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Solvability of a Three-Dimensional System of
Nonlinear Difference Equations

Merve Kara

Abstract
In this paper, we solve the following three-dimensional system of difference equations
T — Yn—42n—5
" Yn—1 (an + bnznf2xn73yn74zn75)7
Yp = Zn—4Tn—5
" Zn—1 (an + ﬂnxn—Qyn—Szn—4$n—5) ’
T AW
o n—4Yn—>5 n € No,

Tn—1 (An + Bnyn—QZn—3xn—4yn—5) ’

where the sequences (an),, ey, (n)nenys (@) nenys (Brn)nenys (An)nenys (Bn)pen, and the initial values
z_j,y—;, j = 1,5, are real numbers. In addition, the constant coefficients of the mentioned system is
solved in closed form. Finally, we also describe the forbidden set of solutions of the system of difference

equations.

Keywords: System of difference equations; Closed-form; Forbidden set.
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1. Introduction

Difference equations emerge from generation functions, numerical solutions of differential equations or mathe-
matical models of physical events. Therefore, difference equations or systems of difference equations are important
for many researchers. Because they use them in economics, physics, biology, engineering. Especially, mathemati-
cians are interested in system of difference equations or difference equations [1-8, 10-18, 2022, 25-39]. For example,
the difference equation

Tn—3%n—4 n € No, (1.1)

Tnyl = ’
T (:l:l + xn—l£n—2-£n—3£n—4)

was studied in [9]. Elsayed have shown that this difference equation can be solved in closed form by using the
method of induction.
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In addition, Stevi¢ found the general solution of following extension of difference equations (1.1)

Tp—3Tn—4
Tn (Cl + bxn—lxn—2x7z—3-rn—4)

Tpy1 = , n € Np, (1.2)

where the parameters a, b and the initial values z_;, j = 0, 4, are complex numbers in [24].
The authors of [19] found formulas for exact solutions of the following equations

Tp—3Tn—4
Tpyl = n € Np, (1.3)
nr Tn (an + bnxn—1xn—2xn—3xn—4)7
where a,, and b,, are real sequences.
Moreover, in [40], the following system of difference equations
Tn—4Yn—>5 Yn—4Tn—5 ne No, (14)

In = >>yn:

B Yn—1 (an + bnxn—2yn—3xn—4yn—5 Tn—1 (an + ﬂn,yn—2$n,—3yn—4xn—5)7

was solved by Yazlik and Kara where the sequences (a,),,cx,, (0n),en, s (@n)nen,s (Bn)nen, @and the initial values
x_i,y—;, i = 1,5, are real numbers. Further, we investigated asymptotic behavior and periodicity of solutions of
system (1.4) when all sequences are constant.

In this paper, we study the following system of difference equations

. — Yn—42Zn—5
n = )
Yn—1 (an + bnzn72xn73yn74zn75)
Yp = Zn—4Tn—5
n — ’
Zn—1 (Oln + 6nxn—2yn—32n—4zn—5)
Tn—4Yn—5
2y = n € No, (1.5)

Tn—1 (An + Bnyn72zn73mn74yn75)’

where the sequences (an),,cn,, (0n)neny (@n)nenys (Br)neny (An)nenys (Bn)nen, and the initial values z_;,y_;,
j = 1,5, are real numbers. System (1.5) is a generalization of equation (1.1), equation (1.2), equation (1.3) and
system (1.4). Our aim in this paper is to show that system (1.5) is solvable in closed form by using the method of
transformation. In addition, the forbidden set of initial values for solutions of system (1.5) is described. Then, for
the case when all the coefficients are constant, solutions of system (1.5) are obtained.

Lemma 1.1. [23] Let (a")neNo and (bn)neNo be two sequences of real numbers and the sequences Yym+i, @ = 0,k — 1, be
solutions of the equations

Ykm+i = Qkm+iYk(m—1)+i T Okm+i, m € No. (1.6)

Then, for each fixed i = 0,k — 1 and m > —1, equation (1.6) has the general solution

m m m
Yem+i = Yi—k H Akj+i + g brsti H Qlej+i-
J=0

s=0 Jj=s+1
Further, if (an), ey, a1d (bn), ey, are constant and i = 0,k — 1, m > —1, then

17am+1

Y am+1yi7k +0b 1—a lfa 7é 17
km+i — .
" Yik +b(m+1), ifa=1.

