A}gnm;wn(%@)- (18)
O
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4. Illustrative examples and results

In this part, we apply the HPZZTM method for solving some nolinear systems of fractional partial differential
equations.

Example 1. First, we consider the nonlinear system of partial differential equations with time-fractional deriva-

tives
{ CD‘g’v(%, C) +w(or, Qusn(s, () +v(s,() =1, 0<o<1 (19)
“Diw(3, ) — v(5, Qus(3,¢) —w( () =1, 0<d<1
subject the initial conditions
v(s,0) = e*
{ w(s,0) =e*. (20)
By taking the ZZ transform on both sides of (19) and using its differentiation property, we obtain
Z[0(4.Q)) = & + 5 Z 1 w(36, Qv ) — (34, o
Z[w(ie, Ql = e+ FZ[1 + v(3, Qux (3, () + w(5,()] .-
The inverse ZZ transform on both sides of (21) gives
(6, () = e + Ffﬂ) — 27 (% 2 [w(o5, Qua(52,C) +0(3,Q)]) o)
w(6,Q) = e + by + 27 (B2 06 Quonl4, )+ w(54,0)])
The approximate solution represent as
o0 oo
v(56,¢) = Y P on(5,C), w(s,C) =Y p'wn(5,C) (23)
n=0 m=0
Note that these nonlinear terms
oo [e.9]
= Zp"Hn , VW, = Zp"Dn (24)
n=0 n=0
are the He polynomials [28]. The first few components of these polynomials are given by
Hy = wovo,
Hi = wovis + wivos,
Hy = wova,e + wavps + w115,
and
Dy = vowos,
Dy = vow1s + v1wos,
Dy = vowase + vawos + V1W1,
Substituting (23) and (24) in (22), we get
Yo P on(5,() = € + F(a+1) P(Z7 (2 [0 P Hn + 3200 P on (54, Q)])) 25)
S0 0P wn(4,C) = €% + iy ( (% Y op" D+ Yo p"wn(C)]) )

By comparing the both sides of (25), the recursive relations are given by
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and

pO (e, () =€ + F(gj_l)

p' i vi(se,() = —Z7 (% Z [Ho + vo(52,C)])

P va(ed) = 27 (221 v () y
p3 i v3(se, ) =—2Z71 (%ZZ[HQ + v (s, C)]) (20)
P it (56,C) = — 27 (2 [Ha + on(56,0))) s 1 >0,

PP wo(se, () =e " + r(5i1)

Pl : wl(%, C) = Z_l ZT(SSZ[DO +w0(%7 C)]

p2 w?(%’ C) = Z_l ZTSZ [Dl + wl(%u C)] (27)
P* ws(s6,¢) = Z71 (5 Z [Da + wa(5, Q)]

)

pn—H D wn1(,C) = z! <ZTSZ [Dp + wn (s, C)]) , n=>0.

The first few components of uy, (s, () and wy, (3, () are

and

B 1+ e* " e ot C20’
R A NS ) N Vo N ) AU YC Py
i —1 + e ” 5 e ” o+6 <26 ’
2 20 *—1 o+6
uz(7, ¢) =T 2Jf76+1 77+ F(§+5+1)C -
(U+§+1) 420'—0—5
+ (142" + r(a+1)r(5+1)> T(20+3+1)
+ I'(c+26+1)e* <2a+26
F(5+1) (o+o+1)T (20+26+1
7@*0 +26 4 _ (B
T(0+26+1) T(30+1)
wy(5,() = —224(?@“ C% + I‘lo—treéfl COM

_ (o+5+1)e=* ¢ot2
+ (2 —e 7+ r(a+1)r(5+1)> T(o+2011)
+ ['(204+d0+1)e”* <20+2(5
T'(c+1)T (a+§+1)1"(20+26§0—1

3
+F(2U+5+1)< *+ INGIESIE

By continuing in the same way, we find the other components.
At last, the series solution v(s¢, () and w(s¢, () of (19) are given by

