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1. Introduction

The most basic building blocks of classical differential geometry are curves. There are many studies on Frenet curves and they
are useful for investigating the geometric properties of regular curves. Especially, the subject of curves with singular points was
discussed in the 20th century. However, recently, the subject of curves with singular points, for which a Frenet frame cannot be
formed at a particular point, has been discussed from a different perspective. Honda and Takahashi introduced the concept
of framed curves to examine curves with singular points in terms of differential geometry [1]. These curves, called Framed
curves expressed by Honda and Takahashi, are a natural generalization of Frenet curves. Moreover, Wang et. al obtained a
moving adapted frame to investigate the properties of rectifying curve with singular points in R3, and this frame was used to
analyze some special curves with singular points [2]. For more details on the notion of framed curves, see [3]-[9].

In Euclidean space R, curves whose position vector is always in the normal plane are normal curves, and also these curves are
spherical curves [10]. Analogously, timelike normal curves in three-dimensional Minkowski space is defined as the curves
whose normal planes always contain a fixed point. Therefore, the position vector of such curves with respect to some chosen
origin always lies in its normal plane [11]. In particular, timelike normal curves lie in the pseudosphere in R?. In addition, the
characterizations of timelike and spacelike normal curves in Minkowski space R% have been examined recently, [12], [13].
Bahar et. al has been studied framed normal curve in R3 [4].

In this paper, inspired by [2] and using Euler angles [14], we obtained moving adapted frame for framed curves in R*. We
define generalized Frenet vectors and framed curvatures to investigate the geometric properties of framed curves in R*. After
that, we introduce framed normal curves in R*. We give some characterizations for framed normal curves. we obtained the
necessary and sufficient conditions for such framed curves to be framed normal curves.
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2. Preliminaries

Let R* be the 4—dimensional Euclidean space equipped with the inner product

4
<X,y >= in)’h
i=1

where x = (x1,X2,%3,%3),y = (y1,¥2,V3,y4) € R* and norm of x € R* is given by ||x|| = /< x,x >. Vector product in R* is
given by

€l ey €3 é4
X X X X.
XXyXz= 1 2 3 4
Yo y2 Y3 Y4
1 22 13 Z4

where x = (x1,%2,X3,%4),y = (y1,Y2,¥3,4) ,2 = (21,22,23,24) € R* and ey, e, e3, e4 are the canonical basis vectors of R*.
Let A3 be a 6—dimensional smooth manifold as follows

Az = {IJ' = (I-ll,llz,IJS) €R4 XR4 ><]R4| < Wi [y >= 6ij7iaj: 172>3}
We can define a unit vector v = ) X I, X u3 such that det (v, uy, up, u3) = 1

Definition 2.1. (y,u) : I — R* x A; is said to be framed curve if <y (s), i (s) >=0forall s cITandi=1,2,3.7:1 — R*is
called as a framed base curve if there exists I : I — Az such that (y, L) is a framed curve, [1].

By following similar way as the curvatures of regular curve, we can define smooth function for a framed curve. Let
{v(s),u(s)} be a moving frame along the framed base curve y(s). Then, we have the Frenet-Serret type formula, which is
given by

 (s) 0 fls) g(s) hls) || (s
ws) | _ | =f(s) 0 ) k(s) || mafs)
13 (s) —g(s) —jls) 0 U(s) 13 (s)
V' (s) —h(s) —k(s) —I(s) O v (s)

where f(s),g(s),h(s),j(s),
I — R such thatj/( )=a(s)

singular points of 7y iff a (so)
singularities.

k(s) and [ (s) are smooth curvature functions. Moreover, there exists a smooth mapping « :
v( ). (f(s),g(s), ( ),J(s),k(s),l(s),a(s)) are called curvatures of y at y(s) . Clearly, s¢ is
=0.(f(s),g(s),h(s),j(s),k(s),l(s),a(s)) are useful to investigate the framed curve and its

Theorem 2.2. Let (f,g,h,j,k,1,a) : [ — R* be a smooth mapping. There exists a framed curve (y,it) : I — R* x A3 whose
associated curvature of the framed curve is (f,g,h, j,k,1,00) [1].