2. Closed-Form Solutions of System (1.5)

In this section, we show that the system (1.5) is solvable in closed form. We will deal only with well-defined
solutions to system (1.5). Hence, we assume that

ZCn;éO, yn#oa Zn#07n2_57

and

an + bnzn—2$n—3yn—4zn—5 7& 07 an + ann—2yn—3zn—4mn—5 7& 07 An + Bnyn—2zn—3xn—4yn—5 7é 07 n e NO-
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Let {(%n,Yn, 2n)},,>_5 be solutions of system (1.5). If at least one of the initial values z_,y_, 2, k = 1,5 is equal
to zero, then the solutions of system (1.5) is not defined. For instance, if z_5 = 0, then yo = 0 and so z; is not
defined. Similarly, if y_5 = 0 (or z_5 = 0) then zy = 0 (or zp = 0) and so y; (or z1) is not defined. For k = 1,4, the
other cases are similar.

On the other hand, if z,,, = 0 (n1 € Ny), z, # 0, for every n < n;. Then according to the first equation in (1.5) we
get that y,,, —4 =0 0r z,,,_5 = 0. If y,, _4 = 0, then according to the second equation in (1.5) we get that z,,_s = 0.
If z,,—5 = 0, then according to the third equation in (1.5) we get that y,,, 10 = 0. Repeating this procedure, we
havea i, € {1,2,3,4,5} such that y_;, = 0 or z_;, = 0. Similarly, if y,,, = 0 (n2 € Ny), y» # 0, for every n < na.
Then according to the second equation in (1.5) we get that z,,,_4 = 0 or ,,_5 = 0. If z,,,_4 = 0, then according to
the third equation in (1.5) we get that z,,,_g = 0. If ,,,_5 = 0, then according to the first equation in (1.5) we get
that z,,_10 = 0. Repeating this procedure, we have a i5 € {1,2,3,4,5} such that z_;,, =0orxz_;,, =0.Ifz,, =0
(n3 € Np), 2, # 0, for every n < ng. Then according to the third equation in (1.5) we get that x,,,_4 = 0 or y,,,_5 = 0.
If ,,,—4 = 0, then according to the first equation in (1.5) we get that y,,,_g = 0. If y,,,_5 = 0, then according to the
second equation in (1.5) we get that z,,,_19 = 0. Repeating this procedure, we have a i3 € {1, 2, 3,4, 5} such that
z_;; = 0ory_;; = 0. Repeating this procedure we find a ¢ € {1,2,3,4,5} such thatz_; =0ory_; =0or z_; =0.
As we have proved above, such solutions are not defined. Hence, of some interest is the case when

I717é0a yn%oa Zn¢03n2*5

Note that the system (1.5) can be written in the form

Zn—2Tn—-3Yn—42n—5
)
an + bnzn72mn73yn74zn75)
Tn—2Yn—32n—4Tn—5
b
Qo + ﬁnxn—Qyn—3Zn—4xn—5)
Yn—22n—-3Tn—4Yn—5
, n € Np. (2.1)
An + Bnyn72zn73$n74yn75)

TnYn—12n—2Tn—-3 = (

Ynin—-1Tn—2Yn—3 = (

ZnTn—1Yn—22n—-3 = (

Employing the change of variables

1 1 1
Un = y Wn = y I 2 723 (22)
Yn2n—-1Tn—2Yn—3 AnTn—1Yn—22n—3

Up = ’
TnYn—12n—2Tn—3

system (1.5) is transformed into the following system of linear difference equations
Up = ApWp—2 + bna Up = Qpln—2 + 67“ Wy = Anvn—Z + Bna ne NOa (23)

from system (2.3), we get

Un+6 = Ant6An+aQni2Un + ani6AntaBnia + anreBrya + buye, n > =2, (2.4)
Unt6 = an+6an+4An+2vn + an+6an+4Bn+2 + an+6bn+4 + 6n+67 n = _27 (25)
Wn+6 = An+6an+4an+2wn + A71,+Gan+4bn+2 + An+6ﬂn+4 + Bpie, 12> —2, (26)

which are nonhomogeneous linear sixth-order difference equations with variable coefficient. If we apply the

decomposition of indexes n — 6n + j, for some n € Ny and j = —2,3 to (2.4) and (2.6), then they become
U(nt1)+j = @6n+j+6A6n+j+406n+j+2U6n+j + A6n+j+6A6n+j+486n+i+2 T Aen+j+6Bon+j+a + bentj+6, (2.7)
V6(n+1)+j = X6n+j+6@6n+j+4A6n+j+2V6n+; + Q6ntj+66n+j+4Ben+j+2 + Qon+j+6b6n+j+a + Bon+j+6, (2.8)
We(nt1)4+j = A6n+j+606n+j+406n+j+2Wen+j + Aen+j+6Q6n+j+aben+j+2 + Aentjt6B6n+j+a + Bontjve,  (2.9)
for n € Ny, which are first-order 6-equations. Let ugf ) = UGn+5, vﬁf ) = V6n+5 wff ) = Wen+; forn € Ngand j = —2,3
and