(2, ()

— ¥ — Ca+

" T(o+6+1)

e” 14¢e*
I'(o+1) I'(20 4+ 1)
¢+ (1 +2e% +
(o420 + 1)e*

C2U

T(oc+4d+1)e” (2o+0
e+ 1)I'(6 + 1)> ['(20+d5+1)
C20+2§

CT(o+20+1)

T(6+1)0(0 + 0+ 1)(20 + 26 + 1)

CU+25+ CBU +
T(3o+1)

e
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o e 5, Tl+e” o e o435
won Q) = T T T 0 T T s D’

. To+d+1)e” ¢ot
+|2—e "+
ot )G +1)) T(o+20 + 1)
N I'20+d+1)e (2020
e+ 1)I'(c+0+1)'(20 +625+ 1)
e ” 20+0 C3
o rsrnt T r@eE1)

When o =1 and § = 1, the series solutions of (19) are
U(”a C) = UO(%v C) + ul(%a <) + u2(%7 C) +..=¢€" (1 - C.: + % B %? + ) e%_c

w(%’ C) = WO(%a C) +U.)1(%, C) + WQ(%a C) +.=e" <1 + C + % + %? +o) = 6_%+<7

they represent the solutions exact solution of (19)-(20) given in [29].

Example 2. Now, we consider the following nonlinear system of partial differential equations with time-fractional
derivatives

CD§U =—v—h,wy +hyw,, 0<0<1
CDch =h, 0<i<1 (28)
CDgw:w—v%w%—uywy, 0<pu<l1

subject the initial conditions

v(2,y,0) =2 +y; h(xy0)=1+x—y; wiey0)=—x+y. (29)

By applying the ZZ transform with its differentiation property on (28) and using the initial conditions (29), we
get

Zv] =x+y+ 2 Z[ v — hywy + hyw,,|
Zhl=14»x—-y+?* Z[h] (30)
Zwl=—-x+y+ ”HZ[ — Uplye — Uyy] .

The inverse ZZ transform on both sides of (30) gives

U(%yC):%+y+Z_ ( Z[ U= %Wy+hywk])7
h(se,y,¢) =1+ 3 — y+Z (%Z ) 31)
W(%,y, C) =—x+ Yy + zZ" H [w Uselse — Uywy])

The solution forms an infinite series represent as

v(3,9,¢) = van%yc h(%,y,¢) = Zp"h (54,9, €), (6,9, () = prn%yC- (32)

The nonlinear terms
o0 o0 o0 o0
hzwy = anAn ; hywk = anBn 5 UslWse = ancn ; Uyly = anDn (33)
n=0 n=0 n=0 =0

are the He polynomials. Substituting (32) and (33) in (31), we get
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S P n(3,y, Q) = s+ y +pZ 7t (L Z [ 300 o p un —

o 7 — 00 S8} 7
Zn:Op hn(%u Y, C) =1 + - y+pZ ! (STZ[ZTL:OP hn]) )

Z?LO:O pnwn(%a Y, C) =—x+y —l—pZ_l (%Z [ZZO:O p"wp — Z;:O:Opncvn - Z;.Lozoann]) .

We compare the both sides of (34), then we get the recursive relations

and

Finally

UO(%7y7C) = %+y .
v1(56,y,0) =271 (%ZZ [—vo — Ao + By))
va(56,y,() =271 (ZT;Z [—v1 — Ay + B1])
v3(56,y,¢) = Z7H (% Z [—vy — Az + By))
Un1(56,9,0) = Z71 (% Z [-v, — Ay + By)), n >0,
hO(%7y7C) - 1+%_y
I (36,y,¢) = 271 (% Z [ho]
ha(3¢,y,¢) = 271 (% Z []
ha(s2,,C) = 27 (5 Z [ho]
hns1(4,9,0) = 27 (52 [ha]) , 020
WO(%JJ’ C) - _%+y
wi(36,y,¢) = Z7 (% Z [wo — Co — Dy))
wa(56,y,¢) = Z71 (% Z w1 — C1 — D)
U.)‘g,(%,y, C) =z (%Z [w2 - 02 - DQ])