Theorem 2.3. Let (v,1) and (7,1) : I — R* x Az be framed curves whose curvatures of the framed curves (f,g,h, j,k,1, )
and (]7, g.h k1, 55) coincide. Then, (y,1t) and (,1M) are congurent as framed curves [1].

Let (y,u) : I — R* x A3 be a framed curve with (f,g,h, j,k,1, &) . By using Euler angels ) = (11,M2,73) € As is defined by

m cosfcosy —cos@siny+sin@cosysin®  sin@sin Y+ cos @ cos Ysin O Ui
M | = | cosOsiny  cos@cosy+sin@sinysin®  —sin@cos Yy -+ cos@sinysind 153
3 —sinf sin@cos 6 cos @ cos B u3

where 0, @ and y are smooth functions. By straightforward calculations,
V=M XM XT3 =M X W X 3 = V.
So, (7,m) : I — R* x As is also a framed curve. Assume that

tan y
cos O

=Isin@ —kcos ¢
and

h=cotB (Icos @ +ksin@)
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are satisfied for given smooth function 6, ¢ and y (Euler angle), the adapted frame along 7y (s) is given by

v/ (s) 0 p(s) 0 0 v (s)
15 (s) 0 —q(s) 0 r(s) n2(s) '
M3 (s) 0 0 -r@s) 0 3 (s)

where (p (s),q(s),r(s), o (s)) are framed curvature of ¥ (s) and their expression are
p = —hsecOsecy,
q=—(j—¢)sin6—y/,
r= b (i g))

and the following equalities

f=—sin@ (0" —rsiny),
g=—cosQ (0 —rsiny),
. cosy

J =T oso +6'

hold. We can call the vectors v, 1, 12,73 the generalized tangent, the generalized principal normal, the generalized first
binormal, and the generalized second binormal vectors of the framed curve, respectively.
In order to give a definition of the framed spherical curve, let us recall that a 4—dimensional hypersphere S° is

§3 = {x€ R4| <xX—mx—m>= c2}
where ¢ € R is the radius and m is the center of hypersphere.

Definition 2.4. Let (7,1) : I — R* x A3 be a framed curve. We call 'y a framed spherical curve if the framed base curve y is a
curve on $3 [2].

3. Framed normal curves in Euclidean 4-space

In this section, we characterize the framed normal curve with non-zero framed curvatures in R*.
Let (y,n) : I — R* x A3 be a framed curve with non-zero framed curvatures. Then its position vector satisfies

Y(s) = A(s)mi(s) + u(s)ma(s) +p(s)n3(s)- G.D

By differentiating of (3.1), we obtain

av=(—pA)v+ A —qu)ni + (gA+u' —rp)m+ (ru+p")ns
and therefore
—pr=a, N —qu=0, gA+u —rp=0, ru+p =0. (3.2)

From the first three equations, we obtain

_al) L (a1 (a1 (a0,
1) ==5m6 o5 (57 ) ™0 mw( »G) *(ww(mw)))m(’ G

Then we can give the following theorem.

Theorem 3.1. Let (y,1) : I — R* x A3 be a framed curve with non-zero framed curvatures. Then, (y,1) is congruent to a

framed normal curve iff
20 (o) - (g (2992 (5 (22)))

~—
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Proof. First assume that (y,7) is congruent to a framed normal curve. Then substituting (3.3) into the fourth equation of (3.2),
we obtain imply that (3.4) holds.
Conversely, assume that relation (3.4) holds. Let the vector m be given by

RN MRS B 1O R SRPRS By IO IO SR IO R
)=y ”‘(”q<s>(p<s>)"2(”r<s>( p() +(q<s>(p<s>>>>"3”' G

By differentiating (3.5) with respect to s and by applying (2.1), we obtain

= (5 (2 (15 f

From relation (3.4) it is easily seen that m is a constant vector. So, (7,1) is congruent to a framed normal curve. O

Theorem 3.2. Let (7,n) : 1 — R* x A3 be a framed curve with non-zero framed curvatures. If (v,m) is a framed normal curve,
then the following statements hold:

(i) the generalized principal normal and the generalized first binormal component of the position vector Y are respectively
given by

]
=

DS (3.6)
!/ .

