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give some applications related to the Horadam hybrinomials in matrices.

1. Introduction
Horadam defined the sequence w,, = wy,(a,b; p,q) by the recurrence relation

Wy = pWu_1+qwy_2, n=>2

with the initial values wg = @ and wy = b. For different values p,q,a,b € Z, Horadam sequence turns into several well-known
sequences such as Fibonacci, Lucas, Pell and so on. These sequences are studied in many areas such as physics, number theory,

algebra, geometry, and combinatorics. For more details, we refer to [1]-[6].
In [7], the Horadam polynomials 4, (x) = h,(x;a,b; p,q) are defined by the recurrence relation

hn(x) = pxhp_1(x) + ghp—2(x), n>3

(1.1)

/ 252 — /252
with the initial values hj(x) = a and hy(x) = bx. Let o0 = w and f = W be the real roots of the

characteristic equation t> — pxt — g = 0. The Binet formula for the polynomial 4, (x) is given by
ha(x) = Aa" ' + BB,
braf_ and B = —4e—br_

where A = ——— .
\/ P2x24dq \/ P22 +dq

The generating function of the Horadam polynomials is

n a+xt(b—a
Y (o =52 b—ap)
= — pxt — gt

Hybrid numbers were studied by Ozdemir in [8], extensively. A hybrid number is defined as

K={a+bi+ce+dh:a,b,c,dcR,i*=~1,e*=0h*=1, ih=hi=¢+i}.

(1.2)

(1.3)
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Addition and subtraction of hybrid numbers are done by adding and subtracting corresponding terms. Two hybrid numbers are
equal if all their components are equal, one by one.

Using the equalities i = —1, €2 = 0, h?> = 0, ih = —hi = £ + i, the multiplication table of the basis of hybrid numbers is as
follows:

Table 1: Multiplication table for K

R € h
1|1 i € h
i i -1 1-h &e+i
€l e h+1 0 —€
h| h —-e—i ¢ 1

Recently, many researchers have studied related to hybrid numbers. For example, in [9] Szynal-Liana and Wloch considered the
Fibonacci hybrid numbers and obtained some properties of this numbers. In [10, 11] the authors also defined and examined the
Jacosthal and Jacosthal-Lucas hybrid numbers and the Pell and Pell-Lucas hybrid numbers respectively. In [12] Szynal-Liana
generalized their results and defined the Horadam hybrid numbers. In [13] Kizilates introduced the another generalization of
hybrid numbers and gave miscellaneous properties of these numbers. For more details, we refer to [8]-[23].

We now turn to a recent investigation by Szynal-Liana and Wloch [24], who defined and studied a family of the special
polynomials and the special numbers which are related to the Fibonacci hybrinomials and Lucas hybrinomials. The Fibonacci
hybrinomials and Lucas hybrinomials are defined as follows:

FHy(x) = Fy(x) + Fop1 (x)i4-Fp2(x) €+ Foy3(x)h,
and
LH,(x) = Ln(x) 4 Lnt1 (x)i+Lai2(x) €+Lyi3 (x)h.
For n > 2, the recurrence relations of the Fibonacci hybrinomials and the Lucas hybrinomials are
FH,(x) =xFH,_1(x)+ FH,_»(x),
and
LH,(x) =xLH,_(x) +LH,_»(x),

with the initial values F Ho(x) = i+xe+(x? + 1)h, FH (x) = 1 +xi+(x? 4+ 1)e+(x> +2x)h, LHy(x) = 2 +xi+ (x> +2)e+ (x> +
3x)h and LH; (x) = x+ (x> +2)i+(x* 4 3x)e+(x* + 4x> + 2)h, respectively. The Fibonacci hybrinomials and the Lucas
hybrinomials, namely polynomials, are a generalization of the Fibonacci hybrid and Lucas hybrid numbers.

Motivated by some of the above-mentioned recent papers, we introduce here new polynomials which are called Horadam
hybrinomials. This definition brings about a more general hybrid polynomial sequence by taking components from Horadam
polynomials. Thanks to this generalization, we obtain the Fibonacci hybrinomials FH,(x), the Lucas hybrinomials LH,_1(x),
the Pell hybrinomials PH,(x), the Pell-Lucas hybrinomials QH,_; (x), the Chebyshev hybrinomials of the first kind TH,_1 (x),
the Chebyshev hybrinomials of the second kind UH,,_ (x) and the Balancing hybrinomials BH,,(x). We also obtain various
results for the Horadam hybrinomials. Moreover, we give some applications of Horadam hybrinomials in matrices.