YD) = G6ntj+6A6n+j+406n+j+2,

0) = antj+6A6n+j+aBontjt2 + Aontj+6Bontj+a + Dontjte, (2.10)
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A9 = Qontit6a6n+i+adontjte,

09) = Qgny jr6G6ntiraBentjre + Q6nsjrebontita + Bontite, (2.11)

9 = Aontj+6Q6n+j+406n+j+2;

09) = Agnyjr6Q6ntitabontjre + Asntitr6Bontjta + Bentite- (212)

Then equations in (2.7)-(2.9) can be written in the form

ully =P + ), n € No, 219
ol =AU 450, n e No, 19
willy =70l +39, n e N 219

for j = —-2,3.
From (2.13)-(2.15) and Lemma 1.1, we have

n—1 n—1
W = (H 7,9)) s (
k=0 1=0

-1

I1 ﬁ”) s, (2.16)
1

n
k=i+

n—1 n—1 n—1

o= () 511 )3, @)
k=0 =0
n—1 n—1

k=i+1
o= (T )5 (11 0) @1
k=0 =0 \k=i+1

for n € Ny, j = —2, 3. Using (2.10)-(2.12) in equations (2.16)-(2.18), we obtain

n—1
gnts = | [ (aekris6Aensjracentive) | us
k=0

|
—-

n

n—1
+ ( H (a6k+j+6A6k+j+4a6k+j+2)> (a6i+j+6A6i+j+456i+j+2 + a6i+j+GBGi+j+4 + b6i+j+6) ’ (219)
i k=i+1

n—1 n—1
+ ( H (a6k+j+6a6k+j+4A6k+j+2)> (a6i+j+6a6i+j+4BGi+j+2 + a6i+j+6b6i+j+4 + ﬁ6i+j+6) ) (2-20)
i k

n—1
Wen4j = (A6t j+6Q6k4j+406ktj+2) | W)
J j j j j

1

n—1 n—
+ < H (A6k+j+6a6k+j+4a6k+j+2)> (Aitjr6a6itjrabeitjra + AsivjreBoitjra + Boivjve), (221)
3 k=i+1

forn € Ny, j = —2,3.
When the coefficients are constantsi.e., a, = a, b, =b, o, = @, 8, = 3, A, = A and B,, = B, formulas (2.19)-(2.21)
becomes

AV s o (e o4 B.b A1
u6n+j:{(aa ) UJ+ l—aaA (a 5"'& + )7 ac # ) nENO, (222)

uj + (a¢AB +aB +b)n, acA =1,
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AV gy, 4 1z(aad)™ B b A£1
Vomss — (acA)" v; + T2 (aaB +ab+ ), aaA#1, n e N, 2.23)
vj + (eaB +ab+ B)n acA =1,
n aaA)
acA) w; + ———— (Aab+ A+ B acA # 1,
wonyy = { 2 ( Jo 00dEL o, (224)
wj—i—(Aab—i—AB—i—B) acA =1,
for j = —2, 3. From equalities in (2.2), we get
1 _ _ _ _ _5Up_
v — _ U, = O1Wnes, U 1UWnoslUne (2.25)
UnYn—12n—2Ln—-3 Unp UnpUn—4a UnpUn—4Wn—8
1 n— n— n— n— n—5Un—
Yn = = e 127174 = wmn78 = wynfl% (226)
UnZn—1Tn—2Yn—3 Un, UnWp—4 UnWp—4Up—8
1 Upy— Up—1Vn_5 Up—1Vp—5Wyy—
Zn = = 151;11—4 = 17yn—8 = Mfzn—l% (227)
WnTp—1Yn—22n—3 Wnp, WpUn—4a WpUp—4Un—8
for n > 7, from which it follows that
6(2s++ 14 252 | ) 4r—7-6] 752 | Wo (25414252 |)+r—5-6] 752 |
T12m4-61+r = L6l4+r—12 H ) ( )
=0 6(2s+l+1+U ) pr—6-6] 252 | V6(2s+1+| 252 ) ) +r—4—6] 52]
Uo(2a 414155 )) =901 55" (228)
We(25+1+ 755 | )+r—8-6| 755 |
6(2s 41+ 752 | ) +r—7—6[ 752 | Y6(2s+1+[ 52 |)+r—5-6 52
Y12m+6l+r = Y6i+r—12 H ) £ ( £ ) £
=0 6(2s+l+1+y A ) +r—6-6] 752 | We(2s+1+] 752 |)+r—4—6] 252
U6(2s+1+[ 257 | )+r—9-6 57 (2.29)
U6 (25414 [ 258 | )+ —8—6] 750
and
Yo (2114 [ 252 ) +r—7—6 252 | V(2514|252 ] )+r—5-6] 52 |
212m+6l+r = 26l+r—12 H ) ( )
s—0 6(2e+l+1+U 2 ) +r—6— = 6(2s+1+| 752 ] )+r—4—6| =52
w s r—7 r_9_g| =7
) St 0 U 230)
V6 (25+14+ 250 | ) +r—8—6] 750
for every m € Ny, I € {1,2} and r = 1,6. Employing (2.22)-(2.24) in (2.28)-(2.30), we have
s lr Es Lr Fs lr
m r = r— ’ = = 5 2.31
T12m+61+r = T6i+ 1251_[0 Corr Conr Hors (2.31)
i lerﬁslr F\slr
Y12m+6l+r = Y6l+r—12 = = = (2.32)
o " 51;[0 Cs,l,r Gs,l,r Hs,l,r
i -55 L,r Es,l,r ﬁs,l,r
Z12mA46l4+r = Z6l+r—12 H = = =, (2.33)