The first few components of vy, (3¢,y, (), hn(3¢,y, () and wy(32,y, () are

Ul(%a Y, C) =7z! (%Z [_UO - hO%WOy + hOyWOm])

o

= —(%—Fy)%

m(ey.) =27 (%2[h))
9

wl(%7 Y, C) = Z_l (%Z [0‘22 — VW03 — UwaOy])
= =7 )

\

And the second component of the solutions are given by the formulas

36

Z?LOZO p"An + Zzozo pan]) )

(34)

(35)

(36)
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\

( v2(5,y,() = z! (;}TZ [2_ — hoswiy —
=0ty F(2<0+1)
ha(ey,C) =27 (52 (]
<25
= (42— y)
wa(s,y,0) =2~ ( Z [w1 — 005w — V15005

2
= (—*+Y) 130D F(2M+1)'

By contination the calculations, we find

vs(eyC) =2 :

~(¢+ )5

Un(%v Y, C) =

et

né

hn(6,9,0) = (1+ 5 — ) 55557y

et

w3(%7ya<) =7 2
n

= (= + y)I‘(Z‘f,qul)

(nm

Wn(zayvg) :( %_'_y)m

Finally, the series solutions of (28) are given by

v(5,y,()

h(,y, ()

=(%+y)<1—
:(%+y)2§o%

s 26
=1+x—y) (1 + F(§+1) + F(2<5+1) T
. 5\n
= (1+%_y)2n:0%
= (1+ 32— y)E5(¢%),

= Z;O:O Un(%a ya C)

CQO‘

€3o' Cna

hl%WOy + hwal;{ + hlyWO%])

— UoyWiy — V1yWoy))

1 (%Z [—'UQ — A2 + BQ])

(=1)"(>x+y) (5211)

(38)

( Z[CL)Q —Cg —DQ])

CO‘
T(o+1) + T(20+1)

= (r +y)Es(—=(7),

= Zn:O hn(%7 y7 C)

I'(30+1) .. E I'(no+1)

+ )

(39)

w(y,0) = 0 wn( Y, C)

=(—»x+y) (1+ N

= (=x+y) >t T(np+1)
= (=x+y)

4-35 Cné
@) T T ey T )

(c")?

(40)

(¢)?
u+1) + e

(¢

B (¢H).

Wheno =1, =1 and =1, we get

(% + y)EO'(_C) =
(1+ 32 —y)Es(C) = (1
(= +y)Eu(C) =

v(s,y,Q) =
h(s,y,¢) =
w(s,y,¢) =

I'(3u+1)

CH
oot g + )

(4D

(s +y)eS.

+ 3¢ — 7)eC. (42)

(=5 +y)eS,

which are the solutions of our nonlinear system (28)-(29) presented in [29]).
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5. Conclusions

In this work, we applied a precise analytical method called the homotopy perturbation ZZ transform method
(HPZZTM) to solve the nonlinear system of fractional partial differential equations. This method is a combination
of two methods: the homotopy perturbation method and the ZZ transform method. In our main study, we extend
the study of the work presented in [23], which deals with the solution of some nonlinear fractional differential
equations. Where we have extending the HPZZTM method to obtain analytical solutions of nonlinear systems
of fractional partial differential equations. This algorithm is easy to apply and effective in reaching the desired
results, as illustrated by the examples of coupled and triple nonlinear systems that we have solved. These results
lead us to say that this algorithm is powerful and effective to apply to this type of systems, and thus can be applied
to the others nonlinear system of fractional partial differential equations without or with variable coefficients of
engineering or medical sciences as: Rotavirus epidemic system and Susceptible-Infected-Recovered (SIR) and
other nonlinear problems [30].
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