2. Horadam hybrinomials

In this section, we define the Horadam hybrinomials. Then we give some special cases of Horadam hybrinomials such
as the Fibonacci hybrinomials, the Fibonacci hybrid numbers, the Lucas hybrinomials, the Lucas hybrid numbers, the
Pell hybrinomials, the Pell hybrid numbers, the Pell-Lucas hybrinomials, the Pell-Lucas hybrid numbers, the Chebyshev
hybrinomials of the first kind, the Chebyshev hybrid numbers of the first kind, the Chebyshev hybrinomials of the second kind,
the Chebyshev hybrid numbers of the second kind, the Balancing hybrinomials and the Balancing hybrid numbers. Finally we
obtain some algebraic properties of Horadam hybrinomials.

Definition 2.1. For n > 1, the n'™ Horadam hybrinomials are defined by
H, (x) = Ay (x) 4+ Ay 1 (X)i4 Ay (x)€ + Aps (x)h. 2.1
Some special cases of Horadam hybrinomials are as follows:

1. Fora=b= p =g =1, the Horadam hybrinomials H,, (x) become the Fibonacci hybrinomials FH,(x),
2. Fora=2and b = p = ¢ =1, the Horadam hybrinomials H,(x) become the Lucas hybrinomials LH,_; (x),
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et

Fora=¢g=1and b = p =2, the Horadam hybrinomials H,, (x) become the Pell hybrinomials PH,(x),
Fora=b=p=2and g = 1, the Horadam hybrinomials H,, (x) become the Pell-Lucas hybrinomials QH,_1(x),
5. Fora=b=1, p=2, and g = —1, the Horadam hybrinomials H,, (x) become the Chebyshev hybrinomials of the first
kind TH,_; (x),
6. Fora=1,b=p =2, and ¢ = —1, the Horadam hybrinomials H,(x) become the Chebyshev hybrinomials of the second
kind UH,,_; (x),
7. Fora=1,b= p=6,and g = —1, the Horadam hybrinomials H,(x) become the Balancing hybrinomials BH,(x),
8. For x = 1, the Fibonacci hybrinomials F H,(x), reduce to the Fibonacci hybrid numbers FH,,
9. For x = 1, the Lucas hybrinomials LH,_ (x), reduce to the Lucas hybrid numbers LH,,_1,
10. For x = 1, the Pell hybrinomials PH,(x), reduce to the Pell hybrid numbers PH,,
11. For x = 1, the Pell-Lucas hybrinomials QH,_ (x), reduce to the Pell-Lucas hybrid numbers QH,,_1,
12. For x = 1, the Chebyshev hybrinomials of the first kind TH,,_ (x), reduce to the Chebyshev hybrid numbers of the first
kind TH,_,
13. For x = 1, the Chebyshev hybrinomials of the second kind UH,,— (x), reduce to the Chebyshev hybrid numbers of the
second kind UH,,_1,
14. For x = 1, the Balancing hybrinomials BH, (x), reduce to the Balancing hybrid numbers BH,,.

b

Using (2.1) and (1.1), we obtain that for n > 2,

Hy(x) = pxhy—1(x)+qhy—2(x) + (pxhy(x) + ghn—1(x)) i
+ (Pxhy+1(x) + qhn(x)) € + (pXhnt2(x) + ghnt1(x))
Panfl( )+an Z(X)

and so
H, (x) = pXHn—l (x) + an—Z ()C),

with the initial values H (x) = a + bxi+(bpx® 4 aq)e+(bp*x> + (apq + bq)x)h and H(x) = bx + (bpx® + aq)i+(bp*x> +
(apq+bq)x)e + (bp*x* + (ap>q +2bpq)x* +ag*)h.

Theorem 2.2. The Binet formula for the Horadam hybrinomial H,(x) is

H,(x) =Ao"'&+BB" ', (2.2)
where & = 1 + ai+ a?e + o*h and B = 1+ Bi+ p2e + >h.
Proof. Due to (1.2) and (2.1), we find that

Hn(x) — (AOC}'hl—|—Bﬁn71)—|—(A(Xn—FBBn)i—‘r(A(XnJrl+Bﬁn+1)8—|—(Aa”+2+Bﬁn+2)h
A" (14 ai+a’e+a’h) + BB (1+Bi+ B%e + B°h)
Aa"'a+BB"IB.