s=0 Cs,l,r Gs,l r Hs l,r

) by
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for every m € Ny, 1 € {1,2} and r = 1,6, where

2s+1+| Z52

Cstr = H a6k+r—6t%ﬂA6k+7-—2—6L%Ja6k+7-—4—6L%J) Ur—6-6 52 |
k=0

25+ T52 | [2sH14[ 252

+ Z H (%kw—e’[%“] A6k+7-—2—6\_%j a6k+7-—4—6\_%j)
i=0 k=i+1

x <a6i+r—6[%4jA6i+r—2—6[%;4J561'+r—4—6L%4j + a6i+r—6L%4jB6i+r—2—6L%4J + b6i+r—6L%J) )

2s+1+[ 752 |
Dy = H a6k+r7176L%ja6k+r7376L%JA6k+r7576L%j) Up_7—6| 252
k=0
2s+H1+ [ T52 | [2s+1+] 50
+ § : H (a6k+r7176\_%Ja6k+r7376|_?JA6k+r7576L%J>
i=0 k=i+1

x <a6i+r—1—6L%‘r’Ja6i+r—3—6\_T6;5JB6i+r—5—6L%5J + a6i+r—1—6LTT’5Jb6i+r—3—6U6;5J + 56i+r—1—6U6;5J) )

2s+1—-1+| 252

Esir= H (A6k+r+176L%3Ja6k+r7176L%3Ja6k+r7376[%;3J) Wy 56 753 |
k=0

2s+l—1+| 752 | [2s+1-1+[ 752 ]

+ Z H (A6k:+r+176[%3ja6k+r7176U‘%3Ja6k+r7376[%;3J)
=0 k=i+1

X <A6i+r+1—6L%JO‘6i+r—1—6L%3jbﬁi+r—3—6L%J + A6i+r+1—6L%3Jﬂ6i+r—1—ﬁwg3j + B6i+r+1—6[%1) J

2s+1—14[ 257 |

Foir = 11 (a6k+r7376L%7jA6k+r7576LTT_7Ja6k+r7776L%7J) Uyp_g_g|r=T7)
k=0
2s+Hl—14| 257 | [2s+1-14[ 57|
+ Z H (a6k+r7376L%7j A6k+r7576L%7J a6k+r7776L%7J>
i=0 k=i+1

x (a6i+r7376ﬂg7 A6i+r7576L%jﬁ6i+r7776L%J + a6i+r7376L%jB6i+r7576L%j + b6i+r7376|_%J) )

25+1—1+[ 252 |
G = H a6k+r+2—6L%Ja6k+r—6L%jA6k+r—2—6[TT_2J) Up_4—6| 52|
k=0

2sHl—1+[ 252 ] [2s4+1-14| 252

+ > II (a6k+r+2—6L%ﬂ Qktr—6 252 | A6k+r—2—6LTT_2J)
i=0 k=it1

X (a6i+r+276L%2Ja6i+r76[rT’2JBGi+r7276L%2j T Q26|22 Vgitr_6 m22 ] T ﬁ6i+r+276fe%2j) )
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2s+1—14+[ 758 |

Hgpp = H (A6k+r7276ﬂ%6ja6k+r7476LTT’6Ja6k+r7676[%6j) Wy_g_6| 25|
k=0

2s+l—14+| 758 | [2s+1-14+[T5°]

+ Z H (A6k+r7276L%j Cktr—a—6] 220 | a6k+r7676L%J>
i=0 k=i+1

x (A6i+r—2—6L%.5J0‘61+r—4—6[%]b6i+r—6—6L%5J + A6i+r—2—6LLGGJ56i+r—4—6L%.5J + B6i+r—2—6\_%.5j> )