__ 1 ( a

<V >= q<s>(p<s>)

)

Z

=

(ii) the generalized first binormal and the generalized second binormal component of the position vector 'y are respectively

given by
(P >)/’ N
(s (a0 (5)) ).

Conversely, if one of the statements (i) or (ii) holds, then (7y,M) is a framed normal curve.

=

<Y,M >=—

—~|

s)

]
)

q

—

<7v,M3 >=—r

—~]

5)

Proof. Let (y,m) be a framed normal curve with non-zero framed curvatures. Statements (i) and (ii) are easily obtained from
(3.3).

Conversely, if statement (i) holds, differentiating the first equation of (3.6) and by using (2.1), we obtain < ¥, v >= 0 which
means that (77,1) is a framed normal curve. If statement (ii) holds, in a similar way it is seen that (77, 1) is a framed normal
curve. O

Theorem 3.3. Let (v,1) : I — R* x Az be a framed curve with non-zero framed curvatures and y has at least one non-singular
point. Then (v,M) is a framed normal curve if and only if 7 lies on S°.

Proof. Let (y,n) : I — R* x A3 be a framed curve with non-zero framed curvatures. By using (3.4), we obtain

S GEN (GO ECEN)-

The above equation is differential of the equation

2 N 2 N 2
a 1 /o | | o/
7G5 GEN) — or
P q\p r P q\p
By using (3.5), it is easily seen that < y—m,y—m >= 2. So, this implies that 7y lies on $> in R*.
Conversely, let ¥ lies on $* in R?, then

<)/—m,}/—m>:c2 ,cERT, 3.7

where m € R* is the constant vector. By taking the derivative of (3.7) and ¥ has at least one non-singular point, we get
< y—m,v >=0, which implies that (y,n) is a framed normal curve. O
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Lemma 3.4. Let (y,n) : I — R* x Az be a framed curve with non-zero framed curvatures. Then, (y,M) is congruent to a
framed normal curve iff there exists a differentiable function & (s) such that

irts) =1 (5 (4)) G

_

In the following theorem, we obtain the necessary and sufficient conditions for such framed curves to be framed normal curves.

Theorem 3.5. Let (7,1) : I — R* x A3 be framed curve with non-zero framed curvatures. (y,n) is congruent to framed
normal curve iff there exist constants ay, by € R such that

e R = R A e I

where ®(s) = Ofyr (s)ds.

Proof. If (y,m) is congruent to a framed normal curve, according to Lemma 3.4 there exists a differentiable function & ()
such that relation (3.8) holds. Let us define differentiable functions @(s), a(s) and b(s) by

(s)sinw(s ) f a([; 905) cos (s)ds, (3.10)
(s)cosw(s)— [ OC(; sin(s)ds.
By using (3.8), we easily find @'(s) = r(s), d’ (s) =0, b’ (s) = 0 and thus

a(s)=ap, b(s)=bgy, ap,by € R. (3.11)

By multiplying the last two equations in (3.10), respectively with cos @ (s) and sin @ (s), adding the obtained equations and
using (3.11), we conclude that relation (3.9) holds.
Conversely, assume that there exist constants ag, by € R such that relation (3.9) holds. By taking the derivative of (3.9), we find

Cas)gls) < 1 <a (s)>/>/ (s —(ao+ [ 706(;2;1)(3) cos @ (s) ds) sino (s) G12)
p(s) q(s) \ p(s) +(bo+ [ (;z?)(s sin (s) ds) cosm(s) | '
Let us define the differentiable function & (s) by
1 (a(s)g(s) ( 1 (a(s)>’>’
)= —— + . (3.13)
-0 r@>< p6) \a® \p()

Next, relations (3.12) and (3.13) imply

§) = (ao + / a(;)(;])(s) cos o (s) ds) sin @ ( (bo +/ sm o (s) ds> cos @ (s).

!/

By using the above equation and (3.9), we obtain &'(s) = —;(—ig (%) . Finally, Lemma 3.4 implies that (v, 1) is congruent
to a framed normal curve. O
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