O
We now give the generating function and exponential generating function for the Horadam hybrinomials.
Theorem 2.3. The generating function for the Horadam hybrinomial H,,(x) is
= H H; (x) — pxH t
Z Hn (x)t" — O(X) + ( 1(‘x) p'z O(X)) X (23)
= 1—pxt —qt

Proof. Suppose that the generating function for the Horadam hybrinomials {Hn (x)‘;fzo} , has the following formal power
series

=

Y HL (x)e" = Ho (x) + Hy (x)f + -+ Hy () 4+ . (2.4)
n=0
Hence
pat Z H,, (x)¢" = pxHo (x)t + pxHy (x)62 + - - 4 paHy () - (2.5)
qt? Z H, (x)t" = gHo(x)1* 4+ gH; (x)£> 4 - - - 4+ gHp (x)e5 2+ (2.6)

n=0
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From (2.4), (2.5) and (2.6), we find that

oo

(1= pxt — qt*) Y H, (x)e" = Ho(x) + (H, (x) — pxHo(x)) 2.

n=0
So
- H H — pxH t
57 11, o = Ho0)+ (B4 0) — prio ()
= 1—pxt—qt
O
Corollary 2.4. ([24, Theorem 2.10]) The generating function for the Fibonacci hybrinomial FH,(x) is
oo . 2
€ Dh+(1+&e+xh)t
Y FH, ()" = i+xe+(x" + 1)h+ (2 +etah)r
1 —xt—t
Proof. 1f we take a = b = p = g = 1 in Equation (2.3), the proof is completed. O
Corollary 2.5. ([24, Theorem 2.11]) The generating function for the Lucas hybrinomial LH,(x) is
- LH LH|(x) —xLH, t
ZLHn(X)tn — 0(x)+( 1()6) zx O(X)) .
1 —xt—t
Proof. If we take a =2 and b = p = ¢ = 1 in Equation (2.3), the proof is completed. O
Theorem 2.6. The exponential generating function for the Horadam hybrinomial H,(x) is
o m
Y H,(x)— =Aa" @™ + BB~ feP.
n=0 n!
Proof. Using the Equation (2.2), we find that
Y H.0E = Y (Aala-Bp Bl
TR n!
n=0 n=0
Ad & (ar)" BB & (Bt
_ ARy 8 g
« n=0 ﬁ n=0
— ﬂ O“_|_ %eﬁf
o B
_ Aa—l~ w-i—Bﬁ lﬁe‘Bt
So the proof is completed. O

We now give the following interesting identities.

Theorem 2.7. (Catalan’s Identity). For positive integers n and r, with n > r, the following identity is true:

Hys (x)Hy (x) — H2(x) = (—q)" "' AB (aB ((l;)— 1> +Pa ((2‘)— 1>> . 2.7)

Proof. Using the Equation (2.2), we obtain the LHS of the equality (2.7),
Hop (0B, (x) ~H2(x) = (40" "'a+BB""'B) (Ae'a+Bp"" " B)
- (Aa"’la +B[3HB)

= AB(ap) —'BfamBA(/s )"
“AB(ap) ' aB—BA(Ba) ' Ba.

B (980, (0) - 30 = (a8 (aB ((B) 1) +ha((5) -1)).

Then, we have



Fundamental Journal of Mathematics and Applications 5
Theorem 2.8. (Cassini’s Identity). For n > 1, the following equality holds:
2 n—1 ~ N ﬁ B~ (04
B (1) - B30 = (-0 a8 (ap (B 1) e (5 1)), 28)
Proof. If we take r = 1, in (2.7), we obtain the assertion of the theorem. O
Theorem 2.9. (d’Ocagne’s Identity) Let m > 0 and n > 0 be integers such that m > n+ 1. Then we have
H (x)Hy 1 (x) — Hop 1 (1) H (x) = VAAB(—q)""! (B'”*" Ba— a”“”ﬁcﬁ) : 2.9)
where A = p’x* +4q.
Proof. By virtue of Equation (2.2), we get
Hp (91 (1) = Hyt (0, (v) = (40" '+ Bp"'B) (Ac’a+BB"B)
- (A(xmd +Bﬁm[§) (Aoc”’l a +Bﬁ”*‘[§>
= ABa" 'B"afp —ABa"B" 'ap
+BAX"B" ' Bé—BAX " BB
After some calculations, we can easily see that
Hl () Ly 1 (x) = Hp1 (0o () = VAAB(—q)" ™" (B" "B — " "G ).
O

Ifwetakea=b=p=gq=1in(2.7), (2.8) and (2.9), we obtain the Catalan, the Cassini and the d’Ocagne identities for the
Fibonacci hybrinomials [24, Theorem 2.4], [24, Corollary 2.6] and [24, Theorem 2.7], respectively. Similarly, if we take
a=2andb=p=qg=1in(2.7), (2.8) and (2.9), we obtain the Catalan, the Cassini and the d’Ocagne identities for the Lucas

hybrinomials [24, Theorem 2.5], [24, Corollary 2.6] and [24, Theorem 2.9], respectively.