25+ T52
Cotr = H aﬁkJrT*GL%Jaﬁkﬂf?*GL%JA6k+rf4*6L%J) Ur—6-6| 52
k=0
2s+HI+ [ T5E | [2s+1+][ 52
+ ) II (a6k+r76L%Ja6k+r7276|_%JA6k+r7476L%j)
i=0 k=i+1
X (%Hr—m%ﬂmw—z—q%jBﬁi+r—4—6[%4j + a6i+r—6\_%jb6i+r—2—6L%J + 561+T—GUT*4J) )
2s+1+ [ 752 |
Dy = H A6k+r—1—6[%]O‘Gk+r—3—6[%]a6k+r—5—6[%ﬂ) Wy 76| 755 |
k=0
25+ 552 | [2s 14| 52 ]
+ Z H (Aﬁk-&-r—l—GLrT"r’jaﬁk+r—3—6[%‘r’ja6k+r—5—6\_”“gsj>
i=0 k=i+1
X (A6i+r—l—6LTTTSJO‘6i+r—3—6LTT_5Jb6i+r—5—6L%fj + A6z’+r—1—6[%5j56i+r—3—6t%fj + B6z‘+r—1—6w%fj) J
2s+1—1+[ 753 |
Espr= a 61 7=3 | Agpar_1_6 1=3 | Ogprr_3_g| =3 U, _5_g|r=3
sl 6k4r+1—6| 252 | Aok4r—1-6] 252 | Yok4+r—3-6 52 | r—5-6| 5
k=0
2s+Hl—14+| Z52 | [2s+1-1+| "53]
+ Z H <06k+r+1—6UT*3jA6k+r—1—6[%¢"]a6k+r—3—6[%¢"])
i=0 k=i+1
X (a’6i+r+176L%3JA6i+r7176L%3J56i+r7376[TT_3J + iy ri1-6723 ) Beiyr—1-6 723 + b6i+r+176L%3J) )
2s+1— 1+ 257 |
Foir= H a6k+r—3—6[%7ja6k+r—5—6L%7jA6k+r—7—6L%7J) Upr_9—6| 257 |
k=0
2s+H—1+[Z57 | [2s+1—14+| "5 ]
+ > II (a6k+r—3—6[%7j Qktr—5-6| 57 | A6k+r—7—6L%7J>

=0 k=i+1

X (a6i+r7376[%7ja6i+r7576L%7JBGi+r7776[%7J T Qi 36| 727 | Vgitr—5-6 =7 T 66i+r7376[%7j) )
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23+l—1+y‘g2j

Gsir = H (A6k+r+276L%2ja6k+r76L%2Ja6k+r7276[%;2J) Wy_4_6| 722 |
k=0

2s+l—1+| 52| [2s+1—14+[T52]

i 2 11 (AGMHQ%L%ZJ %k“*GL%JaGHr—z%L%J)
i=0 k=i+1

g (AGHTH_GUT%J%HT_GL%'QJZ)G”T_Q_M%J + Agitria-6( =52 Boirr—6 52| T Bsi+r+2—6L%J) ’

2o 14155

Hor = H a6’”T*2*6L%JA6k+rf476L%Ja6k+r7676L%J) Up_g_6| 28 |
k=0
25114 758 | [2s4H1-14+[ 758
+ Z H (a6k+r7276|.%]A6k+T*4*6\_%Ja6k+r76—6\_";5 )
1=0 k=i+1
% (aGHT_Q_GL%GJA6i+r—4—6L%GJ56i+r—6—6L%6J +agiyr—2-6 258 | Boiyr—a—s 258 T b6¢+r—2—6t%6J> ’
2s+1+[ Z52 |
Cotr = 11 AG“T—GL%J%Hr—z—m%Ja6k+r—4—6t%ﬂ) Wy 66| 25
k=0
r—4 r—4
2s+1+| "5 2s+1+| 52 |
+ Z H (AGHT—ﬁL%“JO‘6k+r—2—6L%“Ja6k+r—4—epg4 )
=0 k=i+1
. (AW””_GL%J%HT—Q—“TT_‘IJ%HT—‘!—GL%}J + Agipr—o 252 Boitr—2-s 52 T+ Bﬁi+r—6L%J) ’
2s+1+| 550
Detr = 1 (aﬁ’”’"—l—ﬂ%ﬂA6k+r—3—6t%’w%k+r—5—6t%ﬂ> Uy 76| 252
k=0
25+ 252 ] [2s+1+[ 53]
- Z H (%’f”—l—ﬂ%ﬂA6k+7"—3—6U6;5Ja6k+r—5—eygs )
=0 k=i+1
‘ <a6i+7‘7176vgsjAGHT*?’*GL%‘BJ%”T*FGL%J + 6itr—1-6) 252 | Boirr—s—e 52 T b6i+r7176ch%5J> ’
2s+1—1+[ 752 |
Futr = 11 %’C*T“‘ﬂ%“aﬁk“—l—ﬂ%ﬂA6k+r—3—6t%‘3J) V56752

k=0

2sHl—1+| 752 | [2s+l-1+[ "53]

- Z H <a6k+T+1—6[TT_3Ja’6k+r—1—6[%3jA6k+r—3—6LTT—3J)
i=0 k=i+1

. (%”TH*GL%SJa6i+T*1*6l?JBGi+T*3*6L%J + Oipri1-6) 252 oir—1-6 252 T 66i+r+176[%;3J) ’
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2s+1—14+[ 757 |

Foir= H A6k+r7376L%Ja6k+r7576L%ja6k+r7776[%7j) Wy_g_6| 27|
k=0
2s+H1—1+|Z57 ] [2s+1-1+[ 57|
+ E , H (A6k+r7376L%7ja6k+r7576LTT’7Ja6k+r7776[rg7j)
i=0 k=i+1

X (A6i+r—3—6L%J%i+r—5—6L%Jbm+r—7—6L%7J + Agipr—3—6[2=7 ) Boir_s-6 57| + Bmw—g-m%q) )

2sH—1+[ 252 ]

G = H (a6k+r+2_6LTT—2JA6k+r—6t%ﬂ%k+r—2_at%ﬂ) Up 46|52
k=0
2s+Hl—1+| 252 ] [2s+l-1+["52]
+ E : H (a6k+r+2—6LTT—2JA6k+r—6LTT—2JO‘6k+r—2—6U32 )
i=0 k=i+1

x (a6i+r+276[%;2jA6i+r76L%J66i+r7276[%J + a6i+r+276[%2JB6i+r76L%J + b6i+r+276L%J> )

2s+1—1+[ 258 |

Hqppr = H a6k+r—2—6L%6Ja6k+r—4—6[%jA6k+r—6—6\_%5j> Up_g—6|25¢
k=0
2sH1—1+[ 758 | /254114 58
+ E : H (a6k+r—2—6\_%5ja6k+r—4—6[%‘"]A6k+7'—6—6\_%6j)
i=0 k=i+1

x (%i+r-2-6[%6Ja6i+r—4—6L%6JB6i+r—6—6LTTj"‘J + a6i+r—2—6[%ﬁjb6i+r—4—6L%6J + 56i+r—2—6UT—6J) ‘

The previous computations prove the next theorem.

Theorem 2.1. Suppose that {(xpn,Yn, 2n)},>_5 is a well-defined solution of system (1.5). Then, the general solutions of
system (1.5) are given by equations in (2.31)-(2.33).

By the following theorem, we characterize the forbidden set of the initial values for system (1.5).

Theorem 2.2. Assume that a, # 0, by, # 0, o # 0, B, # 0, A, # 0, By, # 0, for every n € Ng. Then the forbidden set of
the initial values for system (1.5) is given by the set

1
F = U U{(x—57x—47'"am—lay—57y—47"'7y—1vz—5az—47"'7'z—1) ERIS:

meNy i=0
1
20T 3Yi—4Zi—5 = —, Ti_2Vi—3%i—4Ti—5 = ——, Yi—2%i—3Ti—4Yi—5 = —where
Cm dm €Em
" /B A b A b = 1
= Z ( 6j+i+2 T A6j+i+206j+i T A6j+i+206j+4 6j+i—2> 40
m o s
=0 Agjtit206j+i06j+i—2 =0 Apl4i+20061+i061+i—2
m j—1
do = _ Z <bGj+i+2 + asjt+i+2865+i + a6j+i+2A6j+i56j+i2) H 1 40
m o+ bl
j=0 6j+i+2A6j+i06;+i—2 i—o agi+iv2A61+i061Hi—2
m B B j—1 1
P Z <Bﬁj+i+2 + a6j+i+2D6j+i + Q6j+i+2065+i 6j+i—2> H £0
m o+ T
o 06 -4i+2065+i A6j+i—2 1L otviv2a614i Asti-2

U U { (55757 LT—gyeo s T—1,Y=5,Y—45- - -y Y—1,2-5,2—4,- -, Z*l) € RlS T = 0, Y-5 = 0, —j = 0} (234)

Jj=1
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Proof. At the beginning of Section 2, we have obtained that the set

5

U { (T8, @ty ey Tty Yy Yy oo oy Y1y Pty 2ty ooy 2m1) ERP 1 =0,y_; =0, 2_; = 0}

j=1
belongs to the forbidden set of the initial values for system (1.5). Now, we suppose that z,, # 0, y, # 0 and
zn, # 0. Note that the system (1.5) is not defined, when the conditions a,, + bp2zn—2Zn_3Yn—a2n—5 = 0, an +
ﬂnmn,gyn,gzn,4xn,5 =0or An+Bnyn72zn73mnf4yn75 = O, that iS, Zn—2Tn—3Yn—42n—5 = _%:’ Tn—2Yn—32n—4Tpn—5 —
—% Of Yn—22n—_3Tn_4Yn_5 = —g—z, for some n € Ny, are satisfied(Here we consider that b,, # 0, 5,, # 0 and B,, # 0
for every n € Ny). From this and equations in (2.2), we get