Theorem 2.10. Let n > 2 be an integer. Then we obtain

n—1 _ H; (x) —Hn(x) +6](H0(x) —Hy—y (X))
k;lHk(X) a l—px—gq '

Proof. By virtue of Equation (2.2), we find that

ank(x) f (40" &+ BB B)
k=1 k=1

=1
~ l_anfl ~ I_anl
- () ()
Aa(1-p)(1-a" ") +BB(1—a)(1-p"")
1—px—gq

Utilizing the last equation, we have

n-l _ Hi () — Hi (x) + g (Ho (x) —H, 1 (x))
I;Hk(x)* 1—px—gq '

Corollary 2.11. ([24, Theorem 2.13]) Let n > 2 be an integer. Then we have

”i FHy(x) = FHn00)+ FHy1(3) = FHo(x) — FH ()
k=1 X

Proof. 1f we take a = b = p = g = 1 in Equation (2.10), the proof is completed.

(2.10)
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Corollary 2.12. ([24, Theorem 2.15]) Let n > 2 be an integer. Then we have

Z LH; (x

Proof. 1f we take a =2 and b = p = ¢ = 1 in Equation (2.10), the proof is completed. O

LH ( )+LH,,,1()C) —LH()(X) —LH, (x) .

Theorem 2.13. For n > 0, we have
L n\ [ px ni
‘]nz () () Hy—i(x) = Hap (x). (2.11)
i=0 \! q
Proof. Because of the Binet formula of the Horadam hybrinomials, we have the LHS of the equality (2.11),

n

Z() (px)"! ’(Aa" i~1g 4+ B 1[3)

— Aaalz<)pxa"”+BﬁB Z()pxﬁ"”
= Aaa' (pxa+q)"+BB" (pxB+q)"
_ Ada2n71+3ﬁﬁ2”71
= Hy,(x).
Thus the proof is completed. ]

Corollary 2.14. Forn > 0, we have

non >

) <)x" FH,_i(x) = FHa,(x).

i=0 \!

Proof. 1f we take a = b = p = g = 1 in Equation (2.11), the proof is completed. O
Corollary 2.15. Forn > 0, we have

n n .
Y (l> (2x)"™' PH,_;(x) = PHy,(x).
i=0
Proof. If we take a = g =1 and b = p = 2 in Equation (2.11), the proof is completed. O

Corollary 2.16. Forn > 0, we have
n _
Y (-1 <l> (—=6x)""' BH,—i(x) = BHp,(x).
Proof. If wetakea=1,b = p =6, and ¢ = —1 in Equation (2.11), the proof is completed. O

3. An application of Horadam hybrinomials in matrices

In this section, we derive the matrix representation of the Horadam hybrinomials. Then we obtain closed formula for the
Horadam hybrinomials Hj, (x), in terms of tridiagonal determinant (see [26]-[28]).
Theorem 3.1. Let n > 1 be an integer. The following equality holds:
Hn+3 ()C) Hl‘l+2 ('x) — H3 (‘x) HZ (‘x) px 1 " (3 1)
Hu2() Hei() |~ | H) H@ [ ¢ 0] '

Proof. For the proof, we use induction method on n. The equality holds for n = 1. Now suppose that the equality is true for
n > 1. Then we can verify it for n+ 1 as follows:

B R
_ [ Hags(x) Hapa(x) } [ px 1 ]
| Hpr2(x)  Hugr(x) qg 0
_ [ Hn+4(x) Hn+3(x) :| )
| Hat3(x)  Hapo(x)

So the proof is completed. O
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Corollary 3.2. ([24, Theorem 2.16]) Let n > 1 be an integer. The following equality holds:

_ | FH3(x) FHa(x)

L w0

[ FHyi3(x) FHyyo(x) ]
FH,7(x) FH,q(x)

Proof. 1f we take a = b = p = g = 1 in Equation (3.1), the proof is completed. O
Corollary 3.3. ([24, Theorem 2.17]) Let n > 1 be an integer. The following equality holds:

[yt |- ][0T

Proof. If we take a =2 and b = p = g = 1 in Equation (3.1), the proof is completed. O

The n™ term of Horadam hybrinomial can be obtained via the computation of the determinant of the tridiagonal matrix
M, n—1 (x )

Proposition 3.4. The n x n tridiagonal matrices

Ha(x) Hy(x)

—q px 1
—q px 1
—q px 1
—-q px
satisfy
IMEL (x)] = H 1 (x).
Corollary 3.5. The n x n tridiagonal matrices
FHy(x) FH;(x)
—1 X 1
—1 x 1
MEl ()C) = . . . )
-1 x 1
-1 x
satisfy
|MF,(x)| = FHy 11 (x).
Proof. If we take a = b = p = g = 1 in Equation (3.2), the proof is completed. O
Corollary 3.6. The n x n tridiagonal matrices
PH,(x) PH;(x)
-1 2x 1
-1 2x 1
MP,(x) = ,
-1 2x 1
-1 2x

satisfy
|MP,(x)| = PHp 41 (x).

Proof. If we take a = g = 1 and b = p =2 in Equation (3.2), the proof is completed. O
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Corollary 3.7. The n x n tridiagonal matrices
BHz (x) BH1 (x)
1 6x 1
1 6x 1
MB,(x) =

1 6x 1

satisfy
|MB,,(x)| = BH,11(x).
Proof. If we takea=1,b = p =6 and g = —1 in Equation (3.2), the proof is completed.

Note that, Horadam hybrinomial can be obtained using the another tridiagonal matrix.

Proposition 3.8. Forn > 1, we have

Hy(x) H(x) 0 0 0 0
10 4q 0 0 0

o
o
o
o
~
=
ANY

nxn

Corollary 3.9. Forn > 1, we have

FHi(x) FHy(x) 0 O 0 0
—1 0 1 0 O
0 -1 x 1 0 0
FH,(x) = -
0 0 0 0 x 1
0 0 0 0 -1 x
nxn

Proof. This follows from setting a = b = p = g = 1 in the Equation (3.3).

Corollary 3.10. Forn > 1, we have

PH(x) PHy(x) 0 0 0 0
-1 0 1 0 0 0
0 -1 2x 1 0 0
PH,(x) = .
0 0 o o0 - 2x 1
0 0 o o - -1 2x

nxn

Proof. This follows from taking a = ¢ = 1 and b = p = 2 in the Equation (3.3).

Corollary 3.11. Forn > 1, we have

BH|(x) BHy(x) O 0 -~ 0 0
-1 0 -1 0 - 0 0
0 -1 6x -1 --- 0 0
BH,(x) = .
0 0 0 o - 6x -1
0 0 0 o --- -1 6x
nxn

Proof. This follows from setting a = 1, b = p = 6, and ¢ = —1 in the Equation (3.3).

Remark 3.12. This paper is a slightly corrected and revised version of the electronic preprint [29].

(3.3)
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4. Conclusion

In our present research, we have studied Horadam hybrinomials which are defined by dint of the Horadam polynomials. We
have obtained some properties of Horadam hybrinomials. Finally in Section 3, with the help of the two different tridiagonal
matrix, we have obtained the n™ term of Horadam hybrinomials. According to the special cases of a, b, p and g, all the results
given in Section 2 and Section 3 are applicable to all hybrinomials and hybrid numbers mentioned in this paper. The Horadam
hybrinomials that we have defined include previously introduced the Fibonacci hybrinomials FH,(x), the Fibonacci hybrid
numbers FH,, the Lucas hybrinomials LH,_(x), the Lucas hybrid numbers LH,,_1, the Pell hybrinomials PH,(x), the Pell
hybrid numbers PH,,, the Pell-Lucas hybrinomials QH,_; (x), the Pell-Lucas hybrid numbers QH,,_; (see, [24, 25]). From the
definition of the Horadam hybrinomials, we also have obtained the Chebyshev hybrinomials of the first kind 7H,_; (x), the
Chebyshev hybrid numbers of the first kind 7T H,,_, the Chebyshev hybrinomials of the second kind UH,,_ (x), the Chebyshev
hybrid numbers of the second kind UH,,_ 1, the Balancing hybrinomials BH,(x) and the Balancing hybrid numbers BH,,.
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