Bom+i+2 Bemyito bem+it2
Uemti = =~ —— Vomti = — 7 —— s Womti = —_———, (2.35)

Q6m+i+2 3m—+i+2 A6m+i+2
for some m € Ngand i = —2, 3. Hence, we can determine the forbidden set of the initial values for system (1.5)
by using the substitution u,, = ——*——— v, = ——L1—— w, = ———1—— Now, we consider the

TnYn—12n—2Tn—3" YnZn—1Tn—2Yn—3" ZnTn—1Yn—22n—3

functions

Jomyive (t) = aemrital + bemrita,

Gom+it2 (1) = Qemyitat + Bomyitas

hemyite (t) = Aemiiret + Bomyivo, (2.36)

for m € Ny, i = —2, 3, which correspond to the system (2.3). From (2.35) and (2.36), we can write

Uem+i = fom+i © hemyi—2 0 Gomti—a- -0 fiohi_20gi_4(uig), (2.37)
V6m+i = G6m—+i © fem+i—2 © hemi—a---0g; 0 fi_a 0 hi_4 (vi_g), (2.38)
Wem+i = Pemti © Gom+i—2 © fomyi—a- - 0hiogiao fi_a(wig), (2.39)

where m € Ny, and i = 4, 9. By using (2.35) and implicit forms (2.37)-(2.39) and considering

-1 __ bemtiqo __ Bemtit2 -1 _ _ Bemtit2 - To
Somyiv2 (0) = T domtiis’ gﬁmﬂw (0) = a2 Mgyt (0) = — A, form > —land i = 4,9, we get
_ -1 -1 —1 —1 —1 —1
Ui—6 = g;_4 050 f; 0 oG i 40 hgmiig© fomyi (0), (2.40)
_ -1 -1 -1 —1 —1 —1
Vieg =h; 40 fi 509, 0 0hg i 40 fompi2 © Jomi (0)5 (2.41)
B R R T I
wi¢ = fi_ 409 90h; © f6m+7, 40 gGerz 2© h’Gerz 0), (2.42)
—1 = tbomiite — t=Bom+itz p—1 — t—Bempits i — 7419
where fg,. ;.05 (1) = o E, Jomiva () = comrira® Momeira () = 0, m > —1, i = 4,9. From
(2.40)-(2.42), we get
j—1
Uiy = — <b6j+z + a6J+zBGJ+Z 2+ a6j+zA6j+z 256]+7, 4> H 1
v - z : ’
a6j+zA6]+z—2a6j+z—4 1—0 a61+iA6l+i—2a6l+i—4
m j—1
; _ Z <ﬂ6j+z’ + agjt+ibejri—2 + aﬁj+ia6j+i—236j+1i—4) 1
i—6 = ,
= 6 +i06j+i—2A654+i—a 1o Qel+iO6iti—2A6i+i-a

m
B Z (B6j+i + AgjyiBejri—2 + A6j+ia6j+i2b6j+i4> H
=0 A6j+ia6j+i—2a6j+i—4 A6l+7a6l+7 2061 +i— 4

for some m € Ny and 7 = 4, 9. This means that if one of the conditions in (2.40)-(2.42) holds, then m-th iteration or
(m + 1)-th iteration in system (1.5) can not be calculated. O
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3. Solutions of System (1.5) with Constant Coefficients

In this section, we give the forms of solutions of system (1.5) when all the coefficients are constant. We assume

thata, =a, b, =b, o, = o, B, = B, A, = Aand B,, = B for every n € Ny. In this case, system (1.5) is written as in
the form

T, = Yn—42n—5
" Yn—1 (a + bzn72xn73yn74zn75) ’
Yn = Zn—4Tn—5
" Zn—1 (a + ﬂxn—Qyn—an—4xn—5) ’
Tp— _
2n = n—4Yn=5 , € No. (3.1)

Tn—1 (A + Byn—QZn—an—4yn—5)
In (2.28)-(2.30), if we replace the formulas given in (2.22)-(2.24), then the solution of system (3.1) is given by

r—5

m (aaA)QSJrlJrlJrL 5

Up_7_g|zs2 (1 —acd)+ (1 - (aaA)zSJrHHL%J) (awaB + ab + B)
L12m+6l+r = L6l+r—12 — —
s:o(aozA)QSHHH = T (1— acd) + (1 — (aaA) 25+l+1+[ - J) (aAB + aB +b)

(aaA)QSJrl-'r\_%SJ

W, _5_g| =8 1-— (aouﬁl)z‘s—‘_H_L Aab+ AB + B)
)

X r—2
(aozA)QSHJrL 5 | r—2
6

1— (aaA

r—7

(
(

(a@ ) Ty e (1 - aad)
(

(aAB +aB +b)
X

r—6

(aaA)QSJrl-'rL 5

< )

( 251+ T2 J) (aaB + ab+ j)
(1 ((Z,O[A)2S+I+L 5 J)

( )

1 — (aaA)*THUT)) (Aab+ A+ B)

(3.2)

m (@A) Ty s (1 aad) + (1 (aad)? I J) (Aab+ AB + B)
Jameroter = o2 5=0 (aozA)2‘§+l+1+L"E4J V,_g_g|z=2| (1 —aad) + (1 (acA) 23+l+1ﬂ G J) (cvaB + ab+ )
(aaA)%HJrV;3 U5 g z=2) (1 - acd) + (1 (aaA)* T ) aAf +aB+b)
g (a0 A s (1 - and) + (1 (aad)?HrLs ) (Aab+ AB + B)
(aaA)QSHHTg? V,_g_g z=1| (1 —aad) + (1 — (acA 2Q+Z+L G J) (vaB + ab + P)
g (aozA)%Hﬂ%J U, _g g r=c) (1 —acA) + (1 (aaA)* L ) (aAB+aB + b)
(3.3)

r—>5

m (a}aA)Q‘SJrlJrl-‘rL 5

(1 (aaA)W“ﬂ%J) (aAB + aB +b)
(1 - (aaA)%““ﬂ%J) (Aab+ AB + B)
(
(

Z12m~+6l4+r = 26l+r—12 p—r)
2s+1+1
s=0(aaA) sHA1+ 5

1-— (aaA)ZSHH%gJ) (aaB + ab+ f)
X

(acA)**HF 5 Up_y_go=2) (1= acA)

r—=7

(aaA)28+l+L S -w 9677 (1 —aaA)

1 — (aad)> 1% J) (aAB+ aB +1b)

(1 (aad)>THITY) (Aab + AB + B)

X

( +

( +

(aad)> L Vg 252 (1 —aad) +
( +

+

+

(3.4)
if acA # 1,
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© z H Uy g2y +(@aB+ab+ B) (25 +1+1+[57))

12m~+6l+r — L6l+r—12 —

s=0 UYr—6—6| 254 | (aA6+aB+b)(2g+l+1+L
I

 Wros—oizsey T (Aab+ AB+ B) (25 + 1+

Up_qgzz2) T (@aB +ab+ B) (25 + 1+ [752])
Uy _g_gz=2| + (aAB + aB +b) (2s+1+ =) -
w,_g_gz=0| + (Aab+ AB + B) (2s+1+ [=52])° '
P tecroaisge * (A + 45 B) 20+ 1+ L+ 159)
Y12m+61+r = Y6i+r— 128 SO 4J+(aaB+ab+ﬁ) (23+l+1+[r 4J)
Up_5_g =) + (@AB+aB +b) (25 + 1+ [ 52])
Wy _4_g =2 + (Aab+ AB+ B) (2s + 1+ | =52])
0y g g ez + (@aB +ab+ B) (25 + 1+ [ 757)) oo
U, _s_g| =0 | + (aAB +aB +b) (2s+ 14 [=52])’ ‘
T Uy _7_g|rs oj—i—(aAB—&—aB—l—b)(Qs—}—l—}—l—l—L 2])
212m4-6l+r = Z6l+r— 1251_[() W, g gzt ) + (Aab+ AB+B) (2s+1+ 1+ [ =52))
Up_5_gz=3| + (aaB +ab+ ) (2s+1+ |52])
Up_y_g|2=2] + (aAB+aB+b) (2s + 1+ | =52])
W, _g_g| 221 et 4 (Aab+ AB + B) (25 + 1+ [ 57]) 67
Up_g_6 758 | + (aaB+ab+ B) (2s+1+ | =52]) ' '

if awA =1, for every m € Ny, l € {1,2} and r = 1,6.

4. Conclusion

In this paper, we have studied the following system of difference equations

T, = Yn—42n—5
" Yn—1 (an + bnzn72xn73yn74zn75) ’
_ Zn—4Tn—5
n = Zn—1 (an + 6nmn72yn73znf4xn75)7
2, = Tn—a4Yn—5 ,ne NO,

Tn—1 (An + Bnyn—QZn—3xn—4yn—5)

where the sequences (an),,cn,, (0n)nenys (@n)neny (Bn)neny (An)penys (Br)nen, and the initial values z_;,y;,
j = 1,5, are real numbers.

Firstly, we have solved above system in closed form by using suitable transformation. In addition, we also
characterize the forbidden set of solutions of the system of difference equations. Finally, we have obtained solutions
of aforementioned system with constant coefficients